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Study of  decayββ

• Nature of neutrinos, test of fundamental symmetries, … neutrino-
less  decay 

• Experiments: GERDA, NEMO, KamLAND … 

• Predicted nuclear matrix elements (NMEs) differ by a factor 2-3

ββ

Avignone et al., RMP (2008) 
Agostini et al., RMP (2023) 
Engel, Menendez, RPP (2017), etc.



Two-neutrino ( )  decay2ν ββ
- wealth of experimental data available 
- needs calculation of the intermediate states (non-closure approx.)

Theoretical descriptions without the closure approx. by

- Interacting Boson Model 
- QRPA 
 

- NSM

Yoshida-Iachello, PTEP (2013)

Suhonen-Civitarese, Phys. Rep.(1998) 
Pirinen-Suhonen PRC (2015) 
Simkovic, Smetana, Vogel, PRC (2018), etc.

Caurier, Nowacki, Poves, IJMPE (2007) 
Yoshinaga et al., PTEP (2018) 
Coraggio et al., PRC (2019), etc.



This work

- Consistent description of nuclear structure, , and  decays 
- Framework: EDF-mapped IBM 
- No closure approximation: calculations for odd-odd nuclei

β ββ

K. Nomura, Phys. Rev. C 105 (2022) 044301 
K. Nomura, arXiv: 2406.02986 

K. Nomura, Phys. Rev. C 109 (2024) 034319 
M. Homma, and K. Nomura, arXiv: 2404.14624, to appear in PRC



Potential energy surfaces

76Ge 76Se

… calculated with the relativistic Hartree-Bogoliubov method with DD-PC1 energy 
density functional (EDF) and separable pairing



Computing energy spectra

Observables:  
Excitation spectra, EM 

properties, ,  decay?β ββ

Intrinsic frame lab. frame

Beyond-mean-field treatments 
   - Symmetry projections, GCM 
   - Collective Hamiltonian 
   - Interacting Boson Model



KN et al. PRL101 (2008) 142501; PRC81 (2010) 044307 

Mean-field to IBM

- SCMF energy surface is mapped onto that of the IBM 
- Diagonalization of the mapped Hamiltonian yields energy spectra

BosonicFermionic



Interacting Boson Model (IBM)
- Collective J=0+ and 2+ pairs of 
valence nucleons  s, d bosons↦

- exactly solvable if the Hamiltonian 
has the dynamical symmetries U(5), 
SU(3), and O(6)

- Microscopic derivations from 
nucleonic degrees of freedom

Arima, Iachello (1975) 
Otsuka, Arima, Iachello (1979) 
Mizusaki, Otsuka (1997) 
Nomura, Shimizu, Otsuka (2008)



Neutron-proton IBM (IBM-2)

- building blocks:  and  bosons(sν, sπ) (dν, dπ)

- Hamiltonian: ĤIBM = ϵd ( ̂ndν
+ ̂ndπ

) + κ Q̂ν ⋅ Q̂π + κ′ L̂ ⋅ L̂

pairing-like 
(spherical driving)

quadrupole-quadrupole 
(deformation driving)

… with 5 parameters

rotational term

Q̂ρ = s†
ρ d̃ρ + d†

ρsρ + χρ(d†
ρ × d̃ρ)(2)

L̂ = 10[(d†
ν × d̃ν)(1) + (d†

π × d̃π)(1)]



Geometry of the IBM

Energy surface: EIBM(β, γ) = ⟨ϕ | ĤIBM |ϕ⟩

|ϕ⟩ ∝ Πρ=ν,π [s†
ρ + β cos γd†

ρ,0 +
1

2
β sin γ (d†

ρ,+2 + d†
ρ,−2)]

Nρ

|0⟩

… with boson coherent state

ESCMF(β, γ) ≈ EIBM(β, γ)

IBM Hamiltonian is determined by

KN et al. PRL101 (2008) 142501

Ginocchio-Kirson (1980)



Interacting Boson-Fermion-Fermion Model

Iachello, Van Isacker, “The interacting boson-fermion model” (1991)

monopole 
termdynamical 

(direct) term
exchange 

term

ĤIBFFM = ĤIBM + ĤF + ̂VBF + ̂Vνπ

ĤF = ∑
jρ

ϵjρ ̂njρ

neutron-proton interaction

Single-fermion Hamiltonian

̂VBF = Γ0
̂Vdyn + Λ0

̂Vexc + A0
̂Vmon

Boson-fermion interactions



Boson-fermion interactions

with (u,v)-dependent factors:

… derived within the generalized seniority

e.g., Schoten, PPNP (1985)



Boson-fermion interactions

exchange terms direct terms



occupation probabilities  
at spherical configuration

v2
j

mapping the PES

spherical s.p. e. ( )ϵj

Building the IBFFM Hamiltonian

… 3 strength parameters for  fitted for each nucleus (odd-N, odd-Z, and parity) 
… 4 strength parameters for  fitted for each odd-odd nucleus

