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• predicted in many theories beyond SM

Charged Lepton Flavor Violation (CLFV)

• tiny contribution of neutrino oscilation:

Br 𝜇 → 𝑒𝛾 < 10−54  cannot be observed by current technology

CLFV is a good probe for new physics

(does not contaminate the new physics search)

e.g. SUSY

• forbidden in SM

If found, it must be an evidence of new physics !! (not 𝜈 osci.)

𝒆− 𝝁− 𝝉− 𝝂𝒆 𝝂𝝁 𝝂𝝉 𝒆+ 𝝁+ 𝝉+ 𝝂𝒆 𝝂𝝁 𝝂𝝉 others

+1 0 0 +1 0 0 -1 0 0 -1 0 0 0

0 +1 0 0 +1 0 0 -1 0 0 -1 0 0

0 0 +1 0 0 +1 0 0 -1 0 0 -1 0

𝐿𝑒

𝐿𝜇

𝐿𝜏

• lepton flavor numbers ( 𝐿𝑒, 𝐿𝜇 , 𝐿𝜏 ) cf. Lepton number, 𝐿 = 𝐿𝑒 + 𝐿𝜇 + 𝐿𝜏

 lepton flavor violation in charged lepton sector = CLFV

because

( e.g. 𝜇+ → 𝑒+𝛾 )

1/27



Muon rare decays

L. Calibbi & G. Signorelli, Riv. Nuovo Cim. 41, 1 (2018). Current upper limits

• Many muons can be produced (∼ 109/s).

• Long lifetime: easy to treat

• LFV processes with Δ𝐿𝜇 = −Δ𝐿𝑒 = ±1

strong experimental constraints

e.g. 𝜇+ → 𝑒+𝛾 𝜇+ → 𝑒+𝑒+𝑒− 𝜇−𝑁 → 𝑒−𝑁
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Muonium(𝐌𝐮)-to-Antimuonium(𝐌𝐮)

𝜇+
𝑒−

𝐌𝐮 : 𝜇+𝑒− 𝐌𝐮 : 𝜇−𝑒+

• CLFV process with Δ𝐿𝜇 = −Δ𝐿𝑒 = 2

• pure leptonic system ( no hadronic umbiguities )

CLFV with Δ𝐿𝜇 = −Δ𝐿𝑒 = ±1 are constrained by 𝜇 → 𝑒𝛾, 𝜇 → 3𝑒, …

Mu-to-Mu can be sizable if a new particle carries 2 units of flavors.

• J-PARC (Japan, N.Kawamura et al., JPS Conf. Proc. 33, 011120 (2021) )

𝑃 < 8.3 × 10−11 (PSI) 𝒪 10−14 (CSNS)

𝜇−
𝑒+

and CSNS (China、MACE collab.) plan future experiments.
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Pontecorvo (1957), Weinberg & Feinberg (1961).



𝐌𝐮-to-𝐌𝐮 transition

𝑖
𝜕

𝜕𝑡

𝛼
𝛽 =

ℳ11 ℳ12

ℳ21 ℳ11

𝛼
𝛽

𝜓 𝑡 = 𝛼 𝑡 Mu + 𝛽 𝑡 Mu

ℳ𝑖𝑗 = 𝑀𝑖𝑗 − 𝑖Γ𝑖𝑗/2

𝑀 = 𝑀†, Γ = Γ†

Transition probability

𝑃 Mu → Mu ≃ 2𝜏2 ℳ 2
𝜏 : Mu lifetime ≃ 2.2 μs

ℳ ≡ ℳ12ℳ21

cf. K-K mixing

New physics !!
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Mu 𝑡 = 𝑓+ 𝑡 Mu +
ℳ21

ℳ12
𝑓− 𝑡 Mu

𝑓± 𝑡 =
𝑒−𝑖𝜆+ ± 𝑒−𝑖𝜆−

2

𝜆± = 𝑀 − 𝑖
Γ

2
±
1

2
Δ𝑀 − 𝑖

ΔΓ

2

Δ𝑀 − 𝑖
ΔΓ

2
= 2 ℳ12ℳ21

If the initial state (𝑡 = 0) is a pure muonium state | ۧMu ,

the state at time 𝑡 is given by

where
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𝑃 Mu → Mu; 𝑡 ∼ Mu Mu 𝑡
2
≃ 𝑒−Γ𝑡sin2

