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Giant resonance: typical collective mode of surface vibration

λ=2: Giant Quadrupole Resonance (GQR) 
λ=3: High Energy Octupole Resonance (HEOR)

classical and intuitive picture (Bohr’s liquid drop)

strongly excited by a one-body operator, exhausts a sum-rule

̂Fλ = ∑
σ,σ′ 

∑
τ,τ′ 

∫ d ⃗rrλYλ( ̂r)ψ̂†( ⃗rστ)ψ̂( ⃗rσ′ τ′ )δσ,σ′ 
δτ,τ′ 

Ĥ → Ĥ + f(t) ̂Fλ

scalar, isoscalar
nucleus as a whole



neutronsprotons

(γ,γ’), (γ,n), (γ,2n), (γ,p)…

the most famous collective vibration: the Isovector Giant Dipole Resonance (GDR)
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the #rst vibrational mode observed in nuclei: (p,γ) 1939, (γ,f ) 1947, G–T picture 1948β ∼ 〈Ψ0|r2Y2ψ
†ψ|Ψ0〉
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Photo-nuclear responses
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Figure 6-21 Photoabsorption cross section for even isotopes of neodymium. The experi- 
mental data are from P. Carlos, H. Beil, R. Bergere, A. Lepretre, and A. Veyssiere, Nuclear 
Phys. A172, 437 (1971). The solid curves represent Lorentzian fits with the parameters given 
in Table 6-6. 

v A direct test of the interpretation of the splitting of the photoresonance 
line in terms of a deformation effect can be obtained by a measurement of 
the dependence of the absorption cross section on the orientation of the 
nucleus with respect to the direction of the incident photon beam. Such a test 
of the expected photoanisotropy of "j5H0 has been performed by Ambler et 
al. (1965) and Kelly et al. (1969). A 

&(MeV) 14.9 15.0 14.8 14.7 12.3 16 

I'(MeV) 4.4 5.3 6 7.2 3.3 5.2 
a, (fm2> 36 32 31 26 17 22 

Table 6-6 Parameters for the dipole resonance in even neodymium isotopes. 
The table gives the parameters for the Lorentzian resonance curves drawn in 
Fig. 6-21. The cross section for '%d has been fitted to the sum of two 
resonance functions. 

Bohr and Mottelson, Nuclear Structure, Vol 2 (1975)

N=82

two-hump structureNd(Z=60)

Nuclear structure information in GDR

N=90



KY, T. Nakatsukasa, PRC83(2011)021304R
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Deformation β
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Microscopic description of GDR
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IV dipole operator:
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Nuclear deformation in GDR



rich variety of excitation modes associated with S, T, L, and N

vibration in spin-space, isospin-space, real-space, and gauge-space 
and coupling/mixing among them

in$uenced by many-body correlations: magnetism, deformation, super$uidity
deformation in spin-space/real-space/gauge-space
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scalar   isoscalar 
vector  isovector

in neutron-rich nuclei
imbalanced Fermi levels: deformation in isospin-space (“isomagnetism”)

Collective modes revealed by nuclear responses

and ,  typesψ̂†ψ̂† ψ̂ ψ̂



K. Ikeda, in INS Report (1988)

GDR

Frequency

Pygmy DR

neutron-skin structure

neutron-skin excitation modes 

S. Goriery, PLB436(1998)10
impact on the neutron-
capture rate during the r-
process nucleosynthesis

Quest for collective modes unique in neutron-rich nuclei
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is approximated by a finite difference with the nine-point
formula.

The first step of the investigation is to construct the
Hartree-Fock ground state, using the imaginary-time method.
Then, we solve the linear-response equation for the E1 external
field directly in the coordinate representation, avoiding explicit
construction of unoccupied orbitals. Therefore, our calculation
is free from a truncation for the unoccupied orbitals. Because
the explicit construction of the RPA matrix in the 3D mesh
representation is difficult, we use a new methodology, the
finite amplitude method (FAM) [34], in evaluation of the
residual field δh. The FAM allows us to construct δh using
the calculation of the Hamiltonian h only. The residual field
δh in our calculations contains all terms of the Skyrme in-
teraction (i.e., the residual spin-orbit interaction, the time-odd
components, the residual Coulomb interaction, and so on). The
linear-response equation is solved at given complex energies
ω = E + iγ /2 using iterative solvers, such as the general-
ized conjugate residual (GCR) method. The calculations are
performed at energies in spacing of $E = 0.3 MeV with a
fixed imaginary part 0.5 MeV, corresponding to the smearing
width γ = 1.0 MeV. Using the obtained RPA amplitudes,
we compute the E1 strength and the photoabsorption cross
section. Details of the calculation can be found in Ref. [35].

