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Preface

Quantum electrodynamics (QED) is the relativistic quantum field
theory. In essence, it describes how light and matter interact and it 1s the
first theory where full agreement between quantum mechanics and
special relativity 1s achieved. R. Feynman, one of the founding fathers of
QED, has called it ""the jewel of physics'’ for its extremely accurate
predictions of many quantities.

QED mathematically describes all phenomena involving electrically
charged particles interacting by means of exchange of photons.

In technical terms, QED can be described as a perturbation theory of the
electromagnetic quantum processes. Perturbation theory may be called
(symbolically) as a linear QED. The small parameter (expansion

. 2 1
parameter) 1s , — ¢ _
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The next step 1s studying essentially non-linear, non-perturbative effects
of QED which becomes important when a 1s compensated by large value
of external EM field. This subject 1s very popular now because it is
related to many aspects of laser physics.... 2



+ Part I: Equations of QED Contents

a. Lagrange formalism
b. Dirac and Pauli equations

c. positron, electron spin, etc
4 Part II: Perturbative QED

a. Feynman rules

b. ey scattering

c. Compton ~+ e — v+ e scattering
d.

e

Breit-Wheeler v+ v — et +e” process
uTu~ production in interaction of electrons with target of high Z atoms

4+ Part I11: Non-Perturbative QED, electron in a strong EM field

a. Volkov’s solution of Dirac equation & electron properties modification

b. Feynman rules in strong EM field and reaction e\ — e+~
_I_

c. Modified Breit-Wheeler process |, —e'e”
d. Reaction ¢, —etvv

e. Weak neutron decay ™ — Pt e+t Ve

+ Summary



References:

L.D. Landau and E.M. Lifshitz, Quantum Electrodynamics, v. 4
J.D.Bjorken and S.D. Drell, Relativistic Quantum Mechanics

D. Griffiths, Introduction to Elementary Particles

R.P. Feynman, Quantum Electrodynamics

V.I. Ritus, Quantum effects in an Intense Electromagnetic Field

A.T., B.Kampfer and H. Takabe, Phys.Rev. ST, A&B, 12, 111301 (2009)

A.T., B.Kampfer, H. Takabe, and A. Hosaka, Phys.Rev.D,83, 053008, (2011)



Part 1. Equations of QED

(theory of photon — electron-positron interactions)



QED is the theory of interaction of the bi-spinor (four component) electron field,

Ya(x) = < ¢Ex§ ) . ¢(x) and x(z) - two-components fields
x(x

and vector electromagnetic field
Au(z) = (Ag(x), A(z))

Gauge invariance of Lagrangians and equations of motion
is the basis of OED

: 1
Consider transformations ' (z) = e_“"(m)zp(:v) and AL(x) + Au(x) — gﬁuw(x)

[ ] o 8 8 L] L] o
where w(x) is an arbitrary phase, 5, = S ( 900’ —V> operator of partial derivative
u

Different choice of w(z) means the different gauge conditions

[t can be seen that the tensor of EM field F.(x) = OuAy — OuAy

and Lorentz invariant forms

> Pa(a)ba(z) = (P(@)¢p(@)) and  (P(x)yulioy — eAu(a)]y(x))

does not depend on choice of w(x) (or gauge) !!!



Gauge invariance of these combinations: Fu(z) = 0uAv — OuAy

HOIOR (F@(2)) and  (G()yulioy — eAu(2)]y(x))

gives an unambiguous prediction for the Lagrangian of
the electron field, photon field and their mutial interaction

_ _ — 1
L= WW“@W - 6¢7MAM¢ — mypyp — ZF,uVF'LW

where _ Pauli
Y are the Dirac matrices 70 — o —J |’ Y= _ o; O matrices

e

with =1 0),, = 01 _ (0 =i 4 = 1 0

—\lo1)"°" 10)’%=\i o) 0 -1
al

1) is a four component spinor field (electron — positron field) Zi (four - column)
a?

1; = l/)T”)/Q called “psi-bar” or Dirac ad joint field [a*!, a*2, —a*3, —a**]

(four -component string (row))



OED equations are consequence of Euler-Lagrange equations
oL ) oL
O(Ouy)) Oy

_ _ _ 1
L= W’Y“ﬁuw — 610’mz4“¢ — my) — ZF,uVF'uV

0

(a) electron 9, (

oL - - oL B a
Ou ((%@ﬂ@) = A (ipyH) @ = —epy AY — myp

substituting these two back to the Euler-Lagrange equation results in
0Py + ey AP + myp = 0
with complex conjugate
ivPOuY — ey AHYp — mayp = 0

or equation of motion for electron in

i’y“ Quzp —_ mqp = eyy A/ﬁp jt(l-wl flwesence of electromagnetic
ie

original Dirac equation interaction with electromagnetic field
8



Euler-Lagrange equations: (b) photons

oL oL
Oy ——— =
0(OvAL) 0A, Fuu(x) = 0uAy — Ay

_ _ - 1
L = ipy"Oouyp — ey AP — mapyp — ZFWFW

oL oL -
al/ — 8[/ 8'“141/ — 8VA'LL _— = — ,Ll,
— 81/FMV(CC)

substituting these two back to the Euler-Lagrange equation results in
Oy M = 6127’“ Y

Lorentz-gauge condition: 9, A" = 0

AR = edryPah equation of motion for photon in
the presence of electric charge

d’Alembertian operator electron char 8€ CUFT ent



Summary:
coupling equations

[ ivPOu — myp = ey AP

CIAF = eyt

\

are the starting point for QED calculations
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States with “negative energy”: lack or achievement of Dirac theory
let’s make sure that the theory predicts states with negative energy

electron is in rest (¢, z) = ¥ (¢t)
9 L 0

oY . _ (I O ;_(10
1 0O O 0 1 O 0O
01 0 0 |6, . [0o100],
00-10 |at™oo10]|¥T0
OO0 0 -1 O 001
solutions with positive energy negative energy
— A A
1 0] 0 0
(1) | O | —imt 2 _ | L1 | —imt ,3_| 0| _+imt ,4)_1|0 | _ +imt
w - O e ) w - O e ) ’¢ - 1 S ) w - O e
0 0] 0 1

