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Figure 1.3: Plotted is the nuclear binding energy of atomic number 136 isotopes. The
lowest energy isotope, 136Ba has been set to zero to highlight the energy di↵erences
between the isotopes. It is not energetically allowed for 136Xe to singly decay to 136Cs,
but it can decay to 136Ba, with a Q value (energy di↵erence) for the double beta decay
of 2457.83 keV [73].

than the parent nucleus, and thus are double beta decay to these levels is energetically

allowed.

The half life of beta decays depends on the nuclear structure of the initial and

final state, as well as the operator representing the decay mechanism and a phase

space factor. For the two neutrino mode, this can be written as:
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FIG. 1. (Color online) The ββ decay of 76Ge. The top part shows
the conversion of two neutrons (blue on the left) into two protons (red
on the right) in two-neutrino double-β (2νββ) decay. The bottom part
shows the 0νββ decay where a virtual neutrino is exchanged.

the two decaying nucleons r , the mass number A, and the
closure energy µ [37]. The radial forms are given explicitly
in Ref. [35]. For the heavy-neutrino exchange, the potential
does not depend on µ. For the light-neutrino matrix element
the closure approximation is good to within 10% [38].

The operators for MGT are given to a good approximation
by f (r)σ1σ2τ

−
1 τ−

2 , where f (r)2ν = 1 (in closure), f (r)0ν =
a/r , and f (r)0N = b δ(r) where the constants a and b depend
on A, µ, and the short-range correlation (SRC). The results
discussed below follow from the expansions of the many-
body matrix elements for these three operators in terms of the
particle-hole (ph) in 76As or particle-particle (pp) intermediate
states in 74Ge [56].

The 2ν tensor NME is zero, and the Fermi NME is zero
since isospin is conserved. For 0ν and 0N the Fermi and tensor
parts are both relatively small, and we define a correction factor
for these given by RGT = M/MGT, where M contains all three
terms of Eq. (2). The CI calculations give R0ν

GT = 1.10(3).
Larger values of 1.23 for QRPA [16] and 1.33 for IBM-2 [39]
were obtained with the older calculations. But more recently,
it was found that the 2ν Fermi matrix element was not zero
because isospin was being treated incorrectly in QRPA [25]
and IBM-2 [41]. After this was corrected the new M2ν

F values
are now zero in all methods. The new results for R0ν

GT are
1.10 [25] and 1.19 [29] for QRPA and 1.04 [41] for IBM-2.
Taking these results into account we adopt a correction factor
from the tensor plus Fermi contributions of R0ν

GT = 1.12(7).
The ratio for the heavy neutrino is 1.20 for CI, 1.26 for
QRPA [29], and 1.00 for IBM-2 [41]. The adopted correction
factor is R0N

GT = 1.13(13).

In the following we first focus on results for MGT. At
the end, the total matrix element M will be obtained from
MGT via a product of correction factors R given by M =
[MGT(CI)][RV ][RS][RGT]. RGT is defined above. We start
with the use of SRCs [55] based on the charge dependent
(CD)-Bonn potential [57]. At the end we will give a value
and error for the correction to this RS , based on a range of
assumptions about the SRCs. RV represents the correction
coming from a “vertical” expansion of the CI model space
that includes the effect of orbitals below and above those in
jj44. RV is the main focus of this paper.

The model space for CI and IBM-2 is jj44 that consists
of the four valence orbitals 0f5/2, 1p3/2, 1p1/2, and 0g9/2 for
protons and neutrons. The model spaces for QRPA are the 21
orbitals with oscillator quanta N ! 5 where N = 2n + ℓ for
protons and neutrons. The QRPA results are also given when
the evaluations of the NME are restricted to jj44 and to fpg
(jj44 plus 0f7/2 and 0g7/2). In addition to our own CI cal-
culations with the JUN45 [58] and jj4bpn [59] Hamiltonians,
we will show results from the gcn28:50 Hamiltonian [60] for
2ν [61], 0ν [33], and 0N [62].

The method and parameters used for the QRPA calcula-
tions1 are similar to those used in Ref. [25]. For the particle-
particle channel in order to restore the isospin symmetry, we
follow the formalism introduced in Refs. [23,25] by separately
fitting the T = 0 and T = 1 parts of the interaction. For the
T = 1 part, gT =1

pp = 0.985 is taken to give M2ν
F = 0. For the

T = 0 particle-particle channel, two parameter sets were used:
(a) gT =0

pp = 0.673 reproduces the experimental value for M2ν
GT,

and (b) gT =0
pp = 0.643 gives a value for M2ν

GT that is a factor of
(1/0.75)2 larger than experiment, anticipating that there may
be MBPT corrections beyond QRPA that could reduce the
strength to low-lying states.

Results for the 2νββ NME are shown in Fig. 2. This NME
is completely determined by J π

ph = 1+ intermediate states in
76As. In CI the summation over the intermediate including
the energy denominator (Eq. (2) in Ref. [61]) is obtained
with the strength-function method [63]. The IBM-2 result is
not shown because it uses an approximation for the NME
based on the closure result for the operator σ1σ2τ

−
1 τ−

2 together
with average closure energies from other methods (Eq. (16)
in Ref. [41]). Experiment is reduced by a factor of about
R2ν

V = 0.45 compared to CI. R2ν
V = M2ν/M2ν(CI) denotes the

correction beyond the jj44 model space due to a vertical
expansion that includes correlations from orbitals below and
above the jj44 model space. The QRPA results for jj44 and

1The single-particle energies are taken from a Woods-Saxon
potential with Coulomb corrections. All of the residual interactions
for QRPA are obtained from solutions of the Bruckner G matrix based
on the CD-Bonn one-boson exchange nucleon-nucleon potential. We
solve the BCS equations with the CD-Bonn pairing interactions
adjusted to give the experimental five-point mass pairing gap. The
renormalization factors are gp

pair = 0.858 and gn
pair = 0.978 for 76Ge

and gp
pair = 0.894 and gn

pair = 1.008 for 76Se. For the renormalization
of the QRPA residual interactions, we use gph = 1.0 for the particle-
hole channel.
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Figure 1.3: Plotted is the nuclear binding energy of atomic number 136 isotopes. The
lowest energy isotope, 136Ba has been set to zero to highlight the energy di↵erences
between the isotopes. It is not energetically allowed for 136Xe to singly decay to 136Cs,
but it can decay to 136Ba, with a Q value (energy di↵erence) for the double beta decay
of 2457.83 keV [73].
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Table 2
Half-life and nuclear matrix element values for two-neutrino double beta decay (see Section 4). For 130Ba G2ν value for 
ECEC transition is taken from [30].

Isotope T1/2(2ν), yr |Meff
2ν |

(G2ν from [29]) (G2ν from [32]) Recommended value
48Ca 4.4+0.6

−0.5 · 1019 0.0382+0.0024
−0.0024 0.0382+0.0024

−0.0024 0.038 ± 0.003

76Ge 1.65+0.14
−0.12 · 1021 0.1122+0.0043

−0.0045 0.1147+0.0044
−0.0046 0.113 ± 0.006

82Se (0.92 ± 0.07) · 1020 0.0826+0.0032
−0.0031 0.0831+0.0033

−0.0031 0.083 ± 0.004

96Zr (2.3 ± 0.2) · 1019 0.0798+0.0037
−0.0032 0.0804+0.0038

−0.0033 0.080 ± 0.004

100Mo (7.1 ± 0.4) · 1018 0.2065+0.0061
−0.0056 0.2088+0.0062

−0.0057

0.1847+0.0050
−0.0031

a
0.185 ± 0.005

100Mo–100Ru(0+
1 ) 6.7+0.5

−0.4 · 1020 0.1571+0.0048
−0.0056 0.1619+0.0050

−0.0058

0.1513+0.0047
−0.0053

a
0.151 ± 0.005

116Cd (2.87 ± 0.13) · 1019 0.1123+0.0026
−0.0024 0.1139+0.0026

−0.0025

0.1049+0.0024
−0.0023

a
0.105 ± 0.003

128Te (2.0 ± 0.3) · 1024 0.0431+0.0037
−0.0029 0.0483+0.0042

−0.0034 0.046 ± 0.006

130Te (6.9 ± 1.3) · 1020 0.0308+0.0034
−0.0026 0.0317+0.0034

−0.0026 0.031 ± 0.004

136Xe (2.19 ± 0.06) · 1021 0.0177+0.0003
−0.0002 0.0185+0.0003

−0.0002 0.0181 ± 0.0007

150Nd (8.2 ± 0.9) · 1018 0.0579+0.0034
−0.0029 0.0587+0.0034

−0.0030 0.058 ± 0.004

150Nd–150Sm(0+
1 ) 1.2+0.3

−0.2 · 1020 0.0438+0.0042
−0.0046 0.0450+0.0043

−0.0048 0.044 ± 0.005

238U (2.0 ± 0.6) · 1021 0.1853+0.0361
−0.0227 0.0713+0.0139

−0.0088 0.13+0.09
−0.07

130Ba, ∼1021 ∼0.26 [30] ∼0.26
ECEC(2ν)

a Obtained using SSD model.

4. NME values for two-neutrino double beta decay

A summary of the half-life values are presented in Table 2 (2nd column). From the measured 
half-life one can extract the “experimental” nuclear matrix element using the relation [29]

T −1
1/2 = G2ν · g4

A ·
(
mec

2 · M2ν

)2
, (3)

where T1/2 is the half-life value in [yr], G2ν is the phase space factor in [yr−1], gA is the di-
mensionless axial vector coupling constant and (mec

2 ·M2ν) is the dimensionless nuclear matrix 
element. It is necessary to take into account that there are various indications that in nuclear 
medium the matrix elements of the axial-vector operator are reduced in comparison with their 
free nucleon values. This quenching is often described as a reduction of the coupling constant 
gA from its free nucleon value of gA = 1.2701 [76] to the value of gA ∼ 0.35–1.0 (see discus-
sions in [2–5]). So, following Ref. [29] it is better to have a deal with so-called “effective” NME, 
|Meff

2ν | = g2
A · |(mec

2 ·M2ν)|. And this value has been calculated for all mentioned above isotopes.

Barabash NPA935,52(2015)
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−0.0046 0.0450+0.0043

−0.0048 0.044 ± 0.005

238U (2.0 ± 0.6) · 1021 0.1853+0.0361
−0.0227 0.0713+0.0139

−0.0088 0.13+0.09
−0.07

130Ba, ∼1021 ∼0.26 [30] ∼0.26
ECEC(2ν)

a Obtained using SSD model.

4. NME values for two-neutrino double beta decay

A summary of the half-life values are presented in Table 2 (2nd column). From the measured 
half-life one can extract the “experimental” nuclear matrix element using the relation [29]

T −1
1/2 = G2ν · g4

A ·
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2 · M2ν
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where T1/2 is the half-life value in [yr], G2ν is the phase space factor in [yr−1], gA is the di-
mensionless axial vector coupling constant and (mec

2 ·M2ν) is the dimensionless nuclear matrix 
element. It is necessary to take into account that there are various indications that in nuclear 
medium the matrix elements of the axial-vector operator are reduced in comparison with their 
free nucleon values. This quenching is often described as a reduction of the coupling constant 
gA from its free nucleon value of gA = 1.2701 [76] to the value of gA ∼ 0.35–1.0 (see discus-
sions in [2–5]). So, following Ref. [29] it is better to have a deal with so-called “effective” NME, 
|Meff

2ν | = g2
A · |(mec

2 ·M2ν)|. And this value has been calculated for all mentioned above isotopes.
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−0.0024 0.038 ± 0.003

76Ge 1.65+0.14
−0.12 · 1021 0.1122+0.0043
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a
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a
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a
0.105 ± 0.003

128Te (2.0 ± 0.3) · 1024 0.0431+0.0037
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gA from its free nucleon value of gA = 1.2701 [76] to the value of gA ∼ 0.35–1.0 (see discus-
sions in [2–5]). So, following Ref. [29] it is better to have a deal with so-called “effective” NME, 
|Meff

2ν | = g2
A · |(mec

2 ·M2ν)|. And this value has been calculated for all mentioned above isotopes.

Barabash NPA935,52(2015)



BACKGROUND

• Widely used many-body approaches for two neutrino double beta 
decay 

• Nuclear shell Model 

• Adjusts quenching factors to reproduce NME 

• QRPA 

• Adjusts particle-particle interaction to reproduce NME 

• IBM etc. 

