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Finite-box Hamiltonian method
1.  S-wave  CM      1-channel   2-channel
2.  P-wave  CM      1-channel 
3.  S-wave  Boost   1-channel
4.  P-wave  Boost   1-channel
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Two channels case (CM):
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Different Hamiltonian Models
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Two channels case:

FITTING COMPUTING

COMPUTING COMPUTING



FITTING  16 points

FITTING  24 points

COMPUTING

COMPUTING



FITTING  16 points

FITTING  24 points

COMPUTING

COMPUTING

By 16 or 24 points on the two different Lattice sizes (L=5, 6 fm), 
Luescher method can tell us NOTHING, but our approach can 
give a good description of observations.  And it is also 
independent on the Hamiltonian model.
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T matrix  Phase shift
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T matrix  Phase shift

J. J. Dudek et al. [Hadron Spectrum Collaboration], PRD 87, 034505 (2013)



Finite-box Hamiltonian method
J. J. Dudek et al. [Hadron 
Spectrum Collaboration], PRD 87, 
034505 (2013)

Breit-Wigner   
M = 854.1 MeV                           
Γ = 12.1 MeV
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Summary
 This method has been developed to 

1.  S-wave  CM      1-channel   2-channel
2.  P-wave  CM      1-channel 
3.  S-wave  Boost   1-channel
4.  P-wave  Boost   1-channel

 Fitting approach can extract resonance information 
directly from the Lattice data. The predictions of 
scattering observables satisfy:
1)   It is independent of the form of the Hamiltonian. 
2)  it is valid for multi-channel case.
3) It is valid in the energy region where the spectrum 

data are fitted.



Thank you very much



2 3

26
dressed R

R

g p
mπ

Γ =

( )( )
2

32

2 3
3

1m ]
1

42 I [
3

R

R

bare R
m g

c
p

pm
π

π
π

π
Γ

+
= − Σ =



Outline

 Introduction
 Hamiltonian for ππ scattering
 Finite-box Hamiltonian method
 Compare to the other methods
 Summary and Outlook



Compare to the other methods

* *

4

4

1 2 2 2 2

* * * *
0 0

,

( , , ) ( , , ) ( , , ) ( , ) ( , , )
(2 )

( , ) ( )(( ) )
( , , ) 4 ( ) ( ) ( ,| |, ,| |, )lm lm lq q

l m

d kT q q P V q q P i V q k P G k P T k q P

G k P k m i P k m i
V q q P Y Y V q q q q P

π
ε ε

π

−

′

′ ′ ′= +

= − + − − +

′ ′ ′= Ω Ω

∫

∑  
 

Beth-Salpeter 
Equation



Compare to the other methods

* *

4

* * * *
0

4

1 2 2 2 2

*
0

,

( , , ) ( , , ) ( , , ) ( , ) ( , , )
(2 )

( , ) ( )(( )
( ,| |, ) ( ,| |, )

)
( , , ) 4 ( ) ( )lm l l lmq q

l m

d kT q q P V q q P i V q k P G k P T

f q

k q P

G k P k m i P k m i
V q q P Y Y q P f q q P

π
ε ε

π

−

′

′ ′ ′= +

= − + − − +

′ = Ω Ω ′ ′

∫

∑  
 

Beth-Salpeter 
Equation

Infinite Volume

Finite Volume

* *
* * * *

0 0
,

( , , ) 4 ( ) ( ) ( ,| |, ,| |, )
qlm lm q

l m
lT q q P Y Y T q q q q Pπ

′
′ ′ ′= Ω Ω∑  

 

1 1 2 2 1 1 2 2
2

*

1 2

*

1

,
* * * *

0
,

0
,

( , , ) 4 ( ) ( ) ( ,| |, ,| |, )l m l m l m
L L

q q l m
l m l m

T q q P Y Y T q q q q Pπ
′

′ ′ ′= Ω Ω∑ ∑  
 



Compare to the other methods

T matrix  Phase shift

Infinite Volume

Finite Volume

Beth-Salpeter 
Equation

* *
* * * *

0 0
,

( , , ) 4 ( ) ( ) ( ,| |, ,| |, )
qlm lm q

l m
lT q q P Y Y T q q q q Pπ

′
′ ′ ′= Ω Ω∑  

 