Physical interpretation of solutions with negative energy may be done

in a presence of EM field!!
1



(iv" 0, — ey A — m) P, =0 equation for particle with negative charge

(’Wuaﬂ + eVMAM —m) e =10 equation for particle with positive charge
Question: what is connection between ¢ and zpe_ ?
1: complex conjugation (—zﬁ;@“ — ey, Al — m) Y, =0

2: act by “charge conjugated operator” C with properties

< ~—1 __ O O 0O 1
CyC " = = . C—im— |0 0 —10
cc—l=1 g == |0 -1 0 o0

1 0 0 O

C <—i7;8“ — ey, Al — m) C_lC@DZ_ =0
—> (170" + ey A —m) Cy>_ =0

<
Q]

_|_
Il
<
o

]
Q
<
('bl *

e—z’mt

VY- = %gf) = egtimt  — Y4 = ngf)*

= O OO
©Coowr

electron with “negative energy” and spin down  positron with “positive energy” and spin up
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Positron €+ (1932) C. D. Anderson

(Nobel Prize 1936) PR o
\ qas
Lead plate . oo N
Cloud Chamber: (1911) A A
C.T.R. Wilson (Nobel Prize, 1927) _ ety
[Cloud chamber contains a gas / , ’l
supersaturated with water or alcohol N ey
vapor + Photographic device] \ '
positron

One of the first positron tracks was observed by Anderson in 1933.
It was taken 1n a cloud chamber 1n the presence of a magnetic field
(so the particle paths are curved).

In the presence of a charged particle (such as a positron), the water
vapor condenses into droplets - these droplets mark out the path

of the particle.



Spin of electron:

Dirac equation  jy"9,1p — map = ey, A1

. . s [0 =\ /0 LS
f)/,Uf — (’YO?V) ) A,LL - (Cb) A) ) au - (E) _v> — (& _Zp> P = —1V
oY R S
105, = =7 -V +myp + eygPy — ey - AY
I O 0O oy
— [ ¥ —imt ’YO=< _ >,%':<_0_ OZ>
(& ( X ) e 0 —I :
Z@_go = 3(p— eld)x + edyp ~ G- (P~ eg)
ot X = o' L
'L% = 3(p— eA)p + edy — 2my L L
5 - X][a Y]=X .Y +i3 [X x V]
oo _ [a(p—eA)][a(p—eA)]ﬁ { _ 9 % A] (B = cunl &)

Ot 2m

dp  [(F—eA)2 e | i+ eCD-‘ Pauli equation (1927)
Y~ — — 0 4 .

ot 2m 2m 1 ¥ electron spin [Stern-Gerlach
& magnetic moment  _topy) 14




Discovery of electron’s spin: Stern—Gerlach experiment (1922)

Two discoveries:
(1) Detection of spin

Classical
prediction What was i (2) Spin is a quantum number
ilver atoms
actually observed
Q Furnace
\ - The atoms of silver from the source which
Inhomogeneous Was the furnace with boiling silver
— : magneticfield  ,eore leaded to the vacuum space.

Spin values
for fermions.
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Part 11. Calculating technique

16



% properties of the bound states: Pauli & Schrodinger
energy levels, excitation/decay rates, etc | equation(s)

Perturbation

% scattering, annihilations, pair productions, etc } approaches

Transition amplitude M, = (f |U] 1)

Bosonic and fermionic sectors in the initial and the final states are
treated as free

t
Transition U = Texp | —i / A’V () T is the time ordering
operator ; operator

0

with V = e/d,ﬁz(m)’mw(az)A“(az) o= = %

Texp[/Z]:1+/Z+T//ZQ'!Z+T///Z§'Z+...

arranged in descending order of time

17



Time ordering is necessity to iterate through all possible options

Example: Time ordering for Compton scattering in second order of PT

v+e—+ +¢

option 1

1. photon absorption in

r=1x1 with t =13

option 2

1. photon emission in

r = x1 with t = t1

n .
options

2. photon emission in

r = xo with t = to

2. photon absorption in
xr = xo with t = to

~ nl n is order of expansion

18



Feynman Rules for evaluation of
Mfz <f |U| >

—

(1) fixing of basis states

(2) rules for the construction of matrix elements
convenient for practical calculations

19



Basis states in pQED

ivFOu —myp =0
A =0

Equations for the free
fermion and photon fields

electron positron
¢(x) — ae—ipicus(p) a = —\/217% ¢(CU) — aeipa:US(p)

(4P +m)v = 0

(Yo —m)u =0
- v = ol
u(y*py, —m) =0 v =170 ~
U = UTVO v(v“p,u +m)=20
ulud = 2md;; v = —2m
2 _uqug = (ypp" +m) g >, v = yupt —m
s=1,2 projection operator s=1,2

T
_ 1 0
u = Ep m op XS m— ( ) ; — ( ) )
\/ _ Bt X1 0 X2 1




Basis states in pQED (continue)

photon

Ap(e) = e, ()

eup” = 0O, Lorentz condition

c-p=20, O = 0, Coulomb gauge

e(\) = \_/%(:E’ iM\Y), circular polarization

—

& = T, € =7, linear polarization



Structure of matrix elements
/

€ e
—@)—— My = (F U])
454 A,
" (QW\)/ 25]3;?1:7;/”) @5 (pp) Muilp)| = (%)J 25EiZZE;/pf) Ty
Ty =up(pr) Mui(p;) =
al ao a3z aa ué ]
= [uf*lju}l;%_u?f%,_u}‘*] 2 2 2 ii Zzg = scalar function
di do d3z dg u? | (or) number

—~—

M ~ 1, Ry~v*, R, SuyH~Y, ...

Q.: how to evaluate M/ ?  A.: use the Feynman Rules
22



Feynman Rules of OED explain
how to calculate corresponding
transition operators



(1) Graphically construct all possible diagrams with given
the initial and the finite states (assuming time ordering!)

p1 q2
q1 { —
JAVAVAY, K p2

(2) Make proper labeling of electrons and positrons
in external lines (“in-" and “out-" states)!