• Use closure approximation with proper closure energy to 
reproduce NME

5



BACKGROUND

• In this sense, 2νββ spectra 
poses more severe constraints 
on theoretical studies 

• And could rule out certain 
calculations  

• Give us implications for 
certain calculations

6
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FIG. 2. Running sums of M2ν
GT for 11 nuclei as a function of the

excitation energy of the intermediate nucleus with gA = 0.80 (blue),
gA = 1.00 (red), and gA = 1.27 (black). The IS pairing strength pa-
rameters fIS used for the corresponding calculations are also shown
in the figure.

it is 15 MeV), then a remarkable cancellation appears due
to the negative contributions of higher-lying states, similarly
to the case of the second type. The difference between the
second and third types is how the medium energy states with
5–10 MeV contribute. The cancellation between positive con-
tributions from the low-lying states and negative contributions
from the higher-lying states leads to the realization of SSD for
82Se and 128Te when gA = 1.27, and LLD for 76Ge and 82Se
when gA = 1.00. The negative contributions in the running
sums seem to be universal, and also appear in the results
calculated by the shell model with complete spin-orbit partner
model space [25,64] and QRPA models [23,24,42,43]. Com-
pared to the nuclei of the second and third types, it is noticed

FIG. 3. The 2νββ nuclear matrix elements M2ν
GT for 128Te as a

function of isocalar pairing strength parameter calculated by QRPA
(black square) and QTDA (red circle). The horizontal lines repre-
sent the experimental values with gA = 1.27 (solid) and gA = 1.00
(dashed).

that the IS pairing strength parameters fIS are smaller for the
nuclei of the first type. On the other hand, from Fig. 1, when
increasing gA, the strength of proton-neutron isoscalar pairing
fIS should also be increased to reproduce the experimental
NME. By comparing the running sums of gA = 0.80, 1.00 and
1.27, one can find that when gA is increasing the negative con-
tributions can either be induced, e.g., in 136Xe and 238U, or be
enlarged, e.g., in 82Se, 128Te, and 130Te. Therefore, these two
aspects indicate that the appearance of negative contributions
in the running sums are closely related to the magnitude of
fIS, which controls the amount of ground-state correlations
introduced in QRPA [24]. So, without losing generality, we
will pick 128Te as an example and analyze the mechanism for
the negative contributions of high-lying states at large fIS in
the next subsections.

B. Ground-state correlations: QRPA versus QTDA

As stated above, the negative contributions in the run-
ning sums are related to the ground-state correlations in the
QRPA model. In this subsection, to analyze the effects of
the ground-state correlations, as an example, we compare
the QRPA model and the QTDA (quasiprticle Tamm-Dancoff
approximation) model calculations of the M2ν

GT for 128Te.
Unlike the QRPA model, the ground state of the QTDA model
is the quasiparticle vacuum with no ground-state correlation,
that is without the backward amplitude Yπν term. In Fig. 3,
the evolutions of M2ν

GT as a function of IS pairing strength
fIS from QRPA and QTDA models are shown. These two
results are different from each other. The M2ν

GT calculated by
QTDA model monotonically increases with increasing fIS and
is systematically larger than that from the QRPA model. The
latter shows explicitly the suppression effect from the ground-
state correlations. This is consistent with the conclusion of
Ref. [28].

044331-5
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FORMALISM

• Starting from S-matrix theory, one could obtain the 
decay width 

• Where 

•
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percent and will not be taken into consideration, also. The estimation of this effect will 
be discussed at the last paragraph of Appendix D. 

3.2. The (/3/3)zv mode: (A, Z)+2e-+2J7e 
The (/3/3) zv mode can take place within the standard electroweak interaction, so that 

both the right-handed parts and the nucleon recoil terms of the hadronic currents are 
neglected. Similarly to the allowed transition of the single /3 decay, all emitted electrons 
and neutrinos are taken to be in the S -wave. The diagram of the /3/3 transition is shown 
in Fig. 1.2. 

Many theoretical works have been done on the double /3 decay. The (/3/3)zv mode was 
first discussed by Mayer11

> and after 1957, the o+ o+ transition is considered by Primakoff 
and Rosen, 24> Konopinski,62> Doi, Kotani, Nishiura, Okuda and Takasugi,26> Haxton, 
Stephenson and Strottman34

> and Grotz, Klapdor and Metzinger.83
> As for the o+ 2+ 

transition, Molina and Pascual,63> and Doi et al.26 >'21> have shown that it is suppressed in 
comparison with the o+ o+ transition, because of the cancellation among terms involving 
energy denominators. 

The contributions from the pion exchange current, as shown in Fig. 3.1, have never 
been estimated and will not be included in this paper. 

3.2.1. The o+ o+ transition 
The half-life of the transition is expressed as 

a(cl, cz) Mb¥d-( (Ka+La) 1

2

, 

(3·2·1) 
where the constant term azv is 

(3·2·2a) 

Here represents the effect of the neutrino mixing defined by Eq. (B·3·3) in Appendix 
B and shall be taken to be = 1 in practice. The phase space factor dQzv is 

dQzv= m"i 11 Q1QzOh(J)zPIPzclC20(cl +cz+Wl +wz+ Mf- Mi) dwldwzdcldczd(jil· fiz)' 
(3·2·2b) 

where ck and Wk are the energies of the k-th electron and neutrino, respectively, and Mi 
and Mf are the masses of the parent and daughter nuclei. The Coulomb correction 

e- y e- V e- e- JI e e 

nl !/ v > PI nl 
!I I! nl 

nO\,y no'"\f v + + ,n ,n 
n2 p2 n2 f p2 

n3 

'/7Jll/_/_Lll_L/L/ 
(a) (b) 

Fig. 3.1. The pion exchange mechanism for the ((3(3) zv mode. 

Constant
Electron w.f.

Nuclear part

Kinetic term
§3. The /3/3 decay in the 2n-mechanism 43 

a(cl, cz) is defined in Eq. (B·3·6), but can be estimated within the approximation in Eq. 
(3·1·24) by 

(3·2·2c) 

where Fo(Z, c) defined in Eq. (3·1·25) is the square of the ratio of relativistic S-wave 
scattering solution for a point charge Z to a plane wave evaluated at the nuclear surface. 
The combinations of energy denominators appeared in the second order perturbation are 

(3·2·2d) 

where 

(3·2·3) 

Ea being the energy of the intermediate nucleus (Na). In Eq. (3·2·1), we neglected the 
small terms proportional to the difference, IKa- Lal::S10-2(Ka+ La), cf. Eqs. (B·3·5) and 
(B·3·10) in Appendix B. 

The reduced nuclear matrix element due to the successive Fermi transitions is 

(3·2·4a) 

and the other for the double Gamow-Teller transitions is 

(3·2·4b) 

The definition of the reduced matrix element is written in Eq. (B·1·5) of Appendix B to 
avoid the confusion: The minus sign in the definition Mb2fd is introduced so that by the 
closure property, we have 

(3·2·5) 

The derivation of the decay rate and the angular correlation between two electrons 
are given in Eq. (B · 3 ·1) of Appendix B. 

Since the energy denominators Ka and La depend on the energies of electrons and 
neutrinos, it is difficult to take the sum of. all allowed intermediate nuclear states before 
the phase space -integration is performed: That is, the phase space integration is made 
for each intermediate states, and is rather time consuming procedure. However, there is 
a good approximation to bypass At first, we observe that due to the phase space 
factor, the energy spectrum has a peak at (cl- me)"'"' (cz- me)"'"' Oh"" Wz"" ( Tme) /4, where 
Tme is the maximum kinetic energy release, 

(3·2·6) 

Then we can take (ck+wl-ck'-wt') as a good approximation and thus we find 

(3. 2· 7) 

Now Ka and La are independent of energies of electrons and neutrinos, and the sum of a 
can be taken without conflicting with the phase space integration. The error of the above 
approximation is the order of [(ck+ wl- ck'- Wt') luameF. With these considerations, we 
find the following formula, 
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FORMALISM

• Equal lepton energy approximation（ELEA）: 

• The nuclear and lepton parts can now be separated by inserting  

• With 

• And  

• Finally
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ϵ1 − me = ϵ2 − me = ω1 = ω2 = Q/4

Ã = Q /2 + ⟨EN⟩ − EI
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FIG. 2. (Color online) Electron radial wave functions g−1(ϵ, r), f−1(ϵ, r) (left panel) and f1(ϵ, r), g1(ϵ, r) (right panel) for Zd = 62,
ϵ = 2.0 MeV, and R = 6.38 fm (vertical line). The notations WF1, WF2, and WF3 correspond to leading finite-size Coulomb, exact finite-size
Coulomb, and exact finite-size Coulomb with electron screening, respectively.

especially at the origin. However, the screening correction is
only of order α relative to the Coulomb potential and the
error on this small correction is therefore negligible. (A better
method would be to do an atomic Hartree-Fock calculation
and then fit the result to the expansion

V (r) = [−Zd (αh̄c)/r]
∑

i

ai exp(−bix), (19)

where x = r/b as in Eq. (15). However, it has been shown in
single-β decay that this method gives results comparable to the
Thomas-Fermi approximation [19], except in very light nuclei,
Z ! 8, which we do not discuss here.) We also do not consider
radiative corrections to the phase-space factors, which are of
order α3 and thus negligible to the order of approximation we
consider here.

In order to show the improvement in our calculation as
compared with the approximate solution used in the literature
we show in Fig. 2 a comparison of the radial wave functions
for 150Nd decay, Zd = 62, at ϵ = 2.0 MeV.

III. PHASE-SPACE FACTORS IN DOUBLE-β DECAY

A. Two-neutrino double-β decay

The 2νββ decay [Fig. 1(a)] is a second-order process in
the effective weak interaction. It can be calculated in a way
analogous to single-β decay. Neglecting the neutrino mass,

considering only S-wave states, and noting that with four
leptons in the final state we can have angular momentum 0, 1,
and, 2, we see that both 0+ → 0+ and 0+ → 2+ decays can
occur. We denote by Qββ the Q value of the decay, by EN the
excitation energy in the intermediate nucleus, and by Ã the
excitation energy with respect to the average of the initial and
final ground states,

Ã = 1
2W0 + EN − EI = 1

2 (Qββ + 2mec
2) + EN − EI . (20)

The situation is illustrated in Fig. 3.

1. 0+ → 0+
1 2νββ decay

The differential rate for the 0+ → 0+
1 2νββ decay is given

by ( [9–13,21])

dW2ν = (a(0) + a(1) cos θ12)w2νdω1dϵ1dϵ2d(cos θ12), (21)

where ϵ1 and ϵ2 are the electron energies, ω1 and ω2 are the
neutrino energies, θ12 is the angle between the two emitted
electrons, and

w2ν = g4
A(G cos θC)4

64π7h̄
ω2

1ω
2
2(p1c)(p2c)ϵ1ϵ2. (22)

The quantities a(0) and a(1) are a sum of the contributions of
all the intermediate states and depend on the energy EN of the
intermediate state in the odd-odd nucleus and on the nuclear
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FIG. 3. Notation used in this paper. The example is for 150Nd
decay.

matrix elements M2ν . Introducing the short-hand notation

⟨KN ⟩ = 1
ϵ1 + ω1 + ⟨EN ⟩ − EI

+ 1
ϵ2 + ω2 + ⟨EN ⟩ − EI

,

(23)

⟨LN ⟩ = 1
ϵ1 + ω2 + ⟨EN ⟩ − Ei

+ 1
ϵ2 + ω1 + ⟨EN ⟩ − EI

,

where ⟨EN ⟩ is a suitably chosen excitation energy in the odd-
odd nucleus, one can write [13], to a good approximation,

a(0) = 1
4f

(0)
11 |M2ν |2Ã2

[
(⟨KN ⟩ + ⟨LN ⟩)2 + 1

3 (⟨KN ⟩− ⟨LN ⟩)2
]
,

(24)

a(1) = 1
4f

(1)
11 |M2ν |2Ã2

[
(⟨KN ⟩ + ⟨LN ⟩)2 − 1

9 (⟨KN ⟩− ⟨LN ⟩)2
]
,

where M2ν are the nuclear matrix elements and f
(0)
11 and f

(1)
11

are products of radial wave functions. Since Eq. (24) is an
approximation to the exact expression, which is, however, of
crucial importance for the separation of the decay probability
into a phase-space factor and a nuclear matrix element, we
have investigated the dependence of a(0) and a(1) on the
energy ⟨EN ⟩. Since ⟨EN ⟩ appears both in the denominator of
Eq. (24) through ⟨KN ⟩ and ⟨LN ⟩ and in the numerator through
Ã2 = [W0/2 + ⟨EN ⟩ − EI ]2, the dependence on ⟨EN ⟩ cancels
almost completely, as already remarked years ago by Tomoda
[13] and as will be shown by explicit calculation in the
following paragraphs.

The functions f
(0)
11 and f

(1)
11 are defined as

f
(0)
11 = |f −1−1|2 + |f11|2 + |f −1

1|2 + |f1
−1|2,

(25)
f

(1)
11 = −2Re[f −1−1f ∗

11 + f −1
1f1

−1∗].

with

f −1−1 = g−1(ϵ1)g−1(ϵ2),

f11 = f1(ϵ1)f1(ϵ2),
(26)

f −1
1 = g−1(ϵ1)f1(ϵ2),

f1
−1 = f1(ϵ1)g−1(ϵ2).

The functions g−1(ϵ) and f1(ϵ) are obtained from the electron
wave functions. We have used several ways to obtain g−1(ϵ)

and f1(ϵ) following an approach similar to that used in single-β
decay. We write

g−1(ϵ) =
∫ ∞

0
w(r)g−1(ϵ, r)r2dr,

(27)
f1(ϵ) =

∫ ∞

0
w(r)f1(ϵ, r)r2dr.

In approximation (I) we use the weighing function w(r) =
δ(r − R)/r2 in which case

g−1(ϵ) = g−1(ϵ, R),
(I) (28)

f1(ϵ) = f1(ϵ, R);

that is, the electron wave functions are evaluated at the nuclear
radius r = R. This is the simplest approximation and is
commonly used in single-β decay. We adopt it in this paper. In
approximation (II) we use the weighing function w(r) = 3/R3

for r ! R and w(r) = 0 for r > R (a uniform distribution of
radius R). This is not a good approximation, since the inner
states cannot decay due to Pauli blocking and the decay occurs
at the surface of the nucleus. Nevertheless, it is sometimes
used. It essentially amounts to an evaluation of g−1(ϵ) and
f1(ϵ) at a radius r =

√
3R/

√
5, as one can show by explicitly

Β

FIG. 4. (Color online) (a) Skeleton of the 110Pd decay scheme.
The ground state of the intermediate 110Ag nucleus is 1+, lead-
ing to the lowest possible value for EN to be E1+

1
= 0.0 MeV.