1 1 2 2 1 1 2 2
2

*

1 2

*

1

,
* * * *

0
,

0
,

( , , ) 4 ( ) ( ) ( ,| |, ,| |, )l m l m l m
L L

q q l m
l m l m

T q q P Y Y T q q q q Pπ
′

′ ′ ′= Ω Ω∑ ∑  
 

Infinite Volume

Finite Volume

t v ivMt= +

L L Lt v ivM t= +

1 1 2 2 1 2 1 2

*
0

, 2

8
( cot )l m l m l l m m

l l

Pt
qf i

πδ δ
δ

=
−

* *

4

4

1 2 2 2

* * * * * *
0

2

0
*

,

( , , ) ( , , ) ( , , ) ( , ) ( , , )
(2 )

( ,
( ,

) ( )(( )
| |,

)
( , , ) 4 ( ) ) ( ,|( )) |,lm lmq q

l
l

m
l

d kT q q P V q q P i V q k P G k P T k q P

G k P k m i P
f q q P f q q

k m i
PV q q P Y Y

π
ε ε

π

−

′

′ ′ ′= +

= − + − − +

= ′ ′′ Ω Ω

∫

∑  
 



Compare to the other methods

T matrix  Phase shift

Beth-Salpeter 
Equation

Infinite Volume

Finite Volume

t v ivMt= +

L L Lt v ivM t= +

1 1 2 2 1 2 1 2

*
0

, 2

8
( cot )l m l m l l m m

l l

Pt
qf i

πδ δ
δ

=
−

* *

4

4

1 2 2 2

* * * * * *
0

2

0
*

,

( , , ) ( , , ) ( , , ) ( , ) ( , , )
(2 )

( ,
( ,

) ( )(( )
| |,

)
( , , ) 4 ( ) ) ( ,|( )) |,lm lmq q

l
l

m
l

d kT q q P V q q P i V q k P G k P T k q P

G k P k m i P
f q q P f q q

k m i
PV q q P Y Y

π
ε ε

π

−

′

′ ′ ′= +

= − + − − +

= ′ ′′ Ω Ω

∫

∑  
 

1(1 )Lt t i t −= − ∆
( )

( )( )

1 1 2 2 1 1 2 2 1 1 2 21 1 2 2

1 1 2 2 1 1 2 2

0 0
, , ,3 2 3 2,

2

, , 0
3 3 2 22

0

1 ( , ) ( , )
8 (2 ) 8

( ( ), , ) ( ( ), ,1
(2 ) 2 ( ) ( ) ( )

L
l m l m l m l m l m l ml m l m

k n L

l m l m l m l m

k n L

dk dkdkM M G k P F G k P F
L

F k k P F P P k kdki i
L k P k P k

π

π

π π π

ϖ ϖ
π ϖ ϖ ϖ

=

=

∆ = − = −

+ − 
= − + + 

  − − −

∑ ∫ ∫ ∫

∑ ∫

 

 



   

  p
( )( )

1

1 2 1 2

2 2
0

2

*
0

)

2 ( ) ( ) ( )

8
l

l l m m

P

P k P P k k

qf
P

ϖ ϖ ϖ

δ δ
π

 
 
 

− + − − 
 

+

   



* *1 1 2 2 1 1 2 2 1 2

* * * * * * *
, 0 0 0( , , ) 4 ( ) ( ) ( ,| |, ) ( ,| |, )l m l m l m l m l lk k

F k k P Y Y f k k P f k k Pπ= Ω Ω 

  



Compare to the other methods
S wave 1

00,00 0 00,00 0(1 ) 0Lt t i t −= − ∆ =

( )( ) ( )( )
2

00,00 00,00 00
0* 3 3 2 22 220

0 0

( ( ), , ) ( ( ), , )1cot( )
8 (2 ) 2 ( ) ( ) ( ) 2 ( ) ( ) ( )k n L

F k k P F P P k k Pqf dk
P L k P k P k P k P P k kπ

ϖ ϖ
δ

π π ϖ ϖ ϖ ϖ ϖ ϖ=

 
  + − 

− = − +   
  − − − − + − − 

 

∑ ∫ 

   


       p

( )* *
2 2

ˆ     d
| | | |
k P k Pk A k BP A B P k P k Jdk
P P

 
= − = − + − = 

 

  
       

 