̂VBF
̂Vνπ

Microscopic 
input from EDF

ĤIBFFM = ĤIBM + ĤF + ̂VBF + ̂Vνπ

• IBFM: KN et al. PRC93 (2016) 054305 
• IBFFM-2: KN et al., PRC99 (2019) 034308



Low-lying structure



EDF PESs for even-even nuclei



IBM PESs



128Te and 128Xe spectra
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96Zr spectrum
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… unable to reproduce N=56 sub-shell 
effects



96Mo spectrum

… overestimates the  level: a common 
problem of the mapped IBM
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Energy spectra of odd-odd nuclei
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Energy spectra of even-even nuclei
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Energy spectra of even-even nuclei
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Energy spectra of odd-odd nuclei
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 decay2νββ



Calculation of NME

GT and Fermi 
operators

with  given as one of̂Pj

and their H.C.



(u,v)-dependent forms

Coefficients

with factors

… (u,v) amplitudes provided by the DFT

Dellagiacoma-Iachello (1989), etc.



 valuesQββ
Qββ = 2(mn − mp − me)c2 + EI

gs − EF
gs

-  : calculated by using the IBM eigenenergy:    

-  : experimental value
Qββ,th Egs = EIBM(0+

1 ) + E0
Qββ,ex

… 1~2 MeV difference



GT and Fermi matrix elements

-0.045

Results are similar between  and  for the  decay, 
and significantly different for the  decay

Qββ,th Qββ,ex 0+
1 → 0+

1
0+

1 → 0+
2



Isospin symmetry breaking

χF(0+) = MF
2ν /MGT

2ν

… appears when the protons and 
neutrons are in the same shells



NMEs



Effective NMEs

-  

-

g(I)
A,eff = gA ⋅ A−0.169

g(II)
A,eff = gA ⋅ e−0.008A



Comparison with other predictions



Half-lives

Phase-space factor: Kotila-Iachello (2012) 
Experiment: Barabash, Universe (2020)



Source of uncertainties
• SCMF: choice of the EDF, pairing properties, … etc. 

• IBM/IBFFM: Hamiltonian, model space, … etc.



… from the mapped 
IBM using the Gogny-
D1M EDF. 
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Sensitivity to the EDFs



Sensitivity to the EDFs

larger with Gogny EDF|M2ν |



Pairing interaction in the SCMF

… separable pairing force of finite range

… strength V=728 MeV fm3 fit to Gogny D1S pairing gap

• 10 % reduced 
• default 
• 15 % enhanced

compare results with the pairing strength

Tian, Ma, Ring (2009)



Sensitivity to the pairing strength

increased pairing strength favors less pronounced deformation



Influence on IBM parameters

… disagreement with the  states is due to a too large QQ strength, 
as the SCMF PES exhibits a too pronounced deformation

0+
2

IBM-2 
Hamiltonian: ĤIBM = ϵd ( ̂ndν

+ ̂ndπ
) + κ Q̂ν ⋅ Q̂π+κ′ L̂ ⋅ L̂

pairing-like 
(spherical driving)

quadrupole-quadrupole 
(deformation driving)



Derived QQ strength

… QQ strength reduced with the enhanced pairing

10% reduced
default
15% increased



Impacts on energy spectra

 and  energy levels are lowered with the increased (+15%) pairing0+
2 2+

2



Unquenched NMEs



Effective NMEs

gA,eff = gA ⋅ ce−dA



Single  decayβ



Mapped IBM applied to  decayβ

Even- and odd-A Ge and As 
[PRC105 (2022) 044306]

Rb (Z=37) to Cd (Z=48) around N=60 
[PRC109 (2024) 034319]

Neutron-rich Pd and Rh  
[PRC106 (2022) 064304]

Even- and odd-A Xe, Cs, 
Ba, and La [PRC101 

(2020) 024311; PRC101 
(2020) 044318]



Energy spectra of even-even nuclei

mapped IBM results based on the DD-PC1 EDF



Energy spectra of odd-odd nuclei



 decay log(ft)β−

Significant change of log(ft) around N=60, 
reflecting a shape phase transition

Phys. Rev. C 109 (2024) 034319



log(ft) as a constraint to IBM-2

derived value from the 
mapping

value required to 
reproduce 

experimental log(ft)

… QQ strength  for the 
IBFFM-2 should be 
reduced by ~50%

κf

M. Homma, K.N., arXiv: 2404.14624



GT running sums

… reduced QQ strength giving smaller GT matrix element for neutron-rich Zr

“optimal” QQ strength



Comparisons of spectra

improvement over the mapped IBM-2 results for AMo (= ANb + p - n)

“optimal” κderived κ “optimal” κderived κ



• Consistent description of low-lying states and  NME 

• Further improvements by assessing model deficiency, 
coupling to higher-order deformations, shape 
coexistence…? 

• Extension to the  mode is in progress

2νββ

0ν

Summary



Thank you



B(E2)s of parent nuclei



B(E2)s of daughter nuclei



NMEs

data: Barabash, Universe (2020)