(b) Behavior of the phase-phase factor G
(0)
2ν as a function of Ã.

The value obtained using the single-state dominance hypothesis,
Ã = 1.893 MeV, is denoted by a red circle and the value obtained
using Ã = 1.12 × 1101/2 MeV = 11.75 MeV is denoted by a blue
square.
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FIG. 8. (Color online) Same as Fig. 6 but for the 150Nd →150Sm 2νββ decay. The figure also shows the difference between our “exact”
calculation and the previously used approximate calculation.

We can evaluate the phase-space factors G
(i)
2ν for any value

⟨EN ⟩. The dependence of G
(0)
2ν on Ã = (Qββ + 2mec

2)/2 +
⟨EN ⟩ − EI is shown in Fig. 4(b) for the specific case of 110Pd
decay. We see that G

(0)
2ν depends mildly on Ã (<1%) except

very close to threshold ⟨EN ⟩ = 0, where the dependence is
∼7%. A similar situation occurs for G

(1)
2ν . We have done a

calculation of G
(0)
2ν and G

(1)
2ν in the list of nuclei shown in Table I

with Ã from Ref. [21] or estimated by the systematics Ã =
1.12A1/2 MeV, which approximately represents the energy of
the giant Gamow-Teller (GT) resonance in the intermediate
odd-odd nucleus. The obtained G

(0)
2ν values are also shown in

Fig. 5, where they are compared with previous calculations
[22]. These values of Ã are those estimated in the closure
approximation and should be combined with the closure matrix
elements

M2ν ≃
(

gV

gA

)2 MF
2ν

ÃF
− MGT

2ν

ÃGT
, (41)

where MF
2ν = ⟨0+

F |
∑

nn′ τnτn′ |0+
I ⟩ and MGT

2ν =
⟨0+

F |
∑

nn′ τnτn′ σ⃗n · σ⃗n′ |0+
I ⟩. Here ÃF is the closure energy for

0+ states in the odd-odd intermediate nucleus and it can be
approximately taken as the energy of the isobaric analog state.

In recent years, it has been suggested that, in some
nuclei, the lowest 1+ intermediate state dominates the decay.

FIG. 9. (Color online) Single-electron spectra for the 110Pd →
110Cd 2νββ decay obtained using the two approximations discussed
in the text, namely, the closure approximation and the single-state
dominance hypothesis. The scale should be multiplied by N2ν when
comparing with experiment.

This is called the single-state dominance hypothesis (SSD)
[23–27]. This situation is likely to occur in 96Zr, 100Mo, 110Pd,
and 116Cd, where protons occupy mostly the 1g9/2 level and
neutrons mostly the 1g7/2 level, and in 128Te, where protons
occupy mostly the 2d5/2 level and neutrons mostly the 2d3/2
level, which are spin-orbit partners of each other. In the SSD
model the energy ⟨EN ⟩ is that of the single state, ⟨EN ⟩ = E1+

1
.

We have done a calculation of G
(0)
2ν and G

(1)
2ν for the nuclei

mentioned above in the SSD case. This is also shown in Table I
in columns 3 and 5. In this case, G

(0)
2ν and G

(1)
2ν should be

combined with the matrix elements

MGT
2ν = ⟨0+

F ||τ+σ⃗ ||1+
1 ⟩⟨1+

1 ||τ+σ⃗ ||0+
I ⟩

1
2 (Qββ + 2mec2) + E1+

1
− EI

. (42)

Finally, using our program, one can evaluate the sum
∑

N

G
(i)
2ν,N

⟨0+
F ||τ+σ⃗ ||1+

N ⟩⟨1+
N ||τ+σ⃗ ||0+

I ⟩
1
2 (Qββ + 2mec2) + EN − EI

(43)

if the individual GT matrix elements are known from a
calculation, and we can evaluate a similar sum for Fermi matrix
elements. In this case, there is no separation between 2νββ
phase-space factors and nuclear matrix elements.

We also have available upon request for all nuclei in
Table I the single-electron spectra, summed energy spectra, and
angular correlations between the two outgoing electrons. As
examples we show the cases of 136Xe →136Ba decay (Fig. 6)
of very recent interest to the Enriched Xenon Observatory
(EXO) experiment [35] and the case of 82Se →82Kr (Fig. 7) of
interest to the Neutrino Ettore Majorana Observatory (NEMO)
experiment [36]. The use of our “exact” calculation makes a
considerable difference, as shown in Fig. 8. For the SSD case
there is a difference in the single-electron spectra at small
energies ϵ1, as is shown in Fig. 9 for 110Pd and previously
emphasized in Refs. [26,27].

2. 0+ → 0+
2 2νββ decay

The decay to the excited 0+ state, 0+
2 (Fig. 3), is also of inter-

est. The phase-space factor for this decay can be calculated us-
ing the formulas of the previous section, with Qββ replaced by

Qββ − Ex(0+
2 ) = Qββ(0+

2 ). (44)

The results of this calculation are shown in Table II.

034316-7

Kotila et al. PRC85,034316(2012)

J. KOTILA AND F. IACHELLO PHYSICAL REVIEW C 85, 034316 (2012)

FIG. 6. Single-electron spectra (left panel), summed energy spectra (middle panel), and angular correlations between two outgoing electrons
(right panel) for the 136Xe →136Ba 2νββ decay. The scale in the left and middle panels should be multiplied by N2ν when comparing with
experiment.

This approximation has the disadvantage that it must be done
separately for each nucleus. Since in this paper we are seeking
greater generality and do not wish to make a commitment to
definite nucleonic orbitals, we make use of approximation (I).
However, our computer program is written in such way as to
allow the possibility of using Eq. (30) instead of Eq. (28).
Also in Sec. IV we study in a specific case, 110Pd, where the
transition is between 1g9/2 and 1g7/2 orbitals, the error we
make by using Eq. (28) instead of Eq. (30).

All quantities of interest are obtained by integration of
Eq. (21). In the approximation described above, all quantities
are separated into a phase-space factor (independent of nuclear
matrix elements) and the nuclear matrix elements. The two
phase-space factors are

F
(0)
2ν = 2Ã2

3 ln 2

∫ Qββ+mec
2

mec2

∫ Qββ+mec
2−ϵ1

mec2

∫ Qββ−ϵ1−ϵ2

0
f

(0)
11

× (⟨KN ⟩2 + ⟨LN ⟩2 + ⟨KN ⟩⟨LN ⟩)w2νdω1dϵ2dϵ1,

(34)

F
(1)
2ν = 2Ã2

9 ln 2

∫ Qββ+mec
2

mec2

∫ Qββ+mec
2−ϵ1

mec2

∫ Qββ−ϵ1−ϵ2

0
f

(1)
11

× [2(⟨KN ⟩2 + ⟨LN ⟩2) + 5⟨KN ⟩⟨LN ⟩]w2νdω1dϵ2dϵ1,

(35)

where ω2 is determined as ω2 = Qββ − ϵ1 − ϵ2 − ω1. It has
become customary to normalize these to the electron mass,
mec

2. Also since the axial vector coupling constant gA is
renormalized in nuclei it is convenient to separate it from
the phase-space factors and define quantities

G
(i)
2ν = F

(i)
2ν

g4
A(mec2)2

. (36)

These quantities are then in units of inverse years. From these,
we obtain (i) the half-life

[
τ 2ν

1/2

]−1 = G
(0)
2ν g4

A|mec
2M2ν |2, (37)

(ii) the differential decay rate

dW2ν

dϵ1
= N2ν

dG
(0)
2ν

dϵ1
, (38)

where N2ν = g4
A|mec

2M2ν |2, (iii) the summed energy spec-
trum of the two electrons,

dW2ν

d(ϵ1 + ϵ2 − 2mec2)
= N2ν

dG
(0)
2ν

d(ϵ1 + ϵ2 − 2mec2)
, (39)

and (iv) the angular correlation between the two electrons,

α(ϵ1) = dG
(1)
2ν /dϵ1

dG
(0)
2ν /dϵ1

. (40)

FIG. 7. Same as Fig. 6 but for the 82Se →82Kr 2νββ decay.
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• Here 
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• With Taylor expansion, one obtains the final expression 

•
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with c2ν = me(Gβm2
e)4/(8π7 ln 2) and

A2ν
0 = 1, A2ν

2 = ε2
K + ε2

L

(2me)2 ,

A2ν
22 = ε2

Kε2
L

(2me)4 , A2ν
4 = ε4

K + ε4
L

(2me)4 . (15)

The products of nuclear matrix elements are given by

M0 =
(
M2ν

GT −1

)2
, M2 = M2ν

GT −1M
2ν
GT −3,

M22 = 1
3

(
M2ν

GT −3

)2
,

M4 = 1
3

(
M2ν

GT −3

)2 + M2ν
GT −1M

2ν
GT −5, (16)

where nuclear matrix elements take the forms

M2ν
GT −1 ≡ M2ν

GT ,

M2ν
GT −3 =

∑

n

Mn

4m3
e

[En − (Ei + Ef )/2]3
,

M2ν
GT −5 =

∑

n

Mn

16m5
e

[En − (Ei + Ef )/2]5
. (17)

By introducing two ratios of nuclear matrix elements,

ξ 2ν
31 =

M2ν
GT −3

M2ν
GT −1

, ξ 2ν
51 =

M2ν
GT −5

M2ν
GT −1

, (18)

the 2νββ-decay half-life,

[
T

2νββ
1/2

]−1
=

(
geff

A

)4∣∣M2ν
GT −1

∣∣2{
G2ν

0 + ξ 2ν
31 G2ν

2

+ 1
3

(
ξ 2ν

31

)2
G2ν

22 +
[ 1

3

(
ξ 2ν

31

)2 + ξ 2ν
51

]
G2ν

4

}
, (19)

is expressed with single NME (M2ν
GT −1) and two ratios of

nuclear matrix elements (ξ 2ν
31 and ξ 2ν

51 ), which have to be
calculated by means of nuclear structure theory, four phase-
space factors (G2ν

0 , G2ν
2 , G2ν

22, and G2ν
4 ), which can be computed

with a good accuracy, and the unknown parameter geff
A .

B. 0νββ-decay rate

The inverse lifetime of the 0νββ decay is commonly
presented as a product of the total lepton number violating
Majorana neutrino mass mββ , the phase-space factor G0ν ,
the nuclear matrix element M ′0ν(geff

A ), and the unquenched
axial-vector coupling constant gA (gA = 1.269) in the fourth
power as follows [3]:

(
T 0ν

1/2

)−1 =
∣∣∣∣
mββ

me

∣∣∣∣
2

g4
A

∣∣∣M ′0ν(
geff

A

)∣∣∣
2
G0ν, (20)

where

G0ν =
G4

βm7
e

32π5R2 ln (2)
1

m5
e

∫ Ei−Ef −me

me

F0(Zf ,Ee1 )

×pe1Ee1F0(Zf ,Ee2 )pe2Ee2dEe1 , (21)

with Ee2 = Ei − Ef − Ee1 , pei
= (E2

ei
− m2

e)1/2 (i = 1,2).
The NME takes the form

M ′0ν(
geff

A

)
= R

2π2g2
A

∑

n

∫
eip·(x−y)

×
⟨0+

f |Jµ†
L (x)|n⟩⟨n|J †

Lµ(y)|0+
i ⟩

p(p + En − Ei−Ef

2 )
d3pd3xd3y.

(22)

We note that the axial-vector geff
A (p2) and induced pseudoscalar

geff
P (p2) form factors of nuclear hadron currents Jµ† are

“renormalized in the nuclear medium.” The magnitude and
origin of this renormalization is the subject of the analysis of
many works, since it tends to increase the 0νββ-decay half-life
in comparison with the case in which this effect is absent
[22,23].

In the derivation of the 0νββ-decay rate in Eq. (20) the stan-
dard approximations were adopted: (i) A factorization of the
phase-space factor and nuclear matrix element was achieved
by an approximation in which electron wave functions were
replaced by their values at the nuclear radius R. (ii) The
dependence on lepton energies in energy denominators of the
0νββ-decay NME was neglected.