(3) For each external line clectron | :)’;‘;"Z’l;” 5 (7

putlcoorres.pondlng spinor | 4 / 5
: incoming

(polarization operator) positron / v
outgomg

photon & (&
(4) Vertex factor A ( 2\ *)

: P1 Do
—1eyy L M( )
q 1eUp, YuUpr €5 (9




Feynman rules (continue)

(5) Propagators (describe propagation of the virtual particle from z; to x5 )

U .
(elecfron ‘ 7M219 :t?;”l, , phOtOl’l — ’l/—2
positron) ~ p<—m q

(6) Conservation of total four momentum

in each vertex 1
(2m)45(ky + k + k3) @/ 1

(7) Cancel the final delta function L
" T
(27)*6(p1 + p2..- — pn) o

(8) Antisymmetrization. Include a minus sign between diagrams
that differ only in the interchange of two incoming (or outgoing) electrons



Example 1. ey — eu scattering

P i (pa) (—ievu)uu(p2) (27*)6(p2 — pa + q)
Do P4

Y o4
D1 P3

e e/

g/u/ d4
2 (27T)4

e (p3) (—ievu)ue(p1) (27*)6(p1 — p3 — @)

Ty; = —i%1u(pa) 1 (p2)] - [Ge(p3)r” ue(pr)],

where ¢2 = (p1 — p3)? TABC — __g°

The number of M is2 x2x2x2=16



Question: How to calculate cross section of
a+b = c+d reaction for unpolarized a,b if we know
the corresponding invariant amplitude M ?

27



If the amplitude for reaction o +b — c+d has a form as

(27)*6%(pa + Py — Pc — Dp)

Mo — .
/e V2E2E2E2F, /i

then the cross section follows Fermi’s golden rule

2 dﬁc dﬁd
do > > ‘ fZ| 3 3
2\/)\(5 M2, M2) (2m)32E, (21)32E,

X (2@454 o + Py — P — pb)N

flux factor invariant amplitude phase space factors

vihef”e 5 total four momentum conservation
s = (pa + Pp)
“triangle function” \/ A(s,M2,M?2)
A(s, M2, MP) = (s=(Ma+My)?) (s—(Ma—Mp)?) —>  |Pal = *— %

= (2



 (2m)**(pat+py—pe—pp)  dpe dp,
dO' = > > 3 3 X ’sz
2,/X(s, M2, M?) (2m)32E, (27)32E,

™

——

For calculation of the cross section we have to
(1) evaluate the “overall phase space factor”

(2) and determine |T};|?
( squared + sum over polarizations )

29



evaluation of the phase space factor

dﬁc dﬁd

1
° 2 //\(i)/ (27)32E. (2m)32E,

(2m)*6* (pa + pp — Pe — P1)

30



evaluation of the phase space factor

o 1 / dpc dpq
2\/% (2m)32E. (27)32E,
dpc
Ec

_ 1 /
o 87T2m 2

(2m)*6* (pa + Py — Pc — P1)

dpdEq6(E2 — 55 — MZ)6*(pa + pp — pe — 1p)

31



evaluation of the phase space factor

dﬁc dﬁd

1
° > //\(Z-)/ (27)32E,. (27)32E,

(2m)*6% (pa + pp — Pe — Pp)

1 dpe ., 2 _D 2\ ¢4
o — / dpddEda(Ed — Pg — Md )5 (pa + Py — Pc — pb)
8r2,/A(G) 7 2Ec
dp.
o ©5((pa + pp — pe)? — M3)

__ 1 /
872/ A(1) 2Ec

32



evaluation

of the phase space factor

1 dpc dpg 4 4
o / 21)46% (pg 4 pp — Do —
1 dpe 2 D 2\ 54
® — / dpddEd5(Ed — Pg — Md)(S (p +pp—p _pb)
8r2,/2(i)/ 2Fc ’ ’
1 dpe 2 2
o — / 5((pa+ pp — pe)? — M3)
8r2, /A7)’ 2FEc ) ’
d—)
O / pcé(s—z\/EEc—l—MCQ—Mc%) (S= (pa‘I'pb)Q)

1
82, /M)

2F¢

33



evaluation of the phase space factor

dpec

dpy

1
2./A() / (27)32E,. (27)32E,

. 1
o 871‘2\/%/
. 1
o SWQM/
B 1
o 871'2\/%/

_ 1A
647"'23|ﬁa,|

dpc
2F,

dpc
2F,

dpe
2F.

(2#)454(]9& + Pp — Pe — Pb)

AP dE46(EZ — 55 — M2)6* (pa + pp — Pe — Db)

5((pa + pp — pe)? — M3)

5(s — 2v/sEc+ M2 — M?%)

(s = (P + p1)?)
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evaluation of the phase space factor

1 dpc dpy 4 o4
o / (2m)*5% (pa + P, — Pe — 1)
> /0@ (2m)32E. (21)32E, ¢ ‘
o — / dpgdEqg6(Eg — pg — M3)d" (pa + pp — Pe — pp)
8m2/\(z) 7/ 2Ec
1 dpe 2 2
o — / 6((pa + pp — pc)® — M)
8r2,/A(G) 7 2Ec
1 dpe 2 2
o — / 5(s — 2v/5Ee + M2 — M?) — 2
i | A2V D) (5= Gt )
1 |pe|
o — — do 1 Pc 2
64725 |pg 10 . 6424 pa|Tf7L|
1 —
o — ’Zic|dcos¢9 do 1 Ll e
327s |pal d cos 6 3275 pg 1!