The E1 strength of even-even nuclei are calculated up
to zirconium isotopes from the proton to neutron drip lines,
except for nuclei with the neutron separation energy less than
2 MeV. This excludes the neutron drip-line nuclei in which
extended halos develop. In addition, the neutron-deficient
nuclei from the proton drip line to N = 50 are also calculated
for 40 < Z ! 50. The total number of the calculated nuclides
are 322:40 spherical nuclei, 171 prolate nuclei, 56 oblate
nuclei, and 55 triaxial nuclei.

The calculation shows that the PDR peaks appear in
every isotopic chain, as demonstrated in Fig. 1 for Ne and
Ca isotopes. Increasing neutron number with a fixed proton
number, we see that the emergence of the PDR suddenly takes
place at N = 16 for Ne and at N = 30 for Ca isotopes. In
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FIG. 1. (Color online) Calculated photoabsorption cross sections
in Ne and Ca isotopes.

Ca isotopes, the PDR is rather distinctive and separated from
the GDR peak. However, in the deformed neutron-rich Ne
isotopes, it is not well separated from the low-energy tail of
the GDR. Although it is not trivial how to define the PDR, the
separate low-energy peaks mostly appear at energies below
10 MeV. Thus, in this work, the pygmy dipole strength is
defined by the E1 strength at energies below 10 MeV.

We calculate fractions of the photoabsorption cross section
σ (E) integrated up to E = 10 MeV to the integrated total
cross section. This is equal to the ratio m1(PDR)/m1 where
m1(PDR) is the energy-weighted sum up to 10 MeV and
m1 is the energy-weighted sum-rule value that is larger than
the TRK value by 30% ∼ 40%. The upper panel of Fig. 2
shows the PDR fractions of stable and neutron-rich nuclei
as functions of neutron number. Here, we show isotopes
with 8 ! Z ! 40. In each isotopic chain, nuclei around the
stable region have small values of the fraction less than ∼1%,
consistent with the experimental data [5,6,10]. In these light
nuclei, a prominent PDR does not appear in stable nuclei.
Being away from the stable region, the fractions suddenly
increase at specific neutron numbers: N > 14, N > 28, and
N > 50. These “magic” numbers for the emergence of the
PDR indicate the presence of a strong shell effect of neutrons.
The first clear indication of the kink structure appears at
N = 14 → 16 for O, Ne, and Mg isotopes. For these isotopes,
the strength of the PDR has a strong correlation with the
number of neutrons occupying the orbits with low orbital
angular momenta (low-&), s1/2 and d3/2 (N = 15 ∼ 20). In
a case that the low-& neutron orbits are weakly bound, they
strongly expand in space because of the low centrifugal barrier.
The kink is weakened by increasing the proton number and
almost disappears for Si isotopes (Z = 14) in which N = 16
corresponds to the stable nucleus 30Si. This should be because
of the fact that these low-& neutron orbits become more bound
for nuclei with larger Z. The neutrons start filling the f7/2
orbits at N > 20; then, the growing rate of the PDR strength
is reduced, which is most prominent for Mg isotopes.

The even more prominent kinks can be identified at the
magic numbers of N = 28 and N = 50. The PDR fractions
suddenly increase at N = 28 → 30 and continue to increase
until N = 34 where 2p shell are filled. The increasing rate of
the PDR fractions depends on the proton number. Namely, it
is the largest for small-Z isotopes, such as Si and Ar isotopes,
while increasing Z makes the rate smaller. Beyond N = 34, the
PDR fractions are roughly constant for 34 < N ! 50, in which
the neutrons are filling high-& orbits of f5/2 and g9/2. They
again show a sudden increase at N = 50 → 52, then continue
to linearly grow up until 2d5/2 orbits are filled at N = 56.
Beyond that, it is difficult to see the definite trend because the
ordering of the orbits and the ground-state deformation change
from nucleus to nucleus, depending on Z and N . However, the
careful investigation suggests that the occupation of s1/2 and
d3/2 increases the PDR fraction, whereas that of h11/2 reduces
it. Thus, we may conclude that the spatially extended nature of
the low-& neutron orbits near the Fermi level plays a primary
role for the the emergence and growth of the PDR. We have
also observed that the deformation tends to increase the PDR
strength, especially in the region N > 56. This may be from
two effects: the mixture of the low-& components in the orbits