Δ𝑀

2
𝑡

Mu-to-Mu transition probability at time 𝑡 :

(assuming CP conservation or Γ12/𝑀12 ≪ 1, 
ℳ21

ℳ12
= 1)

Integrated probability of Mu-to-Mu transition :

𝑃 Mu → Mu = න
0

∞

𝑑𝑡 Γ𝑃 Mu → Mu; 𝑡

= න
0

∞

𝑑𝑡 Γ𝑒−Γ𝑡sin2
Δ𝑀

2
𝑡 =

1

2

Δ𝑀 2

Δ𝑀 2 + Γ2

≃
Δ𝑀 2

2Γ2

Δ𝑀 ≪ Γ

= 2𝜏2 ℳ 2

𝜏 : muonium lifetime ≃ 2.2 μs

6/27

Γ : Mu decay width



Effective interactions

−ℒMu−Mu =

𝑖

𝐺𝑖

2
𝑄𝑖

𝑄1 = 𝜇𝛾𝛼 1 − 𝛾5 𝑒 𝜇𝛾𝛼 1 − 𝛾5 𝑒

𝑄2 = 𝜇𝛾𝛼 1 + 𝛾5 𝑒 𝜇𝛾𝛼 1 + 𝛾5 𝑒

𝑄3 = 𝜇𝛾𝛼 1 − 𝛾5 𝑒 𝜇𝛾𝛼 1 + 𝛾5 𝑒

𝑄4 = 𝜇 1 − 𝛾5 𝑒 𝜇 1 − 𝛾5 𝑒

𝑄5 = 𝜇 1 + 𝛾5 𝑒 𝜇 1 + 𝛾5 𝑒

※ Any 4-Fermi type operators can be written by

the linear combination of the five operators ( ∵ Fierz identity )

𝐺𝑖 : coupling constants

LL vector

RR vector

LR vector

LL scalar

RR scalar

Cf. R. Conlin & A. A. Petrov, PRD102, 095001 (2020).
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Four muonium states

 Muonium has four hyperfine 1S states

by combination of spins of the bound muon and electron

Mu 𝐹,𝑚

magnitude of

total angular mom. 𝑧 component of

total angular mom.

1,+1
1,0
1,−1
(0,0)

𝐹,𝑚 = triplet (ortho)

singlet (para)

𝐸 Mu; 1,0 = 𝐸 Mu; 1,±1 = 𝐸0 +
𝑎

4

𝐸 Mu; 0,0 = 𝐸0 −
3

4
𝑎

𝑎 ≃ 1.846 × 10−5 eV
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Mu-to-Mu transition rate depends on the initial Mu states.

ℳ0,0 =
8 𝜑 0 2

2
𝐺1 + 𝐺2 −

3

2
𝐺3 −

1

4
𝐺4 −

1

4
𝐺5

ℳ1,0 =ℳ1,±1 =
8 𝜑 0 2

2
𝐺1 + 𝐺2 +

1

2
𝐺3 −

1

4
𝐺4 −

1

4
𝐺5

For the singlet (𝐹 = 0) state,

For the triplet (𝐹 = 1) states,

𝜑 0 =
𝑚red𝛼

3

𝜋

Mu-to-Mu transition rate depends on the magnetic field.

① nonzero energy gap of Mu 1,±1 and Mu 1,±1

② mixing of Mu 1,0 and Mu 0,0

K.Horikawa & K.Sasaki, PRD53, 560 (1996); W.S.Hou & G.G.Wong. PLB357, 145 (1995).

: overlap of lepton wave function

The magnetic field makes…
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Considering energy gap Δ𝐸 of Mu and Mu,

the transition rate is

𝑃 Mu 1,±1 → Mu =
2𝜏2 ℳ1,±1

2

1 + 𝜏Δ𝐸 2

𝜏Δ𝐸 = 3.8 × 105 ×
𝐵

Tesla

∴ The contribution of 𝑚 = ±1 is suppressed

in a magnetic field stronger than μT.

cf. terrestrial magnetism 30-60 μT

① nonzero energy gap of Mu 1,±1 と Mu 1,±1
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ℳ0,0
𝐵 ≃

