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What is superconductivity ?

Disappearance of resistivity below
a certain temperature T :
superconducting transition temperature

First discovered by Kamerlingh Onnes

In Mercury in 1911
this year 2011 marks the 15t centennial of the discovery of superconductivity

Superconductivity occurs at very low temperature
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Discovery of “high Tc” superconductivity

cuprates

140 -

HgBaZCz320U3OB
120 - Cuprate
100 A
| YBayCusz07
! 80 -
60 - D La,,Ba,CuO,
1 MgB>
40 - —

[l

NbN Nb38n NbSGe |
I ! |

20 Pb NbC
1 Hg Organic / C-based
; , : : , :

0

1900 1920 1940 1960 1980 2000
year

http://sakaki.issp.u-tokyo.ac.jp/user/kittaka/contents/others/tc-history.html



Discovery of “high Tc” superconductivity

cuprates
; Iron pnictides
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Atoms

orbitals
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Solids

solid (crystal)
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lattice vibration = phonons \

electron- phonon
Interaction



Necessity of Model Hamiltonian
La,Cul,

kinetic energy of electrons
=complicated band structure

Model Hamiltonian : '.:-':

consider only essential bands [
: el

near the Fermi level,

also

simplify the electron-electron

and/or electron-phonon interactions




reciprocal lattice

real space lattice momentum space
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square lattice
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Energy band, Fermi sea, Fermi surface

Electrons : Fermions - In the ground state (T=0),
the electrons are filled from the bottom of the band up to the Fermi energy.

Ek)

u, Eq : Fermi energy, chemical potential
constant energy surface with E(k)= E¢

Fermi surface of free electron gas is a sphere



Fermi distribution function

f(g) _ - average number of electrons occuping
exp(;?ﬁ})Jrl a single state with energy ¢ at temperature T
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Tightbinding models

In 1D

In 2D

*hopping integral”



creation, annihilation operators in real space

number representation
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anticommutation relation of Fermion operators

{cirs i} = {clorcf} =0, {cio cJor} = 8000

{A, B} = AB + BA



Tight binding model expressed in second
quantization form
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creation, annihilation operators in momentum space
l ik R

Cig = —F/== € Clas

VN 4

the number of k's
‘O‘ ‘ ‘ ‘O‘ ‘OH HQ‘ =the number o sites
(# of unit cells)
k11 kK21 k31 k4T k51 k61
‘ ]103]'}]10&]>T
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CleCkTiTCkaqucfiTIO)

H — - - diagonal” ;
Z } k-:r ke number operator in
k.o momentum space

k) =c(—k) = Z{“{IJT—FL r)t(r)
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Grand partition function and
Fermi’s distribution function
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Tight binding model on a square lattice

when only the nearest neighbor hopping is considered :

c(ke, ky) = —=N(—t)[exp(ik.a) + expl(ik,a) + exp(—ik.a) + exp(—ik,a)] = —2t[cos(k.a) + cos(k,a)
u ;ﬂ,*. | I y | Yy

When there are M sites in a unit cell, and each site contains L orbitals,
it is a ML band model



Fermi surface

Fermi surface at half-filling

Fermi surface is “well nested” when
it has a large overlap with the one
translated by a certain “nesting vector Q”



Effect of distant hoppings
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Tightbinding model band dispersion
on various lattices

honeycomb

square lattice triangular




Introduction of electron-electron interaction

number operator

Nig = ChyCig
Nig| * .1, )y =m| e (n=0 or 1)

Hamiltonian in real space

H = Zzt R R Cmc_i'ﬂf + ZZ R!- R ﬂ-mﬂ_:m:

ij O i] ad’

Hamiltonian in momentum space
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Difficulty in solving a many body problem

most straight forward way : exact diagonalization of the Hamiltonian matrix

ciujele)
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basis to obtain

H matrix | 1,0,1,1,0,1)1

= ¢ c clici|0)

For instance, for a 20 site system with 10 up spin and 10 down spin
electrons, the number of basis is

(20C10)* ~ 3 x 107

diagonalization of ~101© Xx 101° matrix is necessary !