35



evaluation of square of matrix element S T fi’z

P1 - spinsi,f
q

SR = Y Jea®2(pa)y ust (p1)el|?
S1S82A

— &2 3 [@°2(p2) vt (p1) X B (p1) 12 (p)] ehel”

— 2 Y [w2(p2)@%2 (p2)lvulu® (p1) @1 (p1)]w eheX?

j{:tﬁ;ﬁgf:: (¢-+-7n)ﬁkk }Z:&ﬁei%:::——guy
8 A
pP=v-p

> 1Ty? = =€ ((b2 + m) gravhs(B1 + ) gart” w) Guw

S1S82A

36



evaluation of D \Tfi|2 (continue)

pl\N\‘”/ZQQ spinszi, f
q

> Ty = =€ (B2 + m) garh s (b1 + M) gt ) g

S182A

S |T? = =2 Tr (B2 + m)VH(#1 + m)vu)

5§12

](2) 0 . 1(2) 0 — 0 0;
IZ( 0 I(2)>’ ’YO—( 0 _1(2) i —o; O

Tr(I)=4
Tr(vu)=0
Tr(vuw) = 49w Tr(p{pg) = Tr[(p1-7v) (P2 -v)] = 4(p1 - p2)

Tr(Yayuyw)=0

Tr(vavgvuw) = 4(9apduv + gavgsu, — 9oudsy)
37



Summary: utilization of the Feynman rules

reduces evaluation of |Ty;|°
to calculating traces of sum of the products of
the Dirac gamma matrices ...
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en — e scattering (cross section)

d 2
d_g% 647‘(‘ |sz|
2o ¢l a
> Tl = T (a4 mu)y® (B2 +mu)a”)

5182\

x T (3 + me)ra(py + me)v)

et

o [(0102)) (p3pa) + (0104)) (P2p3) — (P1p3)my; — (p2pa))m? + 2mEm|

(p1+p2)?=3+p1)?=3s (p1—p3)°=(p2—pa)2>=t

e
|sz-|2 — o (2(mi—|—m2)2 43(m —|—m2) 4 252 —I—st—l—tQ)
at high energies with s > m?, |t|  at low energies with s ~ m3
dO' p— 2 ~ C¥2 dO' Oé2
dS2 t2 4E?2 sin% % dQ' (2mev)? sin4%




Example 2: ve — ~'e¢/ Compton scattering

D (Klein-Nishina equation)
B

v (k) 0 . ()

e (7)

do B 1
dcos® 32rs

Ty,
Y 7\}?‘ 7L o !
2 % I — IN AUV
Ne—ve + = e“¢, (v )ev () - [u(e) M™ u(p)]
¢ e \e’ e/k—p’\‘e/ }{'f?-’-rfldﬁ'(p—l—# p' — k')

p+k ".,"I':EEI;EEHEMQUJ!

|sz-|2 with s=W@+k)2=MZ+2p-k

Vi v-(p+k)+ M
MP = ¥ > 57"+ 2 5
(p+ k)= — Mg (p/ — k)2 — M:
FYM’Y'P‘FW"]C-FMe’YV_ ,/V'k—q/-p/—l—Me’y'u
2p - k 2p' - k

7'(k_p/)+Me m




d 1
~ T
d Ccos 9 327s

TP=% Y lg0) [EOM u®e()|?

)\7,)\ ,Me,m.,

: 2
T =T7 4+ Toen + 2T 5ery  With Ty ~ Trly..n]
H_J
4...8
do 2 /
=7ary F(p,p,k),
dcoso 0 F(p. v, k)
82 (8 13
ro = — ~ 2.82 fm, (1fm = 10" ">cm)
47TM€ Me

“classic electron radius”

and function

am?2 [ m2 M2 \? V2 M2 Vik-p ko
F(p,p' k) = —F € ) 4+ IJ,+ !
C 2k-p 2k-p 2k-p 2k-p 4 \k-p k-p




For further applications we introduce an invariant variable

k- K 1 — cosé
u = =
k-p 1+ vcoso

with v =2 s the electron velocity in c.m.s.

€

and dCcosf = 282 du
s — M2 (1+u)?

do . 87rr(2) <u2

U 1 1
@_S—Mez — +Z(1+U‘|‘ ))

u% UuQ 1+ u

s— M2 2EL
M2 M.

where uQ = Umax =

42



Compton y e = vy ¢ scattering (results)

do(u)/du (mb)

Cross section has a sharp maximum at backward angles
of outgoing (re-scattering) photons



Example 3: reaction v+ — eTe™

Breit-Wheeler process Compton scattering
o+ (7) (Klein-Nishina process)
v (k) f
' (k)
e” (7))
goB-w — 1 ol TB-W 2 4 cos o~
~ 327s k| k
1
K-N _ K—N/2
do =35 [1]|T | dcosf -
75 W (o, 0/ ke, )12 = =T N (=p, 0/, k, —K)|?
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Example 3: reaction v+ — eTe™

Breit-Wheeler process Compton scattering
S Klein-Nishina process
2 o e
v (k) f
' (k')
e” (p')
goB-w — 1 ol TB-W 2 4 cos o~
327T5|k| k
1
K-N _ K—N|2
do =35 [1]|T | dcosf -
75 W (p, 0,k K)IZ = —|T" N (=p,p, k, —K)|?

uptlp =7y -p+ Me — —y-p+ Me = —(v-p— Me) = —vp0p

projection o.

doBW _amrgm? [1 kep  kepl\ (M2 M2 > [ M2 L M2
. d@@ S 4\k-p)  k-p 2k -p  2k-p/ 2k -p  2k-p/ '

45



vy — eTe™ Breit-Wheeler process (continue)

invariant variable (k- k)2 1
u — p—
4(k-p)(k-p) 1—wv2cos26

where v is velocity of electron (positron) v = EL
p

doB-W 4 1 1 1 1

i = (= +1)u— —u?—=
du 8ms | \ 2 v4 2| u3/2\/u—1

EQ
where ~2 —1/(1—v2) = ZQ

and 1 < u < umax, Umax = 72

4
door =7 — {(274 + 2y — Darcsh(y1 — %) —y(1 + WQ)W}

TSy

46



vy — etTe~ Breit-Wheeler process (continue)