1

2
ℳ0,0 −ℳ1,0 +

ℳ0,0 +ℳ1,0

1 + 𝑋2

transition amplitude of 𝑚 = 0 states in a magnetic field 𝐵

ℳ1,0
𝐵 ≃

1

2
−ℳ0,0 +ℳ1,0 +

ℳ0,0 +ℳ1,0

1 + 𝑋2

𝑋 =
𝜇𝐵𝐵

𝑎
𝑔𝑒 +

𝑚𝑒

𝑚𝜇
𝑔𝜇 ≃ 6.31

𝐵

Tesla

𝑃 = 2𝜏2 𝑐0,0
2
ℳ0,0

𝐵 2
+ 𝑐1,0

2
ℳ1,0

𝐵 2
+ 

𝑚=±1

𝑐1,𝑚
2 ℳ1,±1

2

1 + 𝜏Δ𝐸 2

Thus, the transition probability in a magnetic field is

𝑐𝐹,𝑚
2

: population of the state (𝐹,𝑚)

② mixing of Mu 1,0 and Mu 0,0
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Current experimental constraints by PSI

In a magnetic field 𝐵 = 0.1 Tesla,

𝑃 < 8.3 × 10−11

L. Willmann et al., PRL82, 49 (1999).

𝐺𝑖 ≲ 3.0 × 10−3𝐺𝐹

( considering the magnetic effects )

K. Horikawa & K. Sasaki, PRD53, 560 (1996),

W. S. Hou & G. G. Wong, PLB357, 145 (1995).

cf.
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Classification of new particles & interactions

to generate 𝐌𝐮-to-𝐌𝐮 transition

1. Δ𝐿𝑒 = Δ𝐿𝜇 = 0

2. Δ𝐿𝑒 , Δ𝐿𝜇 = ±2,0 , 0, ±2

• mass term of SM singlet

which violates lepton number

• e.g. Majorana 𝜈 mass

• LNV is not needed.

• loop

• doubly-charged mediator

• tree

• If mediator couplies to

𝑊+𝑊+, 0𝜈2𝛽 is induced.
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3. Δ𝐿𝑒 = −Δ𝐿𝜇 = ±1

4. Δ𝐿𝑒 , Δ𝐿𝜇 = ±1,0 , 0, ±1

• LNV is not needed.

• neutral mediator

• tree

• model-independently,

• loop

strongly constrained by

𝜇 → 𝑒𝛾 or 𝜇 → 3𝑒
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 Tree level

 Δ𝐿𝑒 − Δ𝐿𝜇 = ±1
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: suppressed by LFV bounds: 𝐺𝑖/𝐺𝐹 ∼ 𝑂 10−3 is allowed



 radiative neutrino mass model (loop induced by LNV)

 neutrino mass model (tree by doubly charged scalar)
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Example 1: Type-II seesaw

• SU(2) triplet scalar Δ → 𝜈 mass

−ℒ =
1

2
𝜅𝑖𝑗
𝐿 ℓ𝑖𝐿

𝑐ℓ𝑗𝐿Δ𝐿 + 𝜇Δ𝐻𝐻Δ𝐿
∗ + ℎ. 𝑐. + 𝑀Δ

2 Δ𝐿
2

Δ𝐿 𝑎𝑏 =
Δ𝐿
++ Δ𝐿

+/ 2

Δ𝐿
+/ 2 Δ𝐿

0

ℓ𝑖𝐿
𝑐ℓ𝑗𝐿Δ𝐿 = 𝜈𝑖𝐿

𝑐 𝜈𝑗𝐿ΔL
0 −

1

2
𝜈𝑖𝐿
𝑐 𝑒𝑗𝐿Δ𝐿

+

−
1

2
𝑒𝑖𝐿
𝑐 𝜈𝑗𝐿Δ𝐿

+ + 𝑒𝑖𝐿
𝑐 𝑒𝑗𝐿Δ𝐿

++

𝑀𝜈
II = 𝜅𝐿 Δ𝐿

0 = −𝜅𝐿𝜇Δ 𝐻0 2/𝑀Δ
2
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• Mu-Mu (tree)

𝑒𝑖𝐿
𝑐 𝑒𝑗𝐿Δ𝐿

++

• constrained by 𝜇 → 3𝑒

𝐺1

2
= −

𝜅𝑒𝑒
𝐿 𝜅𝜇𝜇

𝐿∗

32𝑀Δ
2 = −

𝑀𝜈
II

𝑒𝑒
𝑀𝜈

II
𝜇𝜇

∗

32𝑣𝐿
2𝑀Δ

2

𝐺1
𝐺𝐹

=
Br 𝜇 → 3𝑒

2 2

𝜅𝜇𝜇
𝐿

𝜅𝑒𝜇
𝐿 ≲ 3.5 × 10−7

𝜅𝜇𝜇
𝐿

𝜅𝑒𝜇
𝐿

Br 𝜇 → 3𝑒 < 1.0 × 10−12

The off-diagonal components of 𝑀𝜈
II should be small
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𝜅𝑒𝑒
𝐿

𝜅𝜇𝜇
𝐿

(to obtain the sizable Mu-Mu rate).