021302-2

A. Bracco et al., PPNP106 (2019) 360

T. Inakura et al., PRC84(2011)021302R
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E1 Response of 208Pb and DD
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PDR appears in neutron-rich nuclei systematically
collectivity depends on a nucleus, and a model employed

theoretical cals. tell us:

208Pb(p,p’)

structure has the nature of IS/IV, toroidal, two-phonon…

Mysterious PDR



vibration in spin-space, isospin-space, real-space, and gauge-space 
and coupling/mixing among them

in$uenced by many-body correlations: magnetism, deformation, super$uidity
deformation in spin-space/real-space/gauge-space

Collective modes revealed by nuclear responses

charge-exchange modes have a strong impact on the nuclear weak processes:

β-decay, ββ-decay, lepton capture, charged-current ν-scattering…

application to astrophysics and fundamental physics

rich variety of excitation modes associated with S, T, L, and N

ex., β-decay rates of hundreds/thousands of exotic nuclei for r-process



✓ Low-frequency negative parity modes
analog of pygmy dipole resonance? 
neutron-skin excitation modes?

✓ Strongly collective Gamow-Teller GR?

carrying large strengthbegin
S− − S+ = 3(N − Z)

end

1

×

π ν

many p-h excitations 
possible

✓ “Super allowed” GTGR in heavier nuclei?

H. Sagawa et al., PLB303(1993)215
in light nuclei close to the neutron drip line

Quest for collective modes unique in neutron-rich nuclei
in charge-exchange channel



Density-functional theory (DFT)
practical and versatile method for many-body problems

>33,500 citationsHohenberg–Kohn (1964)

E[ρ] = ⟨Ψ | Ĥ |Ψ⟩
energy-density functional

Egs = inf
ρ

E[ρ]
ground state

= E[ρgs]



Kohn–Sham DFT

(

fully-interacting
)ext − μ

w/two-body interaction

ρ0( ⃗r) = ⟨Ψ0 |ψ†( ⃗r)ψ( ⃗r) |Ψ0⟩
gs density

both systems give the same density

( = 0

non-interacting

Kohn–Sham potential
)KS − μ

ρ0( ⃗r) = ⟨ϕKS |ψ†( ⃗r)ψ( ⃗r) |ϕKS⟩
gs density



E[ρ] = Ts[ρ] + Eext[ρ] + EH[ρ] + Ex[ρ]+
Kohn–Sham DFT

= Ts[ρ] + F[ρ]

non-interacting system w/one-body potential H = T + ∫ d ⃗rvs( ⃗r)ψ†( ⃗r)ψ( ⃗r)

{− ℏ2

2m
∇2 + vs[ρ]} ϕi = ϵiϕi

one-body problem

Ts[ρ] = ∑
i

⟨ϕi | − ℏ2 ∇2

2m
|ϕi⟩ = ∑

i
ϵi − ∫ d ⃗rρ( ⃗r )vs[ρ] vs[ρ] = − δTs[ρ]

δρ

ρ0( ⃗r) = ∑
i

|ϕi( ⃗r) |2

ρ0( ⃗r)
δE
δρ

= 0

Hohenberg–Kohn variation principle
δTs[ρ]

δρ
+ F[ρ]

δρ
= 0

fully-interacting system
vs[ρ] = δF[ρ]

δρ KS potential

Ec[ρ]
correlation
W. Kohn and L. J. Sham, PR140(1965)A1133
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non-interacting system w/one-body potential H = T + ∫ d ⃗rvs( ⃗r)ψ†( ⃗r)ψ( ⃗r)
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vs[ρ] = δF[ρ]
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KS potential

without correlation δEc[ρ]
δρ

vHF[ρ]
Hartree–Fock potential
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correlation
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DFT for dynamics and excitations: TDDFT
E. Runge and E. K. U. Gross, PRL52(1984)997

ρ( ⃗r, t) ⇔ vext( ⃗r, t) ⇔ Ψ( ⃗r, t)