Y +Ny->e+e- Y +Ny->e+e-
1000 ————— 17— 00— 71T
. 800¢ e
fe I
E 600} =
_g i
2 400} =
e i
200+ -
i0® e - 88 7.0 12 14 16 1.8 2.0
log(u) / sqri(s) (MeV)
E
l0g(umax) = 2109(57 threshold +/Sthr. = 2Me
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Example 4:

Dimuon production by laser - wakefield

accelerated electrons
A.T., B.Kampfer,and H. Takabe

Phys.Rev.ST Accel.and Beams 12 (2009)



VOLUME 43, NUMBER 4 PHYSICAL REVIEW LETTERS 25 Jury 1979

Laser Electron Accelerator
T. Tajima and J. M. Dawson
Depariment of Physics, Univewsily of California, Los Angeles, California 90024

An intense electromagnetic pulse can create a wake of plasma oscillations through the
action of the nonlinear ponderomotive force. Electrons trapped in the wake can be ac-
celerated to high energy. Existing glass lasers of power density 10'%W /em?® shone on plas-
mas of densities 10" em™® can vield gigaelectronvoits of electron energy per centimeter
of acceleration distance, This acceleration mechanism is demonstrated through computer
simulation. Applications to accelerators and pulsers are examined,

- The acceleration gradient in a plasma
accelerator is much bigger:

— In a conventional particle accelerator
acceleration gradient limited by
electrical breakdown to:

E, ~10-100 MV m™

— A plasma accelerator can reach
acceleration gradients of order:

E,~100GV m™

I.e. 3 to 4 orders of magnitude larger



Leemans experiment [Lawrence Berkeley National Laboratory]
High quality GeV Electron Beams from Laser-Plasma Accelerator

W._P. Leemans et al. Nature Physics 2 696 (2006)
K. Nakamura et al. Phys. Plasmas 14 056708 (2007)

D0 ipC Gel )

L D s ; 5
003 0415 01768 03 04 : ' 0G0 005 100 106 110

)

Experiment conditions: E = (1.0 +/- 0.06) GeV/
+ Capillary: 33 mm, 312 pym diam. AE=25%r.m.s
A6 = 1.6 mrad r.m.s.
« Density 4.3 x108 cm= Q =30pC

« Laser: 40 TW: 1.5 J, 37 fs

In recent experiments with the Astra-Gemini laser by the Imperial College et al,
0.8 GeV beams were generated by relativistically-guided (200 TW) laser pulses
[Kneip et al. Phys. Rev. Lett. 103, 035002 (2009)]




Our aim: analysis of effectiveness of laser driven electrons
for dimuon production in strong electric field of high-Z
atoms

electron bun

— O — K
Laser Lo
W-F thick target S
accelerator 197 A
Motivation:
(1) muons as a source of neutrino beams
,u,‘l'—>e+—|—1/e—|—z7u - — e + Vet vy

for studying neutrino oscillations

(2) studying different aspects of i-meson physics
(3) different problems of muon-nuclear physics



EM sources of muons

Direct muons

e+ Z—put+u - +e+2

muons come from secondary interactions

e+ Z —~+ e + Z «— photon bremsstrahlung

Y+Z—-pt+um+2

to solve two problem

Generally, we have (1) elementary e(7)Z — pTu~ processes
(2) cascade processes (transport dynamics)

/

. e—I—Z—>e+—|-e_—|-e’—|-Z
= ?”é;gj‘ y+Z—et+e—+Z
%"?W Nakashima&Takabe

GOLD TARGET PhyS P[asmas, 9,1505 (2002)

\




EM processes (EM sources)

LI+
HJZ/’ u- Direct dimuon production
in eA interaction

: °

L]

18

U+

;J\P%' N

e 4 e’
z

Dimuon production by secondary
high energy photons

LL
Y -
Bethe — Heitler process
Z

Trident process




N]-H'“'_

Total dimuon yield

total yield

10

1

tot
at large E? and L

b +,
NN AN
N ~ NIy

1 The number of dimuons in eA interactions is
| about 200 and 6000 for E,=1 and 10 GeV,
i respectively, for target thickness of 1 cm.

(for 1.25x108 electrons in pulse)



Summary of Parts I+11:

Gauge Invariance is the basis for construction of coupled equations
of QED

These equations predict electron spin, positron

Feynman rules give clear prescription for construction
and evaluation of matrix elements for processes with photons
and fermions (electrons and positrons)

We illustrate this with examples ....
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Part I11. Non-Perturbative QED
Electron in a strong EM field
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Electron in a strong electromagnetic field

D.M. Volkov, Z. Phys. 94, 250 (1935)

Uber eine Klasse von Lésungen
der Diracschen Gleichung.

1. Der Fall eines sinusoidalen Feldes. — 2. Lisung fiir den Fall, dafl das dubere
Feld aus polarisierten, in einer bestimmien Richtung fortschreitenden Wellen
besteht, die ein abzihibares Spelktrum nach Frequens und Anfangsphasen haben.

(i¥—eA+m)-(i¥—eAd —m) = 0,
Second order Dirac equation o

1
[(1V — f':_-ﬂi}? —m?— 55.-‘-},“{;-#”*”];',-'.~ — 0.

\

where Fuy = 0y Ay, — OuAv is EM field tensor 4-componenrt spinor

QL O
O Q

)

i I O -
Ty = E{’:r‘;_[’:r'r; — ’,vr,r;rﬂ}, T — 4 = 4 Dirac matricies 70 = ( 0 —J ) y ¥ = ( _
Special case:

A= A(¢p) with ¢ =k -x=wt—kz — plane wave

and A = (0, Ay) is four vector of electromagnetic field with the special part chosen as

A_fy = dy cos(kxz) + ay sin(kz)
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Transversality condition 9,4* = k, A% = 0 result in following equation

[—82 — 2ie(A8) + 2 A% — M? — ie(vk)(vAN]¢ = 0.
Then, we seek a solution in the form
b =e"PTF(¢), ¢=ka