(for only 20 sites<< 1023)



Theory of conventional superconductivity :
phonon-mediated pairing and BCS theory

electron-phonon interaction
1

Hel—ph = TN kZ a(q)(aq + a'q)ck g0t
4.0
k+q 1 k+qg 1

>¢'f >¢h’f
k1 k1

“Feynman diagrams”



electron-electron effective interaction mediated by phonons
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extract the interaction of the form
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H — LZ{"{L‘.:]E}JH{:L’H . EI I’{L-r — klr:]ﬂ-r_kjjf{:;!:}'C:;-.‘-]‘{'L_kl

rewrite H-uN as H V is called the pairing interaction



mean field approximation
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Then the Hamiltonian is approximated as
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ko k

+ Zﬂ(kj{t;{k'ﬁ{c.} not diagonal
k
where
Alk) = %:1 (k — L”Jf‘z_;ue c I.,’,:}

“order parameter”, “gap function”



Bogoliubov transformation :
creation, annhilation operators of “quasiparticles”

et = UKCKr — 'i‘ktZ'J[_kl
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. _ | .
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u + v = 1

required for anticommutation relation

Expressing the Hamiltonian in terms of a., of
and enforcing
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Egs =Y [Zg{kﬁk + 2A (k) + A(k) (el 4 fLT}] . ground state
k energy
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2 1 (k) |
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since the “quasiparticles” are “free particles”
(agaxy) = (ol o yy) = F(E(K))
F(E) = 1/(e®F + 1

this gives

Alk) 1 %
(ckre—k)) = E(K) tanh (idE{L_})

Then, from the definition of A

Alk) = Zl ke — j‘”” )

|
.j'
—EE[:E“.I tanh ( E(E' })

E(k) = \/€(k)? + |A(K)?

This is an equation that self-consistently determines A :

“gap equation”



E(k) = \/¢(k)? + |A(K)|?
gives the dispersion of the excitation of quasiparticles

—>there is a gap around &=0, the ground state is protected by the gap



k'l

superconductivity occurs due to pair scattering
V (k-k’): pairing interaction - pair scattering

gap equation

A =3 EEE Y (-KAK)

E(k) = \/€(k)? + |A(K) |2

In order to have a finite A

V (k —k)AK)AK') <0



Linearized gap equation : neglect O(A?) or T~Tc

aH) =Y tanh[£(k') /K, T]

k' o) V (k —kYA(K)




If V(q)=constant,

AK)=-Y ta”h[zEE(Z'(), )/ KTl (k- k)agk)

kl

shows that A is independent of k

This means that finite A is obtained only when V<0 : attractive interaction

phonon mediated interaction satisfies the condition

I.‘q,l
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assuming that V is small, Tc is approximately given as,

kpT,=1.13 hwpexp ( 1@%@))

wp 1S the maximum frequency of the phonons,
usually awp/kp I1s O(100K)

D(¢r) IS the density of states at the Fermi energy,
usually VD(ep) < 1

for strong coupling superconductors with VD (zp) ~ 1
further analysis have shown that the upper bound for Tc is few 10K



Cuprate high T, superconductors
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Properties of the cuprates and
possibility of unconventional superconductivity

T. beyond 100K
superconductivity near antiferromagnetism

strong electron correlation

d-wave pairing

- phonon mediated Cooper pairing is unlikely
—> necessity of purely electronic model Hamiltonian



Crystal field effect

lift of degeneracy of 3d orbitals due to t - %
X2-y ,

crystal field e /
g |
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octahedron)
La(+3), Cu(+2) O(-2), :undoped parent compound, d °

La(+3),., Sr(+2), Cu(+2+x) O(-2), : partially replacing La by Sr induces holes in
Cu dx?-y? orbital



dp model

considers Cu3dx?-y? and O2p orbitals
that can hybridize with Cu3dx?-y?