( )( ) ( )( )
2 * 2 *

00,00 00,00 00 0 0 0
2 22 * 2 *2 2

0 0

( ( ), , ) ( ( ), , )(2 ) (2 )

2 ( ) ( ) ( ) 2 ( ) ( ) ( )

F k k P F P P k k Pf P f PJ J
q k q kk P k P k P k P P k k

ϖ ϖ

ϖ ϖ ϖ ϖ ϖ ϖ

  
 + − 

+ − +  − − − − − − + − − 
  

   
 

         

Non-Singularity

Boost 
Method

*

0 32 * 2 2 * 2
2

4 4 1 1cot( )
(2 )k n L

dkJ
q qL q k q kπ

π πδ
π=

 
− = ∆ = − 

− − 
∑ ∫ 



 
   

p

Model 
Independent



Compare to the other methods
S wave 1

00,00 0 00,00 0(1 ) 0Lt t i t −= − ∆ =

( )( ) ( )( )
2

00,00 00,00 00
0* 3 3 2 22 220

0 0

( ( ), , ) ( ( ), , )1cot( )
8 (2 ) 2 ( ) ( ) ( ) 2 ( ) ( ) ( )k n L

F k k P F P P k k Pqf dk
P L k P k P k P k P P k kπ

ϖ ϖ
δ

π π ϖ ϖ ϖ ϖ ϖ ϖ=

 
  + − 

− = − +   
  − − − − + − − 

 

∑ ∫ 

   


       p

( )* *
2 2

ˆ     d
| | | |
k P k Pk A k BP A B P k P k Jdk
P P

 
= − = − + − = 

 

  
       

 

( )( ) ( )( )
2 * 2 *

00,00 00,00 00 0 0 0
2 22 * 2 *2 2

0 0

( ( ), , ) ( ( ), , )(2 ) (2 )

2 ( ) ( ) ( ) 2 ( ) ( ) ( )

F k k P F P P k k Pf P f PJ J
q k q kk P k P k P k P P k k

ϖ ϖ

ϖ ϖ ϖ ϖ ϖ ϖ

  
 + − 

+ − +  − − − − − − + − − 
  

   
 

         

( )
2*

*2 * *
0

0

*

0

*(1 ( ) ( ) ( ) ( ), , ) ......
2 ( ) ( ) 2 ( )

C C

C

k f k k Pk P k
P k P k P k

ϖ ϖ ϖ
ϖ ϖ ϖ

ϖ + −
+ 

− − 

   

  

Non-Singularity

Boost 
Method

*

0 32 * 2 2 * 2
2

4 4 1 1cot( )
(2 )k n L

dkJ
q qL q k q kπ

π πδ
π=

 
− = ∆ = − 

− − 
∑ ∫ 



 
   

p

Model 
Independent

Model 
Dependent



Compare to the other methods

T matrix  Phase shift

*

0 32 * 2 2 * 2
2

4 4 1 1cot( )
(2 )k n L

dkJ
q qL q k q kπ

π πδ
π=

 
− = ∆ = − 

− − 
∑ ∫ 



 
   

p
*

2 2

*

    
| | | |

d

k P k Pk A B P k P
P P

k Jdk

 
= − + − 

 
=

  
   

 

 

A  boost 
method

C. H. Kim, C. T. Sachrajda and S. 
R. Sharpe, NPB 727, 218 (2005)

* * * *
0 0 0    ( )     ( ) ( )A A AA P P B k P J k kγ ϖ ϖ ϖ= = = =

  

2 * 2 2 * 2
2* ( ) * ( ) (2 )

0 3 32 * 2 2
0

* 02
2

( )4cot( )
(2 )( )

( ) 
q k q k

A

n

LA

k n L

k e dk e F tdt
qqL k q q k Lk

α α α π

π

ϖπδ
πϖ π≠

− −

=

 
− = − 

− −
−


∑ ∫∫ ∑



 
 

 

 




 
  

p

( ) ( )2
2

2
2

2 *2
02

* 2
0

2
*

0

sin[2 ]
2 2

( )  2 cos
Lqt tq

A

n Pq n
PmL q

F t e dq qe n P
P n Pn

P

π

π
π π−

 
+   +   =

     +  
 

∫



 


 

 