Here, we go beyond the approximation (ii). The 0νββ
nuclear matrix element contains a sum of two energy denom-
inators:

1
p0 + En − Ei + Ee1

+ 1
p0 + En − Ei + Ee2

, (23)

where p = (p0, p) is the four-momentum transferred by the
Majorana neutrino [common for all neutrino mass eigenstates,
since the neutrino masses mi can be safely neglected in
p0 = (p⃗ 2 + m2

i )1/2 ≈ |p⃗ | ∼ 100 MeV]. By taking advantage
of the energy conservation Ei = Ef + Ee1 + Ee2 (the effect of
nuclear recoil is disregarded) the approximation was adopted
as follows:

2
(
p0 + En − Ei+Ef

2

)

(
p0 + En − Ei+Ef

2

)2
− ε2

≃ 2

p0 + En − Ei+Ef

2

, (24)

with ε = (Ee1 − Ee2 )/2. A more accurate expression for the
0νββ-decay half-life is achieved by taking into account next
term in the Taylor expansion over the quantity ε2/[p0 + En −
(Ei + Ef )/2]2 in Eq. (24). We end up with

(
T 0ν

1/2

)−1 =
∣∣∣∣
mββ

me

∣∣∣∣
2

g4
A

∣∣∣M ′0ν
1

∣∣∣
2(

G0ν
0 + 2ξ 0ν

31 G0ν
2

)
, (25)

where

G0ν
N =

G4
βm7

e

32π5R2 ln (2)
1

m5
e

∫ Ei−Ef −me

me

A0ν
N F0(Zf ,Ee1 )

×pe1Ee1F0(Zf ,Ee2 )pe2Ee2dEe1 , (26)

with

A0ν
0 = 1, A0ν

2 = ε2/(2me)2. (27)
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on lepton energies from the energy denominators of nuclear
matrix elements, which has been neglected until now. In
addition, a possibility to determine the effective axial-vector
coupling constant geff

A is proposed.

II. IMPROVED FORMALISM FOR DESCRIPTION
OF DOUBLE-BETA DECAY

In what follows we present improved formulas for the 2νββ-
and 0νββ-decay half-lives in which the effect of the lepton
energies in the energy denominator of NMEs is taken into
account.

A. 2νββ-decay rate

The inverse half-life of the 2νββ-decay transition to the 0+

ground state of the final nucleus takes the form
[
T 2ν

1/2

]−1 = me

8π7 ln 2

(
Gβm2

e

)4(
geff

A

)4
I 2ν, (4)

where Gβ = GF cos θC (GF is Fermi constant and θC is the
Cabibbo angle), me is the mass of the electron, and

I 2ν = 1
m11

e

∫ Ei−Ef −me

me

F0(Zf ,Ee1 )pe1Ee1dEe1

×
∫ Ei−Ef −Ee1

me

F0(Zf ,Ee2 )pe2Ee2dEe2

×
∫ Ei−Ef −Ee1 −Ee2

0
E2

ν1
E2

ν2
A2νdEν1 . (5)

Here, Eν2 = Ei − Ef − Ee1 − Ee2 − Eν1 due to energy con-
servation. Ei , Ef , Eei

[Eei
= (p2

ei
+ m2

e)1/2], and Eνi
(i =

1,2) are the energies of initial and final nuclei, electrons,
and antineutrinos, respectively. F (Zf ,Eei

) denotes relativistic
Fermi function and Zf = Z + 2. A2ν consists of products of
the Gamow–Teller nuclear matrix elements (we neglect the
contribution from the double Fermi transitions to the 2νββ-
decay rate), which depends on lepton energies [5]:

A2ν =
[

1
4

∣∣MK
GT + ML

GT

∣∣2 + 1
12

∣∣MK
GT − ML

GT

∣∣2
]
,

where

MK,L
GT = me

∑

n

Mn

En − (Ei + Ef )/2
[En − (Ei + Ef )/2]2 − ε2

K,L

, (6)

with

Mn = ⟨0+
f |

∣∣∣∣∣
∑

m

τ−
m σm

∣∣∣∣∣|1
+
n ⟩⟨1+

n |
∣∣∣∣∣
∑

m

τ−
m σm

∣∣∣∣∣|0
+
i ⟩. (7)

Here, |0+
i ⟩, |0+

f ⟩ are the 0+ ground states of the initial and final
even-even nuclei, respectively, and |1+

n ⟩ are all possible states
of the intermediate nucleus with angular momentum and parity
J π = 1+ and energy En(1+). The lepton energies enter in the
factors

εK = (Ee2 + Eν2 − Ee1 − Eν1 )/2,

εL = (Ee1 + Eν2 − Ee2 − Eν1 )/2. (8)

The maximal value of |εK | and |εL| is half of the Q value
of the process [εK,L ∈ (−Q/2,Q/2)]. For 2νββ-decay with

energetically forbidden transitions to an intermediate nucleus
(En − Ei > −me) the quantity En − (Ei + Ef )/2 = Q/2 +
me + (En − Ei) is always larger than half of the Q value.

The calculation of the 2νββ-decay probability is usually
simplified by an approximation

MK,L
GT ≃ M2ν

GT = me

∑

n

Mn

En − (Ei + Ef )/2
, (9)

which allows a separate calculation of the phase-space factor
and nuclear matrix element.

The calculation of M2ν
GT requires us to evaluate explicitly

the matrix elements to and from the individual |1+
n ⟩ states in

the intermediate odd-odd nucleus. In the IBM calculation of
this matrix element [20], the sum over virtual intermediate
nuclear states is completed by closure after replacing En −
(Ei + Ef )/2 by some average value Eav:

M2ν
GT ≃ me

Eav

M2ν
GT −cl, (10)

with

M2ν
GT −cl = ⟨0+

f |
∑

m,n

τ−
m τ−

n σ⃗m · σ⃗n|0+
i ⟩. (11)

The validity of the closure approximation is as good as the
guess about the average energy to be used. This approximation
might be justified, e.g., in the case there is a dominance of
transition through a single state of the intermediate nucleus
[21].

We get a more accurate expression for the 2νββ-decay
rate by performing the Taylor expansion in matrix elements
MK,L

GT over the ratio εK,L/[En − (Ei + Ef )/2]. By limiting
our consideration to the fourth power in ε we obtain

[
T 2ν

1/2

]−1 ≡ (2ν

ln (2)
≃ (2ν

0 + (2ν
2 + (2ν

4

ln (2)
, (12)

where partial contributions to the full 2νββ-decay width (2ν

associated with the leading (2ν
0 , next-to-leading (2ν

2 , and next-
to-next-to-leading (2ν

4 orders in the Taylor expansion are given
by

(2ν
0

ln (2)
=

(
geff

A

)4M0G
2ν
0 ,

(2ν
2

ln (2)
=

(
geff

A

)4M2G
2ν
2 ,

(2ν
4

ln (2)
=

(
geff

A

)4(M4G
2ν
4 + M22G

2ν
22

)
. (13)

The phase-space factors are defined as

G2ν
N = c2ν

m11
e

∫ Ei−Ef −me

me

F0(Zf ,Ee1 )pe1Ee1dEe1

×
∫ Ei−Ef −Ee1

me

F0(Zf ,Ee2 )pe2Ee2dEe2

×
∫ Ei−Ef −Ee1 −Ee2

0
E2

ν1
E2

ν2
A2ν

N dEν1 (N = 0,2,4,22),

(14)

034315-2

FEDOR ŠIMKOVIC et al. PHYSICAL REVIEW C 97, 034315 (2018)

on lepton energies from the energy denominators of nuclear
matrix elements, which has been neglected until now. In
addition, a possibility to determine the effective axial-vector
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) denotes relativistic
Fermi function and Zf = Z + 2. A2ν consists of products of
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Here, |0+
i ⟩, |0+

f ⟩ are the 0+ ground states of the initial and final
even-even nuclei, respectively, and |1+

n ⟩ are all possible states
of the intermediate nucleus with angular momentum and parity
J π = 1+ and energy En(1+). The lepton energies enter in the
factors
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εL = (Ee1 + Eν2 − Ee2 − Eν1 )/2. (8)

The maximal value of |εK | and |εL| is half of the Q value
of the process [εK,L ∈ (−Q/2,Q/2)]. For 2νββ-decay with

energetically forbidden transitions to an intermediate nucleus
(En − Ei > −me) the quantity En − (Ei + Ef )/2 = Q/2 +
me + (En − Ei) is always larger than half of the Q value.

The calculation of the 2νββ-decay probability is usually
simplified by an approximation
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[21].
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with c2ν = me(Gβm2
e)4/(8π7 ln 2) and

A2ν
0 = 1, A2ν

2 = ε2
K + ε2

L

(2me)2 ,

A2ν
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L
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The products of nuclear matrix elements are given by
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where nuclear matrix elements take the forms
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By introducing two ratios of nuclear matrix elements,
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GT −5
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the 2νββ-decay half-life,
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}
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is expressed with single NME (M2ν
GT −1) and two ratios of

nuclear matrix elements (ξ 2ν
31 and ξ 2ν

51 ), which have to be
calculated by means of nuclear structure theory, four phase-
space factors (G2ν

0 , G2ν
2 , G2ν

22, and G2ν
4 ), which can be computed

with a good accuracy, and the unknown parameter geff
A .

B. 0νββ-decay rate

The inverse lifetime of the 0νββ decay is commonly
presented as a product of the total lepton number violating
Majorana neutrino mass mββ , the phase-space factor G0ν ,
the nuclear matrix element M ′0ν(geff

A ), and the unquenched
axial-vector coupling constant gA (gA = 1.269) in the fourth
power as follows [3]:
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where
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with Ee2 = Ei − Ef − Ee1 , pei
= (E2
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− m2

e)1/2 (i = 1,2).
The NME takes the form
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2 )
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(22)

We note that the axial-vector geff
A (p2) and induced pseudoscalar

geff
P (p2) form factors of nuclear hadron currents Jµ† are

“renormalized in the nuclear medium.” The magnitude and
origin of this renormalization is the subject of the analysis of
many works, since it tends to increase the 0νββ-decay half-life
in comparison with the case in which this effect is absent
[22,23].

In the derivation of the 0νββ-decay rate in Eq. (20) the stan-
dard approximations were adopted: (i) A factorization of the
phase-space factor and nuclear matrix element was achieved
by an approximation in which electron wave functions were
replaced by their values at the nuclear radius R. (ii) The
dependence on lepton energies in energy denominators of the
0νββ-decay NME was neglected.

Here, we go beyond the approximation (ii). The 0νββ
nuclear matrix element contains a sum of two energy denom-
inators:

1
p0 + En − Ei + Ee1

+ 1
p0 + En − Ei + Ee2

, (23)

where p = (p0, p) is the four-momentum transferred by the
Majorana neutrino [common for all neutrino mass eigenstates,
since the neutrino masses mi can be safely neglected in
p0 = (p⃗ 2 + m2

i )1/2 ≈ |p⃗ | ∼ 100 MeV]. By taking advantage
of the energy conservation Ei = Ef + Ee1 + Ee2 (the effect of
nuclear recoil is disregarded) the approximation was adopted
as follows:

2
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≃ 2
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, (24)

with ε = (Ee1 − Ee2 )/2. A more accurate expression for the
0νββ-decay half-life is achieved by taking into account next
term in the Taylor expansion over the quantity ε2/[p0 + En −
(Ei + Ef )/2]2 in Eq. (24). We end up with
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a very precise description for decay half-lives, but relies on a hand-insert Ã description for the electron spectra.
This then brings along two kind of choices of the Ã: the Single-State-Dominance (SSD) and the High-lying State
Dominance (HSD) hypotheses. The former assumes that the decay strength is brought by the first 1+ intermediate
states predominantly, while the latter suggests these strength comes from the transition through the high-lying states
mostly near the giant resonance. However, this approximation is hard to deal with the cases where several states
compete with each other as we shall see.

By using an Taylor expansion over the lepton energies, [1] goes beyond above approximation, K
N

and L
N

for the
Nth excited state are now expressed as:
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Substitute K and L into the expression of eq.(3), one obtain the more precise expression [1]. By integrating over

the lepton momenta and keeping the contributions up to sub-leading order, we have:
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2 is

also given in[1]. This approach doesn’t need an artificial Ã , but needs the inputs from nuclear structure calculations.
In some case, it could give us very precise description of the spectra. In one word, this method gives a parametrized
description for the electron spectra beyond the simplest approximations.

Above two expressions are all approximations of the exact expression [eq.(11)]. We will discuss in subsequent
sections about the reliability of these expressions.

III. RESULTS AND DISCUSSION

As we have shown above, the numerical calculations involve two parts, the lepton part and the nuclear part. The
electron wave functions are solutions of Dirac equations under nuclear static electric potentials. In current study,
the Dirac equations are solved numerically with the package RADIAL[16]. The input of the subroutines – the static
Coulomb potential is obtained by assuming an uniformly distributed nuclear charge with charge radius being the
empirical nuclear radius.

For the nuclear part, as we have stated above, two approaches, NSM and QRPA, are used respectively. In this
study we investigate the spectra of three nuclei: 82Se, 100Mo and 136Xe. And NSM is applicable for 82Se and 136Xe,
for the former nucleus, we adopt the jj44 model space which consists of 4 levels: 0f5/2, 1p3/2, 1p1/2 and 0g9/2 for both
neutrons and protons, while for the latter nucleus, we use the jj55 model space: 0g7/2, 1d5/2, 2s1/2, 1d3/2, 0h11/2, for
both neutrons and protons. These model spaces are severely truncated, especially the spin-orbit partner of several
important orbitals are missing, therefore the Ikeda sumrule is severely violated. For these model spaces, a drastic
quenching on the transition strength may be needed. For 2⌫��, this is usually done with the treatment in [10] by
comparing the calculated NMEs with the experimental ones. For 82Se, we use two interactions, namely jun45[17]
and jj44b[18]. While for 136Xe, jj55a[19] is adopted.

For the QRPA part, we use the nuclear wave functions solved from Schrödinger equations with Coulomb corrected
Woods-Saxon potential. The quasi-particles are obtained from BCS theory with residue interactions of realistic
CD-Bonn force. The same interaction is used to obtain the pn-QRPA phonons.