strongly 3d with
some mixture of 2p

conefecccanalae Ep

strongly 2p with
soyhe mixture of 3d

-

k

three sites per unit cell,
each site has one orbital
= three band model



Single band Hubbard model

_ single band model = single site per unit cell
consider only the band that one orbital per site

intersects the Fermi level

€|

-2

t~0.4eV, U~8t

undoped parent compound
= one electron / site =band filling (n) =1




Mott insulating state and antiferromagnetism
half-filled (undoped case)

Electrons are localized due to the on-site U : Mott insulator
In order to gain kinetic energy : antiferromagnetic spin ordering



Many body techniques
Quantum Monte Carlo method for finite size clusters
(up to O(100~1000) sites)
auxiliary field QMC

variational Monte Carlo

Diagrammatic approach

Combination



spin correlation function
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Cooper pairing due to repulsive interaction ???

gap equation

o tanh[E(K") /k,T] i
A(K) = ; 2E () Vv (k” K)A(K)

U >0

this equation obviously does not have a finite gap solution




1 -k | -k
collect contributions from certain types of diagrams
k'l -k'|
v
— l(l EE ]{7” S— k’ —’— q
q
k1 -kl

effective pairing interaction
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bare susceptibility

- fle(k+q))—f(e(k))
XU(Q) — %: E(;c)q_g(;ﬁq)

spin and charge susceptibilities
(in random phase approximation)

XU(Q‘) ?{O(Q‘)

Xs(Q) — T-Uxo(q) XG(Q) ~ 1+ 0x0(9)



Magnetic (spin) susceptibility

M= vH

< =
M(q,w)exp(iq - r — iwt)
= x(q,w)H(q,w) exp(iq - r — iwt)
spin susceptibility without electron-electron interaction at »=0
_ \ fle(btq)— fle(k))
xo(q) = % (k) —e(k+q)
RPA spin susceptibility with electron-electron interaction U

Xs(Q) — 1_X[?Tg)(q)

expression is valid for [y < 1



Xs(q) = 1_’%/53@ > 00 & Uyo(g) — 1

at a certain wavevector q=Q where Xg(q) IS maximized

—>magnetization for inifinitesimaly small magnetic field
—>divergence of the susceptibility signals
spontaneous ordering of spins

for a fixed U, the divergence can occur by lowering the temperature ;
xo(¢) can increase at certain wave vectors at low temperatures

|deal square lattice, Fermi surface at half-filling : strongly nested

ity

J(e(b+q)—f(e(k))

- e(k)—e(k+q)
IS large at the nesting vector g=0Q when
f is close to a step function




sponteneous spin ordering (antiferromagnetism)
with a wave vector Q can take place at low temperature
when the Fermi surface is strongly nested

even when the Fermi surface nesting is degraded (by carrier
doping for instance), large xs(@) (spin fluctuations) remains

k'l k'l
V
large V(Q) > 0 €
q
k1 -k
condition for SC : V (k—-k")A(k)A(k") <0 T /’\k\i
pairing int. mediated by spin fluctuation at g=Q L ’
>SC gap A (= -A (k+Q) SRy F
- d-wave pairing
_TE k'
=T T

k



d-wave SC on square lattice

calculate the pairing interaction and
solve the gap equation for O(1000)~0O(10000) lattice sites
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Other approaches for d-wave superconductivity in
the Hubbard model

energy gain due to d-wave superconductivity
Variational Monte Carlo (VMC)

inversed SC susceptibility by
Dynamical Cluster Approximatoin (DCA)
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T, =O(10)K~ 100K

high Tc, but still “low Tc” compared to the
energy scale of t (kinetic energy of electrons)



HTC spin fluctuation mediated pairing from
disconnected Fermi surfaces : single orbital case
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Discovery of SC in LaFeAsO

Published on Web 02/23/2008

Iron-Based Layered Superconductor La[O,_,F,JFeAs (x = 0.05—-0.12)
with T, = 26 K

Yoichi Kamihara,*T Takumi Watanabe ¥ Masahiro Hirano 1.5 and Hideo HosonoT+§

ERATO-SORST, JST, Frontier Research Center, Tokyo Institute of Technology, Mail Box S2-13, Materials and
Structures Laboratory, Tokvo Institute of Technology, Mail Box R3-1, and Fronrier Research Center, Tokvo Institute
of Technology, Mail Box S2-13, 4259 Nagatsuta, Midori-ku, Yokohama 226-8503, Japan
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High Tc up to 55 K by La->Sm,Nd
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Possible unconventional pairing
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magnetism near superconductivity