Compare to the other methods

T matrix  Phase shift

*

0 32 * 2 2 * 2
2

4 4 1 1cot( )
(2 )k n L

dkJ
q qL q k q kπ

π πδ
π=

 
− = ∆ = − 

− − 
∑ ∫ 



 
   

p
*

2 2

*

    
| | | |

d

k P k Pk A B P k P
P P

k Jdk

 
= − + − 

 
=

  
   

 

 

B  boost 
method

K. Rummukainen and S. A. Gottlieb, NPB 450, 397 (1995)

* *
0 0 0 01/     1 2    BA P P B J P Pγ= = = =

2

0 003
4 1cot( ) (1; )

22
d

B

LqZ
q L

πδ
ππ γ

 − = −  
 

 



3

0 2

00

2tan( )
2

(1; )
2

B

d

Lq
LqZ

π γδ
π

π

= −
 
 
 









Compare to the other methods

T matrix  Phase shift

*

0 32 * 2 2 * 2
2

4 4 1 1cot( )
(2 )k n L

dkJ
q qL q k q kπ

π πδ
π=

 
− = ∆ = − 

− − 
∑ ∫ 



 
   

p
*

2 2

*

    
| | | |

d

k P k Pk A B P k P
P P

k Jdk

 
= − + − 

 
=

  
   

 

 

C  boost 
method

2 2 *( ( ) ( )) ( ) ( ) ( )    1 2    
2( ) ( ) ( ) ( )

k P k P k k P kA B J
k P k k P k

ϖ ϖ ϖ ϖ ϖ
ϖ ϖ ϖ ϖ

+ − − + −
= = =

+ − −

     

    

2 * 2 2 * 2
2( ) * ( ) (2 )

0 3 32 * 2 2 * 2
2

0
0

( ) 4cot( )
(2 )

q k q k L

n L

C

k n

e dk eJ
qL q k q

t
k

Fdt
qL

α α α π

π π
πδ

π= ≠

− − 
− = − 

− −
−

 
∑ ∫ ∑∫

 
 

  



 
  

p

( )2
2

2
2

2

2
2

sin[2 ]
2 ()

( ) cos  2
2

2 ()

Lqt tq
C

n Pq n
LF t e n P dq qe

n Pn

π

π
ϖ

ϖ

−

 
+  

   =     
+  

 

∫



 


 

 



Compare to the other methods

T matrix  Phase shift

( )
2*

*2 * *
0

0

*

0

*(1 ( ) ( ) ( ) ( ), , ) ......
2 ( ) ( ) 2 ( )

C C

C

k f k k Pk P k
P k P k P k

ϖ ϖ ϖ
ϖ ϖ ϖ

ϖ + −
+ 

− − 

   

  
Model 
Dependent



Compare to the other methods

T matrix  Phase shift


	Finite-volume Hamiltonian method for pp scattering in lattice QCD
	Outline
	Introduction
	Introduction
	Introduction
	Introduction
	Introduction
	Outline
	Hamiltonian for pp scattering
	Hamiltonian for pp scattering
	Hamiltonian for pp scattering
	Hamiltonian for pp scattering
	Introduction
	Outline
	Finite-box Hamiltonian method
	Finite-box Hamiltonian method
	Finite-box Hamiltonian method
	Finite-box Hamiltonian method
	Finite-box Hamiltonian method
	Finite-box Hamiltonian method
	Finite-box Hamiltonian method
	Finite-box Hamiltonian method
	Different Hamiltonian Models
	スライド番号 24
	スライド番号 25
	スライド番号 26
	Finite-box Hamiltonian method
	Finite-box Hamiltonian method
	Finite-box Hamiltonian method
	Finite-box Hamiltonian method
	Finite-box Hamiltonian method
	Finite-box Hamiltonian method
	Finite-box Hamiltonian method
	Finite-box Hamiltonian method
	Finite-box Hamiltonian method
	Finite-box Hamiltonian method
	Finite-box Hamiltonian method
	スライド番号 38
	Finite-box Hamiltonian method
	Outline
	Summary
	Thank you very much
	スライド番号 43
	Outline
	Compare to the other methods
	Compare to the other methods
	Compare to the other methods
	Compare to the other methods
	Compare to the other methods
	Compare to the other methods
	Compare to the other methods
	Compare to the other methods
	Compare to the other methods
	Compare to the other methods
	Compare to the other methods