For the experimental data, for 82Se[5, 6] and 100Mo[7], we have only qualitative conclusions which strongly prefer
the SSD especially for the latter. However, for 136Xe, quantitative analysis is available, which rules out the SSD at
the C. L. of 97%. These data can now be used to constrain the many-body calculations in many aspects, such as
as those suggested in [15] to measure the quenching of g

A

. And also in this work, we want to show, these data can
also be used as verifications for nuclear many-body approaches, and benchmark various many-body models and revel
more details about the decay such as the existence of cancellation to decay strength from high-lying states.

The numerical treatment described in above section has been used in [8] and their QRPA calculations with Skyrme
interactions for 100Mo, 116Cd and 130Te, suggest that the calculated spectra is close to HSD, this somehow contradicts
recent measurements for 100Mo[7]. Meanwhile, the Shell Model calculations for these nuclei show di↵erent trends and
the strength sums up as energy increases, this is observed especially for 82Se, and the 2⌫�� NME seems to converge at
energies around 6� 7 MeV. However, the running sum for 48Ca is quite di↵erent[20], an obvious cancellation at high
energy is observed as commonly observed in QRPA calculations[21, 22]. This is due to the fact that for 48Ca case, a
spin-orbit partner complete model space is used and the cancellation is most probably coming from the transitions
between spin-orbit partner orbitals. Next we will give detailed studies for each nucleus.
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also given in[1]. This approach doesn’t need an artificial Ã , but needs the inputs from nuclear structure calculations.
In some case, it could give us very precise description of the spectra. In one word, this method gives a parametrized
description for the electron spectra beyond the simplest approximations.

Above two expressions are all approximations of the exact expression [eq.(11)]. We will discuss in subsequent
sections about the reliability of these expressions.

III. RESULTS AND DISCUSSION

As we have shown above, the numerical calculations involve two parts, the lepton part and the nuclear part. The
electron wave functions are solutions of Dirac equations under nuclear static electric potentials. In current study,
the Dirac equations are solved numerically with the package RADIAL[16]. The input of the subroutines – the static
Coulomb potential is obtained by assuming an uniformly distributed nuclear charge with charge radius being the
empirical nuclear radius.

For the nuclear part, as we have stated above, two approaches, NSM and QRPA, are used respectively. In this
study we investigate the spectra of three nuclei: 82Se, 100Mo and 136Xe. And NSM is applicable for 82Se and 136Xe,
for the former nucleus, we adopt the jj44 model space which consists of 4 levels: 0f5/2, 1p3/2, 1p1/2 and 0g9/2 for both
neutrons and protons, while for the latter nucleus, we use the jj55 model space: 0g7/2, 1d5/2, 2s1/2, 1d3/2, 0h11/2, for
both neutrons and protons. These model spaces are severely truncated, especially the spin-orbit partner of several
important orbitals are missing, therefore the Ikeda sumrule is severely violated. For these model spaces, a drastic
quenching on the transition strength may be needed. For 2⌫��, this is usually done with the treatment in [10] by
comparing the calculated NMEs with the experimental ones. For 82Se, we use two interactions, namely jun45[17]
and jj44b[18]. While for 136Xe, jj55a[19] is adopted.

For the QRPA part, we use the nuclear wave functions solved from Schrödinger equations with Coulomb corrected
Woods-Saxon potential. The quasi-particles are obtained from BCS theory with residue interactions of realistic
CD-Bonn force. The same interaction is used to obtain the pn-QRPA phonons.

For the experimental data, for 82Se[5, 6] and 100Mo[7], we have only qualitative conclusions which strongly prefer
the SSD especially for the latter. However, for 136Xe, quantitative analysis is available, which rules out the SSD at
the C. L. of 97%. These data can now be used to constrain the many-body calculations in many aspects, such as
as those suggested in [15] to measure the quenching of g

A

. And also in this work, we want to show, these data can
also be used as verifications for nuclear many-body approaches, and benchmark various many-body models and revel
more details about the decay such as the existence of cancellation to decay strength from high-lying states.

The numerical treatment described in above section has been used in [8] and their QRPA calculations with Skyrme
interactions for 100Mo, 116Cd and 130Te, suggest that the calculated spectra is close to HSD, this somehow contradicts
recent measurements for 100Mo[7]. Meanwhile, the Shell Model calculations for these nuclei show di↵erent trends and
the strength sums up as energy increases, this is observed especially for 82Se, and the 2⌫�� NME seems to converge at
energies around 6� 7 MeV. However, the running sum for 48Ca is quite di↵erent[20], an obvious cancellation at high
energy is observed as commonly observed in QRPA calculations[21, 22]. This is due to the fact that for 48Ca case, a
spin-orbit partner complete model space is used and the cancellation is most probably coming from the transitions
between spin-orbit partner orbitals. Next we will give detailed studies for each nucleus.

SSD: Single State Dominance 
HSD: High-lying State Dominance
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(a) Enrichment Run 1 Foils
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(b) Enrichment Run 2 Foils

Fig. 6 Energy distribution of individual electrons in the ββ channel
for foils from each enrichment run, showing a comparison of the data
to the predicted spectrum from MC. The two electrons in each event
are entered separately into this distributions. The higher level of 234mPa

contamination in the run 2 foils leads to a larger contribution from the
internal backgrounds. These foils are removed from the 2νββ analysis
due to poor modelling of this isotope (see text)

Data (2050)
External BGs
Radon BGs
Internal BGs

 Signalββν2

Se (Run 1) - 464 g, 5.25 y82NEMO-3 - 

 / ndf = 35.32 / 162χ
S/B = 6.1

 N
o.

 E
le

ct
ro

ns
 / 

0.
1 

M
eV

20

40

60

80

100

120

140

160

180

200

 / MeVeE
0 0.5 1 1.5 2 2.5

D
at

a/
M

C

0.5

1

1.5

(a) Higher-state Dominated (HSD)
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(b) Single-state Dominated (SSD)

Fig. 7 Energy distribution of individual electrons in the ββ chan-
nel for foils from enrichment run 1, after removing events where
ΣEe < 1.6 MeV to reduce the effect of contamination by 234mPa.
The data are compared to the predicted spectrum from MC under the

HSD and SSD hypotheses. There is good agreement between the data
and SSD hypothesis (χ2/ndf = 12.3/16), but the HSD hypothesis is
disfavoured (χ2/ndf = 35.3/16)

with the 234mPa conversion electron branching ratios, the
individual electron energy distributions for the HSD and
SSD models were compared to data after applying a cut on
the sum of the electron energy of Etot > 1.6 MeV. This

reduces the contamination from 234mPa to below 2%. Fig-
ure 7 shows a good agreement with data for the SSD hypoth-
esis (χ2/ndf = 12.3/16) while the HSD hypothesis is dis-
favoured (χ2/ndf = 35.3/16) at a level equivalent to 2.1σ .
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Fig. 5 Two-electron events. Energy sum and cosine of the angle between the two electrons for HSD model
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Fig. 6 Distribution of individual electron kinetic energy in the ββ
channel from 100Mo foils compared with MC spectra under the HSD,
SSD and SSD-3 nuclear models. The HSD hypothesis is excluded

(χ2/ndf = 1159/27) while the data are consistent with the SSD and
SSD-3 models (χ2/ndf = 41.5/27 and χ2/ndf = 49.7/27 respec-
tively)
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Fig. 7 Distribution of individual electron kinetic energy in the ββ
channel from 100Mo foils with the cut on the summed electron energy
ESUM > 1.4 MeV to maximise the signal-to-background ratio. The
data are compared with MC spectra under the HSD, SSD and SSD-3

nuclear models. The HSD hypothesis is excluded (χ2/ndf = 1508/27)
while the data are consistent with the SSD and SSD-3 models (χ2/ndf =
39/27 and χ2/ndf = 30.6/27 respectively)
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We report on data collected between December 11, 2013
and October 27, 2015, which is the same data set analyzed
for the 0νββ search in Ref. [36] with a total live time of
534.5 days. The selection to reduce the background
contributions is the same as in Ref. [36], but we apply a
tightened 2νββ event selection for this work in order to
avoid systematic uncertainties arising from backgrounds.
The fiducial volume for the reconstructed event vertices is
defined as a 1-m-radius spherical shape at the detector
center, which gives a fiducial exposure for this analysis of
ð126.3" 3.9Þ kg yr in 136Xe. We perform a likelihood fit to
the binned energy spectrum of the selected candidates
between 0.8 and 4.8 MeV, tightened relative to the 2νββ
analysis in Ref. [36]. The systematic uncertainties on the
2νββ rate are evaluated identically as in Ref. [36] and are
summarized in Table I.
A detailed energy calibration is essential for the extrac-

tion of ξ2ν31. The energy scale was determined using γ rays
from 60Co, 68Ge, and 137Cs radioactive sources, γ rays from
the capture of spallation neutrons on protons and 12C, and
β þ γ-ray emissions from 214Bi, a daughter of 222Rn (life-
time 5.5 day) that was introduced during the Xe-LS
purification. Uncertainties from the nonlinear energy
response due to scintillator quenching and Cherenkov light
production are constrained by the calibrations. The most
important calibration is the high-statistics 214Bi from the
initial 222Rn distributed uniformly over the Xe-LS volume.
To ensure that the calibration with 214Bi can be applied to
the entire data set, we confirmed that the time variation of
the energy scale is less than 0.5% based on the spectral fit to
the 2νββ decays for each time period. This uncertainty is
reduced relative to the previous analysis [36], and is added
to the energy scale error, which is the dominant error source
for the ξ2ν31 measurement, as discussed later.
The energy spectrum of selected candidate events

between 0.8 and 2.5 MeV together with the best-fit spectral
decomposition is shown in Fig. 1. In the fit, the contribu-
tions from 2νββ and major backgrounds in the Xe-LS, such
as 40K, 210Bi, and the 228Th-208Pb subchain of the 232Th
series are free parameters and are left unconstrained. The
background contribution from 110mAg, which is important
for the 0νββ analysis, is also a free parameter in the fit. The
contributions from the 222Rn-210Pb subchain of the 238U

series, and from 11C and 10C (muon spallation products), as
well as the detector energy response model parameters, are
allowed to vary but are constrained by their independent
estimations [36].
The 2νββ spectrum is computed with Eq. (2), convolved

with the detector response function. It is characterized by
two free parameters: the total 2νββ rate and the ratio of the
matrix elements ξ2ν31. We obtained a best fit of ξ2ν31 ¼
−0.26þ0.31

−0.25 and a 90% confidence level (C.L.) upper limit
of ξ2ν31 < 0.26. The systematic uncertainty on the energy
scale limits the sensitivity of the ξ2ν31 measurement, because
an energy scale shift introduces a shape distortion similar to
the change generated by a nonzero ξ2ν31. The best-fit total
2νββ rate in the Xe-LS mass is 99.7þ1.2

−1.4ðton dayÞ−1.
Figure 2 shows the joint confidence intervals for the
2νββ rate and ξ2ν31, which exhibit only a slight positive
correlation. It indicates that the effect on the total 2νββ rate
estimate by the introduction of the second order contribu-
tion is small. The effect on the 0νββ analysis is also
negligibly small. Considering the systematic uncertainties
in Table I, the 2νββ decay half-life of 136Xe is estimated to
be T2ν

1=2 ¼ 2.23" 0.03ðstatÞ " 0.07ðsystÞ × 1021 yr. This
result is consistent with our previous result based on
phase-II data, T2ν

1=2 ¼ 2.21" 0.02ðstatÞ " 0.07ðsystÞ ×
1021 yr [36], and with the result obtained by EXO-200,

TABLE I. Estimated systematic uncertainties used for the 136Xe
2νββ decay rate measurement.

Source Systematic uncertainty (%)

Fiducial volume 3.0
Enrichment factor of 136Xe 0.09
Xenon mass 0.8
Detector energy scale 0.3
Detection efficiency 0.2
Total 3.1
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FIG. 1. Bottom panel: Observed energy spectrum of selected
2νββ candidates within a 1-m-radius spherical volume (dotted)
drawn together with best-fit backgrounds and the 2νββ decay
spectrum floating the value of ξ2ν31. Top panel: Deviation of the
observed spectrum (dotted) from the best-fit (ξ2ν31 ¼ −0.26). The
lines indicate the expectation for ξ2ν31 ¼ −0.4;−0.2, 0.0, 0.2, 0.4.
The shaded band represents the systematic uncertainty due to the
energy scale error.
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T2ν
1=2 ¼ 2.165" 0.016ðstatÞ " 0.059ðsystÞ × 1021 yr [35].