First principles calculation :
electron phonon coupling too weak for Tc=50K

Boeri et al



Material dependence of Tc in iron pnictides
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Material dependence of SC gap

a number of experiments suggest fully open gap (with
multiple gaps or anisotropy) for the arsenides,
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Material dependence of SC gap

for LaFePO (Tc~5K), experiments
show presence of line nodes in the SC gap

penetration depth thermal conductivity
T/T, . in magnetic field
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Fletcher et al, PRL 102, 147001 (2009) M. Yamashita et al., PRB 2010
also Hicks et al., PRL 2009



Material Specific Hamiltonian for
studying unconventional SC

lattice structure, elements

first principles band calculation ( pwscf, Wien2K)
@ maximally localized Wannier orbitals (wannier90)

material specific tight binding model

Fermi surface multiplicity, shape, orbital weights

-+ fl> Superconductivity

electron-electron
Interaction




Five orbital model

all five iron 3d orbitals are necessary to correctly reproduce the
band structure and the Fermi surface

electron
. o < N
% 1 %‘%& xXz/yz
Eﬁ 0 R—F 7 ) @ @\ctron
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5 K<y hole
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- €A hole/ xy
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Fermi surface nesting and “s=*” SC

pairing int. mediated by spin fluctuation at g=Q—> SC gap A (k)= -A (k+Q)
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two types of (r,0) spin fluctuations
originating from different orbitals
cooperating

fully gaped “s=%=" Mazin et al PRL 2008



high

2, =0.658 (h,=1.38)

low
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Effective Hamiltonian

H = Hy + H;
Ho = Y Y Y tm wgcjua + Z Culipo I, J: site. u, 1. orbitals
1] uv o o
%1 2 U Z Mt Mipl + U’ Z TNy +J Z Szp‘, Sw + J’ Z C?MT ”Llczylctv’r
i p>v HFEY TE3Y

T E X =

apply multi-orbital random phase approximation :
typically, ~50 x50 X 10 sites X 5 orbitals ~ 10* ~ 10° orbitals



pnictogen height dependent sc gap

high

fully gapped s*wave
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nodal s=wave

Graser et al.
Mishra et al.
KK et al.
Wang et al.
Thomale et al
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Linearized gap equation

A at a fixed T can used as a qualitative measure for Tc



“Height” as a switch between high Tc
nodeless and low Tc nodal pairings
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Bond angle dependence of Fermi surface

b

1
34

multiplicity
FS for 10% doping

N
o =120 deg

D o (
[

U N
=110 deg

=T
-

NP
£

Energy(eV)

o= T N

(e

AN
OF
N Ak

7

N
kx

n

ll-’ 'I_.:o-,‘,_. o

NN AN

+
L "\"_‘\(
b B

-2

I

R R

U= NS

NS

&

0,00 (r,0)

(m,m)

(0,0

H. Usui and KK, PRB 84 (2010) 024505

Fe-As bond length= fixed

.«

P

FeAs,-tetrahedron

This kind of Fermi surface variation
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Bond angle dependence of SC
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Material dependence of Tc in cuprates

[ Single layer system J
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Fermi surface shape and Tc
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stronger Fermi surface roundness (“larger t’ ") = higher Tc
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Fermi surface shape and Tc : theory
FLEX, single band Hubbard

microscopic theories for Hubbard type models "' ; T
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dx?-y? +dz? two orbital model

importance of the dz? orbital:
H. Kamimura et al 1990, C.DiCastro 1991
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Energy level diagram

,~ = ~present model
\

1 1
S




Correlation between Tc and AE

, essentially single orbital
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HTC spin fluctuation mediated pairing from
disconnected Fermi surfaces : single orbital case
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Dynamical Cluster Approximation
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room temperature SC possible ??
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