Using conditions
OHF = kFF', 9,0MF =K?F" =0, since k2 =0

we find the equation for the function F(¢)
2i(kp)F' + [—-2e(pA) + e2 A2 _ ie(vk)(vANJF =0

the formal (exact) solution of this equation reads

1"«": EJJ‘U

}f.]"- DA ; o ;
P . { } |-"_|-'ll © 1 {r-} ;] q'.l-"._.'r r(‘: JII";I(‘ 1;] U
J —{.‘HD( rb/ L“LIH}{;.\(. )) 20kp) 1o’ 2(kp) )
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(i) Volkov’s solution and its properties

e(v-k)(v-A)| up S (o)
= |1+ e~ T, Al
G 2(k - p) J2E,
\ 7 —
spinor modification phase factor
kx
p ey e(p- A(¢)) e2A%(eN] 0 _
with S((b)——/ o ey |1 e=ha

0

when A — 0 or (az,ay— 0)

p — ——
" 2R,

Volkov solution -2 Dirac solution for free electron

e—z’p-x
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(i1) Properties of Volkov solution
+ effective “quasi” momentum

(G (P — eAM)p) # pF — eAl ==> gl — e AV

2 A2 2 2 2 2
qMEpM_ e A kM:pM_|_ ca ku:pu_|_§m€ fet

where 1 2(k - p) 2(k - p) 2(k - p)
A2 = ——(aZ+al)=—-a® with £2 = ea’ “reduced” EM

2 m2 q [ ] °

_— e field intensity
fo— ol €4 Lu
q" =p” + k
2(k - p)

+ effective electron mass

2 A2
e A
q2 — mf = mg (1— >—— mg (1—|—§2>

mg

ma, =m2(1+ &%) | —> mZ>m?

the “quasi-momentum” and the effective, dressed mass determine the
momentum-energy conservation in processes with electrons



Dependance of reduced field strengh £2 on laser
pulse intensity I at different wavelength A

L RS i i I L B LS L L e R i B B
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Photon Emission off an Electron
in a Strong Electromagnetic Field
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Emission of a photon by an electron in the field of
a strong electromagnetic wave

}\ ya(ka)
\ 9 9
e(q) \ e’(q’)
y‘(k’)\ L k electron =2 “dressed” electron
\ with effective momentum p — ¢
e(q) \x e’(q) and mass mg — mg(l _I_ &'2)

. * * ik x d*x
Mg; = —ze/@bf('y- €f)¢z'e NG

“ N\

Interaction of electron with an external field is considered non-perturbatively
(distorted waves)
Interaction of electron with outgoing photon is consider in first order of
perturbation theory
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What we expect in the case of weak EM field with & 2&L17?

2 2 2 2 d p oy EmE o
me*:me(l_l"S)_)me an q9 =D +2(k°p)k — P
() 1K)
e(p) \ e’(p’) e(p) \ e’(p’)
/ > > + > / >
L y L k
Standard Compton scattering, described by the Klein-Nishina (K-N)
equation
AMoe—ve \J\V‘ 71_5:) = e%e;,()ev(v) - [a(e") M* u(p)]
x (27 }fl dp+k—p —k }
MW:WV'p‘FV‘k"‘Me v _ ﬂ‘k_”p/_l_Mew

2p - k T 20 - k

64



Structure of matrix element

. * * ik'x d4:E
Ty = _Ze/¢f(7 -€7)pie ;
2w
Uy —ip'-:l?[ 6(7'A)(7-k)] i (k-a.pl) (v-E)(v-A)] o .
=€ 1+ e € ey i iS'(k-xpe) Yp  _—ipx
2Ep 2(k-p) !1+ 2(k - p) € \/TEpe
“non-perturbative” outgoing “non-perturbative” incoming
electron electron
- / M (kz)e~a—a"=k)z g4,
\/2q02q02w
with

M(kz) = [..]puy(y-ep)l-Jiupe ((S(kx)—5"(kx))

In “K-N” Compton scattering ye=>>ye,
one has
M o~ [ MG, p,p e =T =Rz gy £ (2m)*6* (g +k—q — k) M

= 2n)**(p+k—p — k) Mk, K, p,p)
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Structure of matrix element (continuing)

\/2q02q 2w’
Fourier series o
M(kz) = Y e "™k My(k, K, q,q)

n——oo

/ M (kz)e~a—a=F)z g4,

The amplitude is a sum of infinite numbers of “partial harmonics”

w .

n——oo

=" —ie Mp(2m)*6* (¢ + nk — ¢ — k')

Each harmonic describes absorption (emitting) of n photons of
external field A with wave vector k and emitting of outgoing photon

with the wave vector k’ with corresponding conservation low
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Probability is a sum of partial contributions
aw =5 aw'n

1 du
— (n)|2
AW (n) 167 E, T a2
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Partial contributions (Ritus & Nikishov, 1967)

d 2
AWy, = 42(] 4 +uu>2 {_4J£(z) +€2(2+ 1"; -) (J241(2) + J2_1(2) — zjg(z))}

L .It'f: * JECIF o E'H-(E I,'II T o '?__{ . . ’L('I’LQb—Z sin qb) ) .
e k -p“ C "."'III]' + £2 .I,'I Un (1 *u.i.i.) : In(2) __[T = Ao, ¢ = kx
properties of partial contributions: ) \\ | ==

P HAAS R A

_onwg(Betp) ) meVIFE M AR

T m2+ €2 anEewk ] et e e s
m2 | ma(iFen) JO7 e > me ‘

Kinematical limit (phase space) increases (n>0)

e

| Electron can interact with a few photons simultaneously
2 effects: { (“‘cumulative” effect)

| Dressed electron mass exceeds free electron mass

Results 1n decrease of the phase space even for one photon absorption
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Photon emission in strong EM (results)

Klein-Nishina

2
i £=01,E=1eV Yal E=leV \@f.m, E=1eV
E - P e o e S et b 7t n
N \ e B
S B — —: .
3 — 3 310 =& Rt p s :
e — 5 -4 -
=10 == =, = 4
;1D_ = "5" -:_; .-.-.;-.L | A
Eg . [ E__ 10~ !_E;_. 1 D-d /"-::_‘ II
=10 1 z = / |
it Lo oBUL LV 10 d {0 Cecaalualibomle )
-5 -4 -3 5 —4 -3
log(u) log{u)

At small field intensity £°<< 1 effect of mass modification is small,
“cumulative” effect is large

At large field intensity E2>> 1 effect of mass modification is larger,
than “cumulative” effect. However, the later one is also important.