𝐺1
𝐺𝐹

< 𝒪 10−6

• If type-II contribution dominates neutrino masses,

𝑀𝜈
II = 𝑈PMNS

∗ diag 𝑚1𝑒
𝑖𝛼1 , 𝑚2𝑒

𝑖𝛼2 , 𝑚3 𝑈PMNS
✝

𝜅𝑒𝜇
𝐿

𝜅𝜇𝜇
𝐿

∼ 𝒪 𝜃13, Δ𝑚sol
2 /Δ𝑚atm

2

∼ 10-20 %

However, the neutrino mass can be reproduced even if 𝜅𝑒𝜇
𝐿 → 0.

Next, let’s consider such a case that 𝜅𝑒𝜇
𝐿 is tiny.

19/27



In case 𝜅𝑒𝜇
𝐿 → 0,

1. 𝑚1𝑒
𝑖𝛼1 ≃ 𝑚2𝑒

𝑖𝛼2 ≃ 𝑚3

2. ∑𝑈𝑒𝑖
∗ 𝑈𝜇𝑖

∗ 𝑚𝑖𝑒
𝑖𝛼𝑖 is accidentally canceled

Choosing 𝑚1𝑒
𝑖𝛼1 to realize 𝜅𝑒𝜇

𝐿 = 0,

𝑀𝜈 can be represented by a function of Dirac phase 𝛿 & Majorana phase 𝛼2.

𝜅𝐿 Δ𝐿
0 = 𝑈PMNS

∗ diag 𝑚1𝑒
𝑖𝛼1 , 𝑚2𝑒

𝑖𝛼2 , 𝑚3 𝑈PMNS
✝
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log10 𝐺1 /𝐺𝐹 log10 𝐺1 /𝐺𝐹

Considering LFV constraints from 𝜇 decay & 𝜏 decay,

Normal Inverted

𝛼2 ∼ 0, 𝛿 ∼ 0 or 𝜋 𝐺1 →large (mass degenerate)

Inverted : When 𝑚1 ∼ 𝑚2, 𝐺1 can be large if the solution of 𝜅𝑒𝜇
𝐿 = 0 exists.

Normal : 𝜅𝑒𝜇
𝐿 = 0 can be realized in a wide region without mass degenerate.

we calculate the upper limit of 𝐺1.
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• cosmological bound ∑𝑚𝜈 < 0.12 eV

allowed

• If the contribution from type-I cancels 𝜅𝑒𝜇
𝐿 ,

𝐺1 /𝐺𝐹 ≲ 𝒪 10−5

an arbitrary size of Mu-Mu can be generated.

𝜅𝑒𝑒
𝐿 ∼ 𝜅𝜇𝜇

𝐿 ∼ 0.3,𝑀Δ = 600 GeV
𝐺1
𝐺𝐹

∼ 1 × 10−3e.g.
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−ℒ ⊃ 𝑓𝑖𝑗ℓ𝑖
𝑐 ⋅ ℓ𝑗ℎ

+ + 𝑔𝑖𝑗𝑒𝑖𝑒𝑗
𝑐𝑘−− + 𝜇ℎℎ𝑘ℎ

+ℎ+𝑘−− + ℎ. 𝑐.