Our analysis neglects counts from decays to excited states
in 136Ba, for which our shell model calculations predict
T2ν
1=2ð0þgs → 0þ1 Þ > 1026 yr. Even a very conservative half-

life of 8.7 × 1024 yr that assumes the same NME for the
decay to the ground (gs) and excited 0þ states does not
affect our results. This issue might need to be revisited in
the case of an unexpectedly short half-life close to the
present 90% C.L. lower limit of 8.3 × 1023 yr [43]. The
correction to 2νββ decay represented by ξ2ν31 impacts
KamLAND-Zen analyses of spectral distortions, including
extraction of half-lives to excited states as well as searches
for beyond-standard-model physics, such as for Majoron
emission modes. Considering ξ2ν31 as a free parameter, we
find the additional uncertainty comparable to the energy
scale error. Updated spectral analyses will be presented in
future publications.
Theoretical calculations.—We obtain the 2νββ decay

NMEs M2ν
GT and M2ν

GT−3 to compare calculated ξ2ν31
values to the KamLAND-Zen limit. The NMEs are
defined as [40]

M2ν
GT ¼

X

j

h0þf j
P

lσlτ
−
l j1þj ih1þj j

P
lσlτ

−
l j0þi i

Δ
; ð3Þ

M2ν
GT−3 ¼

X

j

4h0þf j
P

lσlτ
−
l j1þj ih1þj j

P
lσlτ

−
l j0þi i

Δ3
; ð4Þ

with energy denominator Δ ¼ ½Ej − ðEi þ EfÞ=2'=me. Ek
is the energy of the nuclear state jJπki with total angular
momentum J and parity π, andme is the electron mass. The
labels i, j, f refer to the initial, intermediate, and final
nuclear states, respectively, while σ is the spin and τ− the
isospin lowering operator.
We perform nuclear shell model calculations in the

configuration space comprising the 0g7=2, 1d5=2, 1d3=2,
2s1=2, and 0h11=2 single-particle orbitals for both neutrons
and protons, using the shell model code NATHAN [44]. We
reproduce M2ν

GT ¼ 0.064 from Ref. [25] with the GCN
interaction [19] and also use the alternative MC interaction
from Ref. [45], which yields M2ν

GT ¼ 0.024. Both inter-
actions have been used in 0νββ decay studies [11,46]. Shell
model NMEs for β and 2νββ decays are typically too large,
due to a combination of missing correlations beyond the
configuration space, and neglected two-body currents in the
transition operator [3]. This is phenomenologically corrected
with a “quenching” factor q, or geffA ¼ qgA. In general, the
quenching that fits GT β decays and ECs in the same mass
region is valid for 2νββ decays as well. Around 136Xe, GT
transitionswithGCNarebest fitwithq ¼ 0.57 [25], andwith
the same adjustment the 136Xe GT strength into 136Cs [10],
available up to energy E≲ 4.5 MeV, is well reproduced
by both interactions. However, the experimental 2νββ half-
life suggests different quenching factors q ¼ 0.42ð0.68Þ
for GCN (MC). The calculations yield M2ν

GT−3 ¼
0.011ð0.0025Þ. We assume a common quenching for M2ν

GT
and M2ν

GT−3 because the shell model reproduces well GT
strengths at low and high energies up to theGTresonance [9].
This gives ratios ξ2ν31 ¼ 0.17 forGCNand ξ2ν31 ¼ 0.10 forMC,
both consistent with the present experimental analysis.
We also perform 2νββ decay QRPA calculations with

partial restoration of isospin symmetry [16]. We consider a
configuration space of 23 single-particle orbitals (the six
lowest harmonic oscillator shells with the addition of the
0i13=2 and 0i11=2 orbitals). We take as nuclear interactions
two different G matrices, based on the charge-dependent
Bonn (CD-Bonn) and the Argonne V18 nucleon-nucleon
potentials. We fix the isovector proton-neutron interaction
imposing the restoration of isospin [16]. Finally, we adjust
the isoscalar neutron-proton interaction to reproduce the
2νββ decay half-life for different values in the range
geffA ≤ gA ¼ 1.269. We obtain the following ranges of
results: M2ν

GT ¼ ð0.011; 0.164Þ, M2ν
GT−3 ¼ ð0.0031; 0.019Þ,

and ξ2ν31 ¼ ð0.11; 0.29Þ for the Argonne potential; and
M2ν

GT ¼ ð0.011; 0.157Þ, M2ν
GT−3 ¼ ð0.0036; 0.018Þ, and

ξ2ν31 ¼ ð0.11; 0.35Þ using the CD-Bonn potential. Except
for the larger ξ2ν31 values, especially with CD-Bonn, most of
the QRPA predictions are consistent with the present
experimental analysis.
Discussion.—Figure 3 shows the effective axial-vector

coupling constant geffA as a function of the matrix element
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FIG. 2. Allowed region for the joint variation of the 136Xe 2νββ
decay rate and the ratio of the matrix elements ξ2ν31 at the 68.3%,
90%, 95.4%, and 99.7% confidence levels (C.L.). The dot
represents the best-fit point. The profile for ξ2ν31 gives a best-fit
of ξ2ν31 ¼ −0.26þ0.31

−0.25 and a 90% C.L. upper limit of ξ2ν31 < 0.26.
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THEORETICAL RESULTS

• We adopt two many-body approaches in our calculations: 

• pnQRPA 

• Well predicted GTR but strength not well fragmented 

• Shell Model: 

• Severely truncated model space leads to missing 
GTR
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THEORETICAL RESULTS

• Results for 82Se: 

• From QRPA calculations we 
find that the spectra are 
sensitive to the low-lying 
states 

• And the strength which 
cancellation at higher 
excitation energy will not 
contribute to the spectra
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THEORETICAL RESULTS

• If we assume that for NSM 
the decay strength 
saturates at 5MeV, we will 
obtain a quenched 
gA~0.5 

• However, this contradicts 
the quenched gA values 
~0.6 from fitting the 
charge exchange reaction
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THEORETICAL RESULTS

• Previous conclusion 
could help us to resolve 
the puzzle from shell 
model calculations 

• If we assume a strong 
cancellation at high 
excitation energy, using 
the quenched gA from 
charge exchange 
reaction, we obtain 
consistent results
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THEORETICAL RESULTS

• Results for 
100Mo, beyond 
SSD 

• Consistent with 
NEMO-3 
experiment

17
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THEORETICAL RESULTS

• Failures of QRPA and NSM for predicting the spectra

18

M2ν
GT−3 for the 2νββ decay of 136Xe. A large region in the

geffA −M2ν
GT−3 plane is excluded by the present 90% C.L.

limit ξ2ν31 < 0.26. The two nuclear shell model GCN and
MC results, indicated by points, are consistent with the
KamLAND-Zen limit. The QRPA Argonne and CD-Bonn
results are presented by curves, which accommodate
0.33 ≤ geffA ≤ 1.269 values (the lower end corresponds to
vanishing isoscalar interactions). Both curves are very
similar, because QRPA ratios of matrix elements with
the same initial and final states are weakly sensitive to
the nucleon-nucleon interaction [30]. Figure 3 shows that,
even though most QRPA predictions are consistent with
our measurement, geffA ≳ 1.14ð1.00Þ for the Argonne
(CD-Bonn) potential is excluded at 90% C.L. by the
KamLAND-Zen ξ2ν31 limit.
Figure 3 also shows that for geffA ≳ 0.7 the QRPA predicts

larger ξ2ν31 values than the nuclear shell model. Elsewhere,
the QRPA ratios lie between those of the GCN and MC
shell model interactions. Interestingly, for geffA ∼ 0.5, the
QRPA and shell model GCN results are close. While such
relatively small geffA values are not always considered in
2νββ QRPA calculations of 136Xe, they are favored by
QRPA statistical analyses that take into account experi-
mental EC and β rates [27,47].
To illustrate the origin of the differences between the

theoretical calculations, Fig. 4 compares the nuclear shell

model and QRPA Argonne running sums of M2ν
GT and

M2ν
GT−3 [25,40], multiplied by the corresponding ðgeffA Þ2.

The sums run over the excitation energy of the spin-parity
1þ states in the intermediate nucleus 136Cs. The theo-
retical M2ν

GT running sums differ: while the shell model
converges at Eexc ≃ 8 MeV, QRPA terms contribute until
Eexc ≃ 20 MeV. Moreover, at Eexc ∼ 10 MeV the accumu-
lated QRPA M2ν

GT exceeds the shell model significantly,
with a strong geffA sensitivity. While for geffA ¼ 1.269 the
maximum of the QRPA running sum is almost four times
larger than the shell model one, for geffA ∼ 0.5—not shown
in Fig. 4—the difference is only about 20%, consistent with
the more similar ξ2ν31 values predicted. Eexc ∼ 10 MeV shell-
model contributions may be too small due to missing spin-
orbit partner orbitals, but the QRPA may also overestimate
them. Measurements of charge-exchange reactions up to
the 136Xe GT resonance, currently limited to lower energy
[10,48], can clarify this picture. Above Eexc ≳ 10 MeV, the
QRPA excess with respect to the shell model is canceled.
The final value, set by the 2νββ half-life, is common to all
calculations.
By contrast, Fig. 4 shows that in both shell model and

QRPA the lowest 1þ state component dominates theM2ν
GT−3

NME. Such contribution is more salient for the shell model
GCN and QRPA geffA ¼ 1.269 calculations, which explains
the larger associated ξ2ν31 value compared to the shell model
MC and QRPA geffA ¼ 0.8 results, respectively. The contrast
in the M2ν

GT−3 running sum at low energies is ultimately
responsible for the different ξ2ν31 values predicted by the
QRPA and nuclear shell model.
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FIG. 3. Effective axial-vector coupling geffA as a function of the
matrix element M2ν

GT−3 for 136Xe 2νββ decay. The yellow (light
yellow) region ξ2ν31 > 0.26 (0.05) is excluded by the present
KamLAND-Zen measurement at 90% (1σ) C.L. Nuclear shell
model results are displayed by the black circle (GCN interaction)
and blue square (MC). QRPA results are shown by the dashed
orange (Argonne interaction) and dashed-dotted green (CD-
Bonn) curves.
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(MC) interaction, indicated by black (blue) lines, are compared to
the QRPA Argonne running sum with geffA ¼ 1.269 (geffA ¼ 0.80),
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THEORETICAL RESULTS

• For the fitting procedure 
in QRPA calculations, by 
default we assume the 
NME is “positive” 

• But this has not firm 
physics foundation 

• And ββ spectra could 
offer the answer
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FIG. 1. The 2νββ nuclear matrix elements M2ν
GT for 11 nuclei

as a function of isocalar pairing strength parameter (black square).
The horizontal lines represent the experimental values extracted from
Ref. [3] with gA = 1.00 (red dotted) and gA = 1.27 (black dashed)

relatively small. This is probably caused by the overestimated
small ground-state overlap factor due to the violation of par-
ticle number in the QRPA model [62], and this needs further
investigation. We further examine the SSD and the extended
LLD hypotheses, so the M2ν

GT obtained from the SSD or LLD
hypothesis M2ν

GT(SSD or LLD) are also listed in Table I. When
gA = 1.27 (bare value), for 48Ca, 82Se, 116Cd, 128Te, and 238U,
the first 1+ states of the intermediate nuclei contribute more
than 75% to the total NMEs. In this sense, the SSD hypothesis
is fulfilled for these nuclei. On the other hand, when gA =
1.00 (quenched value), only 238U still fulfills the SSD hy-
pothesis. The inconsistency on the evidence of SSD in 100Mo

TABLE I. Experimental and theoretical 2νββ nuclear matrix
elements M2ν

GT for 11 nuclei in units of MeV−1, when gA = 1.27 and
gA = 1.00. M2ν

GT obtained by the single-state dominance (SSD) and
low-lying-states dominance (LLD) hypotheses are also listed. The
upper limit of the energy for low-lying states Eint. in LLD is set
as 5 MeV. The isocalar pairing strength parameters used in QRPA
calculations are listed in the last column. The experimental values
of M2ν

GT are taken from Ref. [3]. The results of 48Ca and 116Cd when
gA = 1.00 are not listed, because the experimental NMEs are always
larger than the theoretical ones with this value of gA.

Expt. Theor. Theor. Theor.
Nucleus gA M2ν

GT M2ν
GT M2ν

GT(SSD) M2ν
GT(LLD) fIS

48Ca 1.27 0.046 ± 0.004 0.046 0.036 0.036 0.7570
76Ge 1.27 0.137 ± 0.007 0.136 0.071 0.188 1.1852

1.00 0.221 ± 0.012 0.221 0.082 0.256 1.1612
82Se 1.27 0.101 ± 0.005 0.100 0.104 0.161 1.1886

1.00 0.162 ± 0.008 0.162 0.095 0.191 1.1594
96Zr 1.27 0.097 ± 0.005 0.099 0.351 0.252 1.3411

1.00 0.157 ± 0.008 0.158 0.405 0.309 1.3399
100Mo 1.27 0.224 ± 0.006 0.224 0.515 0.346 1.2824

1.00 0.362 ± 0.010 0.361 0.631 0.478 1.2768
116Cd 1.27 0.127 ± 0.004 0.127 0.112 0.124 1.0350
128Te 1.27 0.056 ± 0.007 0.057 0.043 0.113 1.1928

1.00 0.090 ± 0.012 0.091 0.047 0.130 1.1788
130Te 1.27 0.038 ± 0.005 0.037 0.020 0.087 1.1912

1.00 0.061 ± 0.008 0.062 0.022 0.095 1.1776
136Xe 1.27 0.022 ± 0.001 0.022 0.003 0.007 0.9968

1.00 0.035 ± 0.001 0.035 0.004 0.011 0.8820
150Nd 1.27 0.070 ± 0.005 0.070 0.240 0.257 1.2503

1.00 0.114 ± 0.008 0.116 0.246 0.289 1.2360
238U 1.27 0.158+0.109

−0.085 0.157 0.185 0.185 1.1787
1.00 0.254+0.176

−0.137 0.254 0.230 0.230 1.0251

reported in Refs. [16,17] could be the nuclear deformation that
is not included in our model [14]. We further test the LLD
hypothesis for the nuclei whose NMEs do not fulfill the SSD
hypothesis. Because there is not a definite upper limit of the
energy for low-lying states in intermediate nuclei, we set it
as 5 MeV. When gA = 1.00, these low-lying states contribute
almost the full NMEs for 76Ge and 82Se. In this sense, the
NMEs for these nuclei fulfill the LLD hypothesis.