At €2 > 1 standard Klein-Nishina equation does not work

even for n=1.
69



A.T., B.Kampfer, H. Takabe, and A. Hosaka, Phys.Rev.D,83, 053008, (2011)

00 00
Asymptotic solution ¥ — / dn — / dr
" Nmin(§) —£/2
2 o0 2
Asympt. :peaMe \/%du D2 u 1 2 /2
WA 0 =50 [ Gy 5//2 ar |=92@) + 1+ 57T (597 0) — @2 W)|
- 1
T = 2z W),
y=t1+72), 1= (53
where T 1s an auxilary variable and x = & h;pz
Result: Me
=0.5 keV
107E TR e
N> :
° :
210 107¢
"-g E
103 cod vl vl ol o

“I1 0 1 2 3 410 -_ ; wl ool
10" 10° 10" 10 10° 10" g™ 10° 10" 102 10° 10* 10" 10° 10' 10° 10° 10

5 £2 £2



Electron-Positron Emission
off a Photon
in a Strong Electromagnetic Field
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_I_

Reaction ' + L(ny) — €™ + e~ (Breit-Wheeler process)

e” (q') \— ' (K)
1( 1./ - 7 ! /
q ! 7
S GO K — 4,
>e >
— eT(q) e~ (q')
eT(q)

electron/positron =2 “dressed” electron/positron

with effective momentum p — ¢q
and mass m2 — m2(1 + £2)

20 dYx
= 4 * . / —ik'x
My = —ie [0l (v ek)iere 75

Interaction of €+e_ with an fexternal field is considered non-perturbatively

_|_

€ with outgoing photon is consider in first order of
perturbation theory 72

Interaction of €



17y (E")

q / q*/
C— 'I ——
> >
et (q) e (q")
M BV (g, k KDP = MY SO (g gl kK

f1

Probability of eTe™ creation is a sum of partial contributions

aw =S daw ™
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Probability is of partial contribution

2272
aw™ = ;;%&zﬁ@0+g%mk—nQﬁ+ﬂ@+nﬁ4&0—2ﬁ@ﬂ}
du

“u32(1 — w)i/2

(kKD 1
 4(k-p)(k-p) 1—v2cos26

invariant variable u

where v s velocity of electron (positron) v = p/Ep

/

o _ wWw
with 1y, = M2
e

—_ n
1 <u<umax = 5
min

(K +nmink)? = 4MZ

242
B S 2 _ 4n<s w ( U )
argument of Bessel functions Z 1 +£2 umax 1 Umax

74



Differential cross section

2
AW = 262 “17% do

3w,f+n"f-:>e+ +e _ 5 Y+ny->e’ +e
10 — B
a 1 —
-
- > - tota
go '\
""-\-..,_‘h
;|
f — '3
c 10 3
©
=, 4
-6 i i i i i 31 l‘
10 "=

10
Iog \

Multi-photon subthreshold contributions
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Total cross section

Y +Ny->e+e-
B-W

., (mb)

1-1_1..|.,1|..,l.l.l..,l... -1 ..|,..|...1..|...11..-
Opg 10 12 14 16 18 20 1008 10 12 14 1.6 1.8 2.0

TEMeNMeV) 7 sari(s) (MeV)

Multi-photon subthreshold contributions

4M2 (14£2
Sthr = e(n+£)
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Neutrino Emission
in a Strong Electromagnetic Field

A.T., B.Kampfer, H. Takabe, and A. Hosaka, Phys.Rev.D,83, 053008, (2011)
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Elementary e — ¢’ + v vertices

(e,1L,7) (e) (e,lL,7)
Y v v _ ~
> 1/ y v L V' in local limit with
‘“ - L — I/ . all py << Mp
e g e W e’ e e
effective interactions
G . .
) F | - ? V(1
éf)F_ﬁ[ cnar () 1(4),)/5)ue] ol
v(t) _ = 0O I
Loz( ) — [Ul/ﬂoz(l — 75)’0%] ; V5 = ( I 0 )
where
cle) = %+25in29w , ) = —|—25|n Oy
(e _ 1 (wr) _ _1
CA — 2 9 CA - 2 I
and

sin? Oy ~ 0.23
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Neutrino emission in external strong EM field

% v -
L%
(@) e’(q") % ¥
— =~ -
elq) elq’)
L k
/ Volkov’s states for electrons
external field
) _ GF () o (17 () _ A0 (ke A
M) = ZF vl / _ oY) _ o ot(ky+kp)x
NG a & [we (z)7va( Vv A 75)@56@] J2E, 2,
(i = e, put) /
Uy il e(v- A K] s (kwpl) [ 6(7"“)(7'14)] iS! (kewpe)  UP—ipa
,/sz;,e ' [1+ 2(k - p") ] ° ' B TR I ,/2Epe

Difference/complication compare to the photon emission comes from
(1) four fermion vertices and
(2) vector + axial vector couplings (va —v572) X (v* —v57%)
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Structure of matrix element

/ M(kz)e—i(a—0—-Qzgdy  with Q= ky+ ks

Fourier series

©,0)
Mkz) = Y e "k ML (k,Q,q,q)

N=——00
The amplitude is a sum of infinite numbers of “partial harmonics”

My = Y M, [ eitatni—d-Q) gt

n——oo

=Y Mn(2m)*6*(¢+nk —q — Q)

Each “harmonic” describes absorption (emitting) of n photons of
external field A with wave vector k and emitting of outgoing neutrino

pair with four-momentum Q with corresponding conservation low
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Emission probability

dW = ) dw (™) invariant mass of v pair
n>1
(n) — <m>m“”4 //f//" £-Q
AW\ = 5 with = =%, where Q = p, + pp
( u) M2 — QQ
@

rRM = FMe2 4+ r(Me3 4+ 2ar™ey oy

F)((n) — F)((n)(,]n(z), Jnj:]_(Z),g,’U,, Mé)

z =

2n& Ju(l u)_l—l'u MC??