A[ρ] = ∫
t1

t0
dt⟨Ψ[ρ] | i∂t − H(t) |Ψ[ρ]⟩ δA

δρ
= 0

time-dependent Kohn–Sham
for practical calculation

time-dependent Hartree–Fock

Ĥ → Ĥ + f(t) ̂Fλlinear-response

ρ( ⃗r, t) = ρ0( ⃗r) + δρ( ⃗r)e−iωt + cc

δρ(r) = ∫ dr′ χ0(r, r′ )[ δ2E[ρ]
δ2ρ

δρ(r′ ) + f(r′ )] vres = δ2E[ρ]
δ2ρ

δρ = χ0
1 − χ0vres

f = χRPA f

RPA-like equation



Skyrme-energy-density functional

EDF Energy density:
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E = ∫ drℋ(r)

vres(r1, r2) = δ2E
δρ1(r1)δρ1(r2)

⃗τ1 ⋅ ⃗τ2 + δ2E
δ ⃗s1(r1)δ ⃗s1(r2)

⃗σ 1 ⋅ ⃗σ 2 ⃗τ1 ⋅ ⃗τ2

residual interaction for charge-changing channel:

“Skyrme–Hartree–Fock(–Bogoliubov)+proton-neutron (Q)RPA”
Kohn–Sham(–Bogoliubov-de Gennes)+proton-neutron LR-TD(S)DFT w/Skyrme EDF
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Strongly collective GTR in n-rich nuclei

energy shift due to RPA correlations
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Impact of low-lying GT states on beta-decay rates

KTUYþ GT2 model is shown in Fig. 4(b). It is noted that
the results display very little or even no systematic depen-
dence, and generally provide a better description of the
data across this mass region than the FRDMþ QRPA
model does. Below A ¼ 102, the KTUYþ GT2 calcula-
tion overestimates some of the experimental results by a
factor of about 2; however, it should be noted that the
magnitude of the experimental uncertainties of the half-
life for Kr isotopes is rather large. Figure 4(c) shows test
results of the FRDMþ GT2 model, rather than FRDMþ
QRPA, to extract differences in the treatment of the
!-strength functions. Much smaller deviations, predicted
by the FRDMþ GT2 model, suggest that the GT2 suc-
ceeds in capturing the essence of !-strength functions.
Figure 4(d) shows the difference between QFRDM

! and

QKTUY
! as a function of atomic number. A suppressed

odd-even staggering is clearly evident, but the FRDM
model predicts a Q! value of about 1 MeV less than that
of the KTUY model at A # 110. A small enhancement in
the FRDMþ GT2 predictions, by a factor of 2 or so around
A ¼ 110, may be explained by the underestimation of
Q! values in the FRDM calculation. The data suggest
that one of the main problems associated with !-decay
half-life predictions is related to uncertainties involved
with binding-energy calculations and!-strength functions.

As discussed by Möller et al. [1], the sum of the half-
lives of the r-process nuclei up to the midmass region, i.e.,
around A ¼ 130, determines the rate of r-matter flow at

N ¼ 82. Following this prescription, the relatively short
half-lives of the Zr and Nb isotopes deduced in the present
study suggest a further speeding up of the classical
r process, and shed light on the issue concerning the low
production rates of elements beyond the second r-process
peak. The results presented here also make an impact on
the abundances of nuclei at the second peak, since the peak
position and shape in the solar abundances around
A ¼ 110–140 can be reproduced better by decreasing the
half-life of the r-process nuclei by a factor of 2 to 3 [2].
In summary, the !-decay half-lives of the very neutron-

rich nuclides 97–100Kr, 97–102Rb, 100–105Sr, 103–108Y,
106–110Zr, 109–112Nb, 112–115Mo, and 115–117Tc, all of which
lie close to the astrophysical r-process path, have been
measured (for 18 nuclei) or their uncertainties have been
reduced significantly. The results suggest a systematic
enhancement of the !-decay rates of the Zr and Nb iso-
topes by a factor of 2 or more around A ¼ 110with respect
to the predictions of the FRDMþ QRPA model. The
results also indicate a shorter time scale for matter flow
from the r-process seeds to the heavy nuclei. More satis-
factory predictions of the half-lives from the KTUYþ
GT2 model, which employs larger Q! values, highlights

the importance of measuring the half-lives and masses of
very exotic nuclei, since such knowledge ultimately leads
to a decrease in the uncertainty of predicted nuclear abun-
dances around the second r-process peak.
This experiment was carried out at the RIBF operated by