In Fig. 2, with the determined fIS in Table I, the running
sums of M2ν

GT for these 11 nuclei are depicted. The results of
gA = 0.80 are also shown, since this value of gA has been
used in Ref. [63]. Generally, the behaviors of running sums
can be divided into three types when gA = 1.27. The first one
is steadily increasing accompanied with small fluctuations,
as shown in 48Ca and 116Cd. The second type is that the
contributions from first few lowest states are large enough
but then the following excited states give continuous negative
contributions, and hence provide a suppression due to the
cancellation between lowest states and higher-lying states,
as in 96Zr, 100Mo, or 150Nd. The last type is the most com-
mon one, observed in 6 of total 11 nuclei, i.e., 76Ge, 82Se,
128Te, 130Te, 136Xe, and 238U. The cumulative contributions
continuously increase up to the excitation energy of the in-
termediate nucleus Eint. around 10 MeV (for 136Xe and 238U,
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FIG. 1. The 2νββ nuclear matrix elements M2ν
GT for 11 nuclei

as a function of isocalar pairing strength parameter (black square).
The horizontal lines represent the experimental values extracted from
Ref. [3] with gA = 1.00 (red dotted) and gA = 1.27 (black dashed)

relatively small. This is probably caused by the overestimated
small ground-state overlap factor due to the violation of par-
ticle number in the QRPA model [62], and this needs further
investigation. We further examine the SSD and the extended
LLD hypotheses, so the M2ν

GT obtained from the SSD or LLD
hypothesis M2ν

GT(SSD or LLD) are also listed in Table I. When
gA = 1.27 (bare value), for 48Ca, 82Se, 116Cd, 128Te, and 238U,
the first 1+ states of the intermediate nuclei contribute more
than 75% to the total NMEs. In this sense, the SSD hypothesis
is fulfilled for these nuclei. On the other hand, when gA =
1.00 (quenched value), only 238U still fulfills the SSD hy-
pothesis. The inconsistency on the evidence of SSD in 100Mo

TABLE I. Experimental and theoretical 2νββ nuclear matrix
elements M2ν

GT for 11 nuclei in units of MeV−1, when gA = 1.27 and
gA = 1.00. M2ν

GT obtained by the single-state dominance (SSD) and
low-lying-states dominance (LLD) hypotheses are also listed. The
upper limit of the energy for low-lying states Eint. in LLD is set
as 5 MeV. The isocalar pairing strength parameters used in QRPA
calculations are listed in the last column. The experimental values
of M2ν

GT are taken from Ref. [3]. The results of 48Ca and 116Cd when
gA = 1.00 are not listed, because the experimental NMEs are always
larger than the theoretical ones with this value of gA.

Expt. Theor. Theor. Theor.
Nucleus gA M2ν

GT M2ν
GT M2ν

GT(SSD) M2ν
GT(LLD) fIS

48Ca 1.27 0.046 ± 0.004 0.046 0.036 0.036 0.7570
76Ge 1.27 0.137 ± 0.007 0.136 0.071 0.188 1.1852

1.00 0.221 ± 0.012 0.221 0.082 0.256 1.1612
82Se 1.27 0.101 ± 0.005 0.100 0.104 0.161 1.1886

1.00 0.162 ± 0.008 0.162 0.095 0.191 1.1594
96Zr 1.27 0.097 ± 0.005 0.099 0.351 0.252 1.3411

1.00 0.157 ± 0.008 0.158 0.405 0.309 1.3399
100Mo 1.27 0.224 ± 0.006 0.224 0.515 0.346 1.2824

1.00 0.362 ± 0.010 0.361 0.631 0.478 1.2768
116Cd 1.27 0.127 ± 0.004 0.127 0.112 0.124 1.0350
128Te 1.27 0.056 ± 0.007 0.057 0.043 0.113 1.1928

1.00 0.090 ± 0.012 0.091 0.047 0.130 1.1788
130Te 1.27 0.038 ± 0.005 0.037 0.020 0.087 1.1912

1.00 0.061 ± 0.008 0.062 0.022 0.095 1.1776
136Xe 1.27 0.022 ± 0.001 0.022 0.003 0.007 0.9968

1.00 0.035 ± 0.001 0.035 0.004 0.011 0.8820
150Nd 1.27 0.070 ± 0.005 0.070 0.240 0.257 1.2503

1.00 0.114 ± 0.008 0.116 0.246 0.289 1.2360
238U 1.27 0.158+0.109

−0.085 0.157 0.185 0.185 1.1787
1.00 0.254+0.176

−0.137 0.254 0.230 0.230 1.0251

reported in Refs. [16,17] could be the nuclear deformation that
is not included in our model [14]. We further test the LLD
hypothesis for the nuclei whose NMEs do not fulfill the SSD
hypothesis. Because there is not a definite upper limit of the
energy for low-lying states in intermediate nuclei, we set it
as 5 MeV. When gA = 1.00, these low-lying states contribute
almost the full NMEs for 76Ge and 82Se. In this sense, the
NMEs for these nuclei fulfill the LLD hypothesis.

In Fig. 2, with the determined fIS in Table I, the running
sums of M2ν

GT for these 11 nuclei are depicted. The results of
gA = 0.80 are also shown, since this value of gA has been
used in Ref. [63]. Generally, the behaviors of running sums
can be divided into three types when gA = 1.27. The first one
is steadily increasing accompanied with small fluctuations,
as shown in 48Ca and 116Cd. The second type is that the
contributions from first few lowest states are large enough
but then the following excited states give continuous negative
contributions, and hence provide a suppression due to the
cancellation between lowest states and higher-lying states,
as in 96Zr, 100Mo, or 150Nd. The last type is the most com-
mon one, observed in 6 of total 11 nuclei, i.e., 76Ge, 82Se,
128Te, 130Te, 136Xe, and 238U. The cumulative contributions
continuously increase up to the excitation energy of the in-
termediate nucleus Eint. around 10 MeV (for 136Xe and 238U,
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FIG. 1. The 2νββ nuclear matrix elements M2ν
GT for 11 nuclei

as a function of isocalar pairing strength parameter (black square).
The horizontal lines represent the experimental values extracted from
Ref. [3] with gA = 1.00 (red dotted) and gA = 1.27 (black dashed)

relatively small. This is probably caused by the overestimated
small ground-state overlap factor due to the violation of par-
ticle number in the QRPA model [62], and this needs further
investigation. We further examine the SSD and the extended
LLD hypotheses, so the M2ν

GT obtained from the SSD or LLD
hypothesis M2ν

GT(SSD or LLD) are also listed in Table I. When
gA = 1.27 (bare value), for 48Ca, 82Se, 116Cd, 128Te, and 238U,
the first 1+ states of the intermediate nuclei contribute more
than 75% to the total NMEs. In this sense, the SSD hypothesis
is fulfilled for these nuclei. On the other hand, when gA =
1.00 (quenched value), only 238U still fulfills the SSD hy-
pothesis. The inconsistency on the evidence of SSD in 100Mo

TABLE I. Experimental and theoretical 2νββ nuclear matrix
elements M2ν

GT for 11 nuclei in units of MeV−1, when gA = 1.27 and
gA = 1.00. M2ν

GT obtained by the single-state dominance (SSD) and
low-lying-states dominance (LLD) hypotheses are also listed. The
upper limit of the energy for low-lying states Eint. in LLD is set
as 5 MeV. The isocalar pairing strength parameters used in QRPA
calculations are listed in the last column. The experimental values
of M2ν

GT are taken from Ref. [3]. The results of 48Ca and 116Cd when
gA = 1.00 are not listed, because the experimental NMEs are always
larger than the theoretical ones with this value of gA.

Expt. Theor. Theor. Theor.
Nucleus gA M2ν

GT M2ν
GT M2ν

GT(SSD) M2ν
GT(LLD) fIS

48Ca 1.27 0.046 ± 0.004 0.046 0.036 0.036 0.7570
76Ge 1.27 0.137 ± 0.007 0.136 0.071 0.188 1.1852

1.00 0.221 ± 0.012 0.221 0.082 0.256 1.1612
82Se 1.27 0.101 ± 0.005 0.100 0.104 0.161 1.1886

1.00 0.162 ± 0.008 0.162 0.095 0.191 1.1594
96Zr 1.27 0.097 ± 0.005 0.099 0.351 0.252 1.3411

1.00 0.157 ± 0.008 0.158 0.405 0.309 1.3399
100Mo 1.27 0.224 ± 0.006 0.224 0.515 0.346 1.2824

1.00 0.362 ± 0.010 0.361 0.631 0.478 1.2768
116Cd 1.27 0.127 ± 0.004 0.127 0.112 0.124 1.0350
128Te 1.27 0.056 ± 0.007 0.057 0.043 0.113 1.1928

1.00 0.090 ± 0.012 0.091 0.047 0.130 1.1788
130Te 1.27 0.038 ± 0.005 0.037 0.020 0.087 1.1912

1.00 0.061 ± 0.008 0.062 0.022 0.095 1.1776
136Xe 1.27 0.022 ± 0.001 0.022 0.003 0.007 0.9968

1.00 0.035 ± 0.001 0.035 0.004 0.011 0.8820
150Nd 1.27 0.070 ± 0.005 0.070 0.240 0.257 1.2503

1.00 0.114 ± 0.008 0.116 0.246 0.289 1.2360
238U 1.27 0.158+0.109

−0.085 0.157 0.185 0.185 1.1787
1.00 0.254+0.176

−0.137 0.254 0.230 0.230 1.0251

reported in Refs. [16,17] could be the nuclear deformation that
is not included in our model [14]. We further test the LLD
hypothesis for the nuclei whose NMEs do not fulfill the SSD
hypothesis. Because there is not a definite upper limit of the
energy for low-lying states in intermediate nuclei, we set it
as 5 MeV. When gA = 1.00, these low-lying states contribute
almost the full NMEs for 76Ge and 82Se. In this sense, the
NMEs for these nuclei fulfill the LLD hypothesis.

In Fig. 2, with the determined fIS in Table I, the running
sums of M2ν

GT for these 11 nuclei are depicted. The results of
gA = 0.80 are also shown, since this value of gA has been
used in Ref. [63]. Generally, the behaviors of running sums
can be divided into three types when gA = 1.27. The first one
is steadily increasing accompanied with small fluctuations,
as shown in 48Ca and 116Cd. The second type is that the
contributions from first few lowest states are large enough
but then the following excited states give continuous negative
contributions, and hence provide a suppression due to the
cancellation between lowest states and higher-lying states,
as in 96Zr, 100Mo, or 150Nd. The last type is the most com-
mon one, observed in 6 of total 11 nuclei, i.e., 76Ge, 82Se,
128Te, 130Te, 136Xe, and 238U. The cumulative contributions
continuously increase up to the excitation energy of the in-
termediate nucleus Eint. around 10 MeV (for 136Xe and 238U,

044331-4

LV, NIU, FANG, AND BAI PHYSICAL REVIEW C 105, 044331 (2022)

FIG. 1. The 2νββ nuclear matrix elements M2ν
GT for 11 nuclei

as a function of isocalar pairing strength parameter (black square).
The horizontal lines represent the experimental values extracted from
Ref. [3] with gA = 1.00 (red dotted) and gA = 1.27 (black dashed)

relatively small. This is probably caused by the overestimated
small ground-state overlap factor due to the violation of par-
ticle number in the QRPA model [62], and this needs further
investigation. We further examine the SSD and the extended
LLD hypotheses, so the M2ν

GT obtained from the SSD or LLD
hypothesis M2ν

GT(SSD or LLD) are also listed in Table I. When
gA = 1.27 (bare value), for 48Ca, 82Se, 116Cd, 128Te, and 238U,
the first 1+ states of the intermediate nuclei contribute more
than 75% to the total NMEs. In this sense, the SSD hypothesis
is fulfilled for these nuclei. On the other hand, when gA =
1.00 (quenched value), only 238U still fulfills the SSD hy-
pothesis. The inconsistency on the evidence of SSD in 100Mo

TABLE I. Experimental and theoretical 2νββ nuclear matrix
elements M2ν

GT for 11 nuclei in units of MeV−1, when gA = 1.27 and
gA = 1.00. M2ν

GT obtained by the single-state dominance (SSD) and
low-lying-states dominance (LLD) hypotheses are also listed. The
upper limit of the energy for low-lying states Eint. in LLD is set
as 5 MeV. The isocalar pairing strength parameters used in QRPA
calculations are listed in the last column. The experimental values
of M2ν

GT are taken from Ref. [3]. The results of 48Ca and 116Cd when
gA = 1.00 are not listed, because the experimental NMEs are always
larger than the theoretical ones with this value of gA.