/1_|_§2 Un, Cup, Un (1+€2)M€2,

Un
Un —

2n(k - p)
M2(1+£2) —— M2
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Differential emission probability

Ye — elVele

? (MeV~>x10")
=)

Q,

dW/dudM
=)

log(u) log(u)

+ Increase of¢2 at fixed n leads to decrease of kinematical limit (see case of n=I)

+<“Cumulative effect” — reactions with n>1 at fixed ¢> increases the phase
space and the kinematical limit

<+ In general, higher harmonics are not suppressed at large ¢

+ Result is essentially non-perturbative even for small ¢?
82



Region of large n, 52

0
method of asymptotic summation Y — / dn
Mmin ™~ 53 " Nmin (€)
Jn(z) = ®(y);  y=y(&kp,n, MJ)

: a)L=0.03eV

(ﬂ,_=0.5kev

asympt.
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Asymmetry of production of ve and v, + vr

Aoy = Wee) = Wiutr)
T Wiey + Wisn)

A _ C‘(/_) + C’j(él_)RAV } CX"V) — 62 4+ 2C’N2 o b
e o oy L AR 2 _ocw2, AV T R,
AV T ;

For “elementary” or “free” process v+ e — € + vi

77 733 25 1 1
v (k) = ffz ]
1{ ) 144 ‘|‘24-’“‘+ 48 -I_zh-l_tj[l—{—h} 43{1‘|—H}2

k¢ k39 B 25
A |
+(a 274 3n 2:2 ) N, with 5, = 2oD)
____________ M2
55 , 79 07 15 5 3
Al = ™ T 24" 16 2n T34 1601+ )2
2 : = [~
—|—(%+i—h—%+§—|—j’d)m(1+ﬁ)
at w 3 1, h]..’ o~ J'I.L__1] at k < 1:
Ray =1 = Ay~ +0.4 hy (1) == £2(109k2 — 72k + 36)/2520 |

ha(k) ~ k°(253k% — 148k + 60)/840 .
RAV ~ 5 ) ‘A(e,,m') ~ —0.071




Asymmetry of production of Ve and v, + vr

= Wiy = Wautn
T Wiy + Wiugn

Ae

excess of Ve

0.0————————

excess of Vy + Ur



Neutron Decay
in a Strong Electromagnetic Field
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Neutron decay in the field of a strong electromagnetic wave

L
n—2D —l— € —I- Ve —
—_>
(D 1% Tk
Yo —
electron modification < p—gq
2 2

— 2 2.2 __ 2 242
. mg — my = mg +e“a” = mg +mg§

( 2,2
s g = Dy L o
Pp— dp = P 2w~ Mp w P

proton modification

2
™m
| Mp — Mpe = /M2 4+ m2¢2 ~ Mp(1 + —5€2) ~ M,

2
Mp

R AR i

neutron modification { WP — gV ~ P

Feynman diagram °©



Amplitude

d*x

: — _- — — p—
M =—L£ [[w Yu(l — gavs)un] ® [ayH (1 — v5)vp] € {(pn—pp=—pp)?
f1 \/5/[ D ,u( gA 5) n] [¢e ( 5) ] \/2 X p2 _

main effect comes from electron mass modification

2 _ 2 2 2
Mg, = mg + §7mg (My, — Mp)?

| 2 —
Emax =

1~54

mg
me*ma)( ~ Mn - Mp
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_x 107

dI'/dE

O o = = N
o O © O O

Weak decay in the field of a strong electromagnetic wave

: ’ (My, — My)?
2 n — Vp
max — - —1~5.4
e
e, ] 20 |
A ' . n—>p+e+barv
g 10
0 - i rald PR
107 10" 10’
2
&
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Summary (Part Ill)

+ Strong electromagnetic fields modify basic/fundamental
interactions and result in non-trivial nonlinear non-
perturbative effects.

+ Modification of kinematical limits because of (a) electron
dressing and (b) coherent interactions with several photons
(cumulative effect)

+ Non-trivial dynamical effects, like Ve and V,, + Vr
asymmetries, decay widths, ... are discovered

+ Powerful method for calculation of the emission
probabilities at arbitrary ¢2(I), w-, E. is elaborated
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Backup
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Antiparticle of elementary particle corresponding to an
ordinary particle, but having the opposite electrical charge
and magnetic moment. Every elementary particle has a
corresponding antiparticle; the antiparticle of an antiparticle
is the original particle.

In a few cases, such as the photon and the neutral pion, the

particle is its own antiparticle, but most antiparticles are

distinct from their ordinary counterparts.

Some peculiarities of antimatter
Preservation: magnetic traps
Effectiveness of antimatter fuel 1s greatest compare to others sources
Fuel 1010 greater than oil Cost
104 greater than fission $300 x 10°

102 greater than fusion per milligram
93



Antiparticles
1928 - prediction of positron (P. Dirac)

Discovery of antiparticles

1932 — Positron cosmic rays (Anderson)
1955 — Antiproton pA collision BNL (Serge, Chamberlen)
1956 — Antineutron pA collision BNL (Cork)

1966 — Antideuteron PS CERN and BNL
1970 — Antihelium Pb+Pb collision at CERN

1998 — Antihydrogen LEAR CERN (Low Energy AP beam)
2011 — Antihydrogen (large amount) LEAR CERN
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estimation of the photon density P~y

densi EM field
energy density of EM fi circularly polarized photon field

[7 = dy COS(wt — kz) + aysin(wt — kz)

. A
E = —a—: = w(dz sin(wt — kz) — dy cos(wt — kz))
(B?) =022 d?=di=q]
2 2 reduced intensity
1 € 5> wMZ2¢? . > €“a
—_— = - = . e with =
v o w-a " § M2 of EM field