RIKEN Nishina Center, RIKEN and CNS, University of
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FIG. 3 (color online). Neutron number dependence of !-decay
half-lives for (top) even-Z (a) Kr, (b) Sr, (c) Zr, and (d) Mo, and
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̂F1K = ∑
σ,σ′ 

∑
τ,τ′ 

∫ d ⃗rrY1K( ̂r)ψ̂†( ⃗rστ)ψ̂( ⃗rσ′ τ′ )δσ,σ′ 
⟨τ |τμ |τ′ ⟩

̂Fλ
1K = ∑

σ,σ′ 

∑
τ,τ′ 

∫ d ⃗rr[Y1 ⊗ σ]λ
Kψ̂†( ⃗rστ)ψ̂( ⃗rσ′ τ′ )⟨τ |τμ |τ′ ⟩

electric (spin non-$ip) dipole

spin dipole (λ = 0,1,2)

Isovector dipole excitations

charge-exchange channel:
μ = + 1
μ = − 1

ψ†
ν ψπ

ψ†
πψν

(n,p) type, β+ decay
(p,n) type, β- decay



Electric dipole excitations 
in neutron-rich Ca, Ni, and Sn isotopes

Ca: N = 28-56 
Ni: N = 50-66 
Sn: N = 82-110

KY, Phys. Rev. C96, 051302R (2017) 
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summed strength in low-energy
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they are deformed

Low-lying dipole excitation: shell e*ect
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π ν
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 excitation−1ℏω0
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✓ cross-shell (N→N±1) excitation for negative-parity excitation

π ν

N-1

N
neutrons are weakly bound

protons are deeply bound: low-lying  mode(−1ℏω0)

N+1

protons are in the continuum: pygmy

✓ cross-shell (N-1→N) excitation

deeply-bound neutrons: giant resonance

Charge-exchange dipole excitations in n-rich nuclei
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28Ni
Shell e*ect (purely quantal)

determines the β-decay half-life.

Microscopic approach is necessary.

Impact of low-lying dipole states on beta-decay rates
M. T. Mustonen, J. Engel, PRC93(2016)014304



Dipole excitations in deformed nuclei

24Mg, 40Mg
Nd and Sm isotopes with shape changes

KY, arXiv: 2008.03947



24Mg

μ=+1 
μ=0 
μ=-1

ET (MeV)
St

re
ng

th
 (f

m
2 /

M
eV

)

Isospin symmetry

broken by the Coulomb int.

Shape deformation e*ect
K-splitting

<r2>ν=9.0 fm2 
<r2>π=9.2 fm2

SkM*

5 10 15 20 25 30 35 40
0

0.4

0.8

1.2

1.6

2

2.4

w/o the Coulomb int.
degeneracy for μ for N=Z nuclei

excitation energy w.r.t. the g.s of target (mother)

S− − S+ ∝ N⟨r2⟩ν − Z⟨r2⟩π

Isovector dipole excitations in deformed nuclei



Evolution of deformation in charge-exchange dipole resonance
μ=-1

K-splitting appears N ≥ 86

K-splitting is distinguishable from 
the shoulder ??

shoulder structure seen in spherical sys.



Evolution of deformation in charge-exchange dipole resonance
μ=-1

K-splitting appears N ≥ 86

splitting is proportional to deformation

Sm

shoulder structure depends on the EDF



μ=0

μ=-1 μ=+1

Charge-exchange dipole resonance at neutron-drip line

K-splitting
 excitation−1ℏω0

analog-pygmy resonance

pygmy resonance
KY, PRC80(2009)044324
K. Wang et al, PRC96(2017)031301



Spin-dipole resonance in deformed nuclei
deformation e*ect in 154Sm is not clear 
strengths are fragmented even in 144Sm



Spin-dipole resonance in deformed nuclei
H. Akimune et al., NPA569(1994)245c

deformation e*ect in 154Sm is not clear 
strengths are fragmented even in 144Sm



Summary

✓ Low-lying dipole state appears uniquely in very neutron-rich nuclei

 excitation−1ℏω0

✓ strong shell e*ect
✓ high impact on the beta-decay rate

✓ emergence of analog-PDR below giant resonance

loosely-bound neutrons with low-angular momentum play an important role

✓ K-splitting is generic in IV dipole resonance in deformed nuclei

A further application of nuclear DFT for nuclear weak processes is in progress
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