Expt. Theor. Theor. Theor.
Nucleus gA M2ν

GT M2ν
GT M2ν

GT(SSD) M2ν
GT(LLD) fIS

48Ca 1.27 0.046 ± 0.004 0.046 0.036 0.036 0.7570
76Ge 1.27 0.137 ± 0.007 0.136 0.071 0.188 1.1852

1.00 0.221 ± 0.012 0.221 0.082 0.256 1.1612
82Se 1.27 0.101 ± 0.005 0.100 0.104 0.161 1.1886

1.00 0.162 ± 0.008 0.162 0.095 0.191 1.1594
96Zr 1.27 0.097 ± 0.005 0.099 0.351 0.252 1.3411

1.00 0.157 ± 0.008 0.158 0.405 0.309 1.3399
100Mo 1.27 0.224 ± 0.006 0.224 0.515 0.346 1.2824

1.00 0.362 ± 0.010 0.361 0.631 0.478 1.2768
116Cd 1.27 0.127 ± 0.004 0.127 0.112 0.124 1.0350
128Te 1.27 0.056 ± 0.007 0.057 0.043 0.113 1.1928

1.00 0.090 ± 0.012 0.091 0.047 0.130 1.1788
130Te 1.27 0.038 ± 0.005 0.037 0.020 0.087 1.1912

1.00 0.061 ± 0.008 0.062 0.022 0.095 1.1776
136Xe 1.27 0.022 ± 0.001 0.022 0.003 0.007 0.9968

1.00 0.035 ± 0.001 0.035 0.004 0.011 0.8820
150Nd 1.27 0.070 ± 0.005 0.070 0.240 0.257 1.2503

1.00 0.114 ± 0.008 0.116 0.246 0.289 1.2360
238U 1.27 0.158+0.109

−0.085 0.157 0.185 0.185 1.1787
1.00 0.254+0.176

−0.137 0.254 0.230 0.230 1.0251

reported in Refs. [16,17] could be the nuclear deformation that
is not included in our model [14]. We further test the LLD
hypothesis for the nuclei whose NMEs do not fulfill the SSD
hypothesis. Because there is not a definite upper limit of the
energy for low-lying states in intermediate nuclei, we set it
as 5 MeV. When gA = 1.00, these low-lying states contribute
almost the full NMEs for 76Ge and 82Se. In this sense, the
NMEs for these nuclei fulfill the LLD hypothesis.

In Fig. 2, with the determined fIS in Table I, the running
sums of M2ν

GT for these 11 nuclei are depicted. The results of
gA = 0.80 are also shown, since this value of gA has been
used in Ref. [63]. Generally, the behaviors of running sums
can be divided into three types when gA = 1.27. The first one
is steadily increasing accompanied with small fluctuations,
as shown in 48Ca and 116Cd. The second type is that the
contributions from first few lowest states are large enough
but then the following excited states give continuous negative
contributions, and hence provide a suppression due to the
cancellation between lowest states and higher-lying states,
as in 96Zr, 100Mo, or 150Nd. The last type is the most com-
mon one, observed in 6 of total 11 nuclei, i.e., 76Ge, 82Se,
128Te, 130Te, 136Xe, and 238U. The cumulative contributions
continuously increase up to the excitation energy of the in-
termediate nucleus Eint. around 10 MeV (for 136Xe and 238U,
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FIG. 1. The 2νββ nuclear matrix elements M2ν
GT for 11 nuclei

as a function of isocalar pairing strength parameter (black square).
The horizontal lines represent the experimental values extracted from
Ref. [3] with gA = 1.00 (red dotted) and gA = 1.27 (black dashed)

relatively small. This is probably caused by the overestimated
small ground-state overlap factor due to the violation of par-
ticle number in the QRPA model [62], and this needs further
investigation. We further examine the SSD and the extended
LLD hypotheses, so the M2ν

GT obtained from the SSD or LLD
hypothesis M2ν

GT(SSD or LLD) are also listed in Table I. When
gA = 1.27 (bare value), for 48Ca, 82Se, 116Cd, 128Te, and 238U,
the first 1+ states of the intermediate nuclei contribute more
than 75% to the total NMEs. In this sense, the SSD hypothesis
is fulfilled for these nuclei. On the other hand, when gA =
1.00 (quenched value), only 238U still fulfills the SSD hy-
pothesis. The inconsistency on the evidence of SSD in 100Mo

TABLE I. Experimental and theoretical 2νββ nuclear matrix
elements M2ν

GT for 11 nuclei in units of MeV−1, when gA = 1.27 and
gA = 1.00. M2ν

GT obtained by the single-state dominance (SSD) and
low-lying-states dominance (LLD) hypotheses are also listed. The
upper limit of the energy for low-lying states Eint. in LLD is set
as 5 MeV. The isocalar pairing strength parameters used in QRPA
calculations are listed in the last column. The experimental values
of M2ν

GT are taken from Ref. [3]. The results of 48Ca and 116Cd when
gA = 1.00 are not listed, because the experimental NMEs are always
larger than the theoretical ones with this value of gA.

Expt. Theor. Theor. Theor.
Nucleus gA M2ν

GT M2ν
GT M2ν

GT(SSD) M2ν
GT(LLD) fIS
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1.00 0.162 ± 0.008 0.162 0.095 0.191 1.1594
96Zr 1.27 0.097 ± 0.005 0.099 0.351 0.252 1.3411

1.00 0.157 ± 0.008 0.158 0.405 0.309 1.3399
100Mo 1.27 0.224 ± 0.006 0.224 0.515 0.346 1.2824

1.00 0.362 ± 0.010 0.361 0.631 0.478 1.2768
116Cd 1.27 0.127 ± 0.004 0.127 0.112 0.124 1.0350
128Te 1.27 0.056 ± 0.007 0.057 0.043 0.113 1.1928

1.00 0.090 ± 0.012 0.091 0.047 0.130 1.1788
130Te 1.27 0.038 ± 0.005 0.037 0.020 0.087 1.1912

1.00 0.061 ± 0.008 0.062 0.022 0.095 1.1776
136Xe 1.27 0.022 ± 0.001 0.022 0.003 0.007 0.9968

1.00 0.035 ± 0.001 0.035 0.004 0.011 0.8820
150Nd 1.27 0.070 ± 0.005 0.070 0.240 0.257 1.2503

1.00 0.114 ± 0.008 0.116 0.246 0.289 1.2360
238U 1.27 0.158+0.109

−0.085 0.157 0.185 0.185 1.1787
1.00 0.254+0.176

−0.137 0.254 0.230 0.230 1.0251

reported in Refs. [16,17] could be the nuclear deformation that
is not included in our model [14]. We further test the LLD
hypothesis for the nuclei whose NMEs do not fulfill the SSD
hypothesis. Because there is not a definite upper limit of the
energy for low-lying states in intermediate nuclei, we set it
as 5 MeV. When gA = 1.00, these low-lying states contribute
almost the full NMEs for 76Ge and 82Se. In this sense, the
NMEs for these nuclei fulfill the LLD hypothesis.

In Fig. 2, with the determined fIS in Table I, the running
sums of M2ν

GT for these 11 nuclei are depicted. The results of
gA = 0.80 are also shown, since this value of gA has been
used in Ref. [63]. Generally, the behaviors of running sums
can be divided into three types when gA = 1.27. The first one
is steadily increasing accompanied with small fluctuations,
as shown in 48Ca and 116Cd. The second type is that the
contributions from first few lowest states are large enough
but then the following excited states give continuous negative
contributions, and hence provide a suppression due to the
cancellation between lowest states and higher-lying states,
as in 96Zr, 100Mo, or 150Nd. The last type is the most com-
mon one, observed in 6 of total 11 nuclei, i.e., 76Ge, 82Se,
128Te, 130Te, 136Xe, and 238U. The cumulative contributions
continuously increase up to the excitation energy of the in-
termediate nucleus Eint. around 10 MeV (for 136Xe and 238U,
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small ground-state overlap factor due to the violation of par-
ticle number in the QRPA model [62], and this needs further
investigation. We further examine the SSD and the extended
LLD hypotheses, so the M2ν

GT obtained from the SSD or LLD
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GT(SSD or LLD) are also listed in Table I. When
gA = 1.27 (bare value), for 48Ca, 82Se, 116Cd, 128Te, and 238U,
the first 1+ states of the intermediate nuclei contribute more
than 75% to the total NMEs. In this sense, the SSD hypothesis
is fulfilled for these nuclei. On the other hand, when gA =
1.00 (quenched value), only 238U still fulfills the SSD hy-
pothesis. The inconsistency on the evidence of SSD in 100Mo

TABLE I. Experimental and theoretical 2νββ nuclear matrix
elements M2ν

GT for 11 nuclei in units of MeV−1, when gA = 1.27 and
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upper limit of the energy for low-lying states Eint. in LLD is set
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GT are taken from Ref. [3]. The results of 48Ca and 116Cd when
gA = 1.00 are not listed, because the experimental NMEs are always
larger than the theoretical ones with this value of gA.
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116Cd 1.27 0.127 ± 0.004 0.127 0.112 0.124 1.0350
128Te 1.27 0.056 ± 0.007 0.057 0.043 0.113 1.1928

1.00 0.090 ± 0.012 0.091 0.047 0.130 1.1788
130Te 1.27 0.038 ± 0.005 0.037 0.020 0.087 1.1912

1.00 0.061 ± 0.008 0.062 0.022 0.095 1.1776
136Xe 1.27 0.022 ± 0.001 0.022 0.003 0.007 0.9968

1.00 0.035 ± 0.001 0.035 0.004 0.011 0.8820
150Nd 1.27 0.070 ± 0.005 0.070 0.240 0.257 1.2503
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238U 1.27 0.158+0.109

−0.085 0.157 0.185 0.185 1.1787
1.00 0.254+0.176

−0.137 0.254 0.230 0.230 1.0251

reported in Refs. [16,17] could be the nuclear deformation that
is not included in our model [14]. We further test the LLD
hypothesis for the nuclei whose NMEs do not fulfill the SSD
hypothesis. Because there is not a definite upper limit of the
energy for low-lying states in intermediate nuclei, we set it
as 5 MeV. When gA = 1.00, these low-lying states contribute
almost the full NMEs for 76Ge and 82Se. In this sense, the
NMEs for these nuclei fulfill the LLD hypothesis.

In Fig. 2, with the determined fIS in Table I, the running
sums of M2ν

GT for these 11 nuclei are depicted. The results of
gA = 0.80 are also shown, since this value of gA has been
used in Ref. [63]. Generally, the behaviors of running sums
can be divided into three types when gA = 1.27. The first one
is steadily increasing accompanied with small fluctuations,
as shown in 48Ca and 116Cd. The second type is that the
contributions from first few lowest states are large enough
but then the following excited states give continuous negative
contributions, and hence provide a suppression due to the
cancellation between lowest states and higher-lying states,
as in 96Zr, 100Mo, or 150Nd. The last type is the most com-
mon one, observed in 6 of total 11 nuclei, i.e., 76Ge, 82Se,
128Te, 130Te, 136Xe, and 238U. The cumulative contributions
continuously increase up to the excitation energy of the in-
termediate nucleus Eint. around 10 MeV (for 136Xe and 238U,
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FIG. 2: (Color online) .

first and second parts as well as the full spectra, we show how the additive part and the cancellation part contributes
to the spectra. The results are as expected, while spectra from the low-lying part are close to SSD, the additive part
will push the spectra away from SSD shape to the HSD shape and the cancellations parts will pull the spectra back.
And the spectra are almost solely determined by the low-lying part which accumulates enough strength, this agrees
with the conclusion of [] where their calculation suggests that the spectra is sensitive to M

GT,3 dominant by the low
energy contribution. On the other hand, if the contribution from medium energy region and high energy region cancels
each other, we barely see any trace in the spectra. That is the electron spectra cannot distinguish between the true
single or low-lying states dominance and e↵ective SSD (LSD). For 136Xe, it is much more interesting. As seen from
the running sum, the first 1+ states contributes so much to the strength that all the other states together contribute
negatively. This then drives the spectra out of the region bounded by SSD and HSD. So if we could observe such
behavior in the experiments, we are certain that the first states over contributes to the final strength. Nevertheless,
this doesn’t help to distinguish a cancellation to be happening at high excitation energies.

For the nuclear many-body part, we also adopt the Shell Model calculations. As indicated above, for these three
nuclei we chose, only model space with severe truncation is available. With such options, we will not able to get the
GTR for �� transitions which comes from the enhanced transition from spin-orbit partner. On the other hand, for
low-lying strength, one needs renormalization of the strength[]. And a small quenched g

A

will be needed to predict
the half-lives[]. However, from current calculation, we may draw a di↵erent conclusion. We find that the accumulated
strength at low energy is not largely deviated from QRPA calculations. To reproduce the experimental spectra for
82Se and 136Xe, we need cancellations of transition strength at high energy.

IV. CONCLUSION AND OUTLOOK

The 2⌫��-decay spectra o↵er us rich information and could be used to constrain the nuclear structure calculations.
Using the numerical treatment, we come to several important conclusions: i) the excitation states of the intermediate
nuclei which sum up enough strength to reproduce the experimental decay half-lives determine the spectra, and
other high lying states whose decay strength cancel each other will not contribute to the spectra; ii) this ensures a
consistent description of quenching factor for shell model calculations; iii) both shell model and QRPA calculations

Lv et al.PRC105,044331(2022)
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• Right-handed gauge boson and weak current
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Because interference effects between the SM and the
RH current diagram are negligible, the differential rate is
simply the incoherent sum of both. In the Supplemental
Material [24], we describe in detail the calculation
of the above differential decay rate and the derived
energy distributions, angular correlations, and total rate.
Specifically, for 100Mo the total decay rate Γ2ν ¼ ln 2=T2ν

1=2

associated with the 2νββ half-life T2ν
1=2 may be approxi-

mated as Γ2ν ≈ Γ2ν
SMð1