+𝑚ℎ
2ℎ−ℎ+ +𝑚𝑘

2𝑘−−𝑘++

𝑓 : anti-symmetric for 𝑖, 𝑗 𝑔 : symmetric for 𝑖, 𝑗

𝑀𝜈 =
1

𝑀0
𝑓𝑀𝑒𝑔𝑀𝑒𝑓

𝑇 1

𝑀0
=

𝜇ℎℎ𝑘

48𝜋2max 𝑚ℎ
2 , 𝑚𝑘

2
ሚ𝐼

neutrino mass is generated by two-loop

Example2: Zee-Babu model

one of radiative neutrino models

rank-2 ( 𝑚lightest = 0 )   ∵ 𝑓 is anti-symmetric

𝑀𝑒 = diag 𝑚𝑒, 𝑚𝜇, 𝑚𝜏

𝑓𝑖𝑗 𝑓𝑖𝑗

𝑔𝑖𝑗

𝜇ℎℎ𝑘

𝑦𝑒 𝑦𝑒
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Normal ordering case 𝑀𝜈 = 𝑈∗diag 0,𝑚2, 𝑚3 𝑈✝

= 𝑚2𝑢2
∗𝑢2

✝ +𝑚3𝑢3
∗𝑢3

✝

𝑓 = 𝑓0

0 𝑈𝜏1 −𝑈𝜇1
−𝑈𝜏1 0 𝑈𝑒1
𝑈𝜇1 −𝑈𝑒1 0

𝑈 = 𝑢1, 𝑢2, 𝑢3 : PMNS matrix

where

𝑎1, 𝑎2, 𝑎3 : free parameters

𝑀𝜈 =
1

𝑀0
𝑓𝑀𝑒𝑔𝑀𝑒𝑓

𝑇

The structure of 𝑔 is partly determined to reproduce the PMNS matrix.

𝑓0 : proportionality coefficient
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Mu-to-Mu 𝜇 → 3𝑒

𝑒−

𝑘++ 𝑘++

• adjust 𝑔𝑒𝑒 using one degrees of freedom of 𝑎1, 𝑎2, 𝑎3
( 𝑔𝑒𝑒 tends to be larger than 1 due to 𝑔𝑒𝑒𝑚𝑒

2 ∼ 𝑔𝜇𝜇𝑚𝜇
2.)

• eliminate 𝑔𝑒𝜇 & 𝑔𝑒𝜏 using the rest two degrees

𝑔𝜇𝜏 cannot be eliminated to expect 𝜏− → 𝜇+𝑒−𝑒−, 𝜏 → 3𝜇

In analysis, we set 𝑎1, 𝑎2, 𝑎3 as follows:

𝑔 =

𝑔𝑒𝑒 𝑔𝑒𝜇 𝑔𝑒𝜏
𝑔𝑒𝜇 𝑔𝜇𝜇 𝑔𝜇𝜏
𝑔𝑒𝜏 𝑔𝜇𝜏 𝑔𝜏𝜏

𝜏− → 𝑒+ℓℓ′

𝜏− → 𝜇+ℓℓ′

−ℒ ⊃ 𝑔𝑖𝑗𝑒𝑖𝑒𝑗
𝑐𝑘−− 25/27



𝐺2 /𝐺𝐹 Br 𝜏 → 3𝜇 = Br 𝜏− → 𝜇+𝑒−𝑒−

𝑔𝑒𝑒 = 𝑔𝜇𝜇 , 𝑔𝑒𝜇 = 𝑔𝑒𝜏 = 0

𝑓0
2 = 0.002,𝑚𝑘 = 1.2 TeV,M0/ 48𝜋2 = 500 GeV

−ℒ ⊃
𝐺2

2
𝜇𝛾𝛼 1 + 𝛾5 𝑒 𝜇𝛾𝛼 1 + 𝛾5 𝑒

Dirac phase 𝛿Dirac phase 𝛿

M
a

jo
ra

n
a

 p
h

a
s
e

 𝛼
2

M
a

jo
ra

n
a

 p
h

a
s
e

 𝛼
2

𝐺2
𝐺𝐹

∼ 𝒪 10−3 Br 𝜏 → 3𝜇 ∼ 𝒪 10−8

26/27

( just below the current experimental upper limit )



Summary

 Mu-to-Mu transition

 rare process with Δ𝐿𝜇 = −Δ𝐿𝑒 = 2

 good probe for the leptonic stracture of the new physics model

 e.g. Zee-Babu model

 We investigate how large impacts Mu-to-Mu gives for many models.

 one of radiative neutrino models ( two loop )

 Mu-to-Mu rate can be the same as the current limit

with reproducing neutrino masses & satisfying other LFV constraints.

 It is interesting to cross-check 𝜏 rare decay with Mu-to-Mu.

 future experiments are planned in Japan & China

T. Fukuyama, Y. Mimura, & Y. Uesaka, PRD105, 015026 (2022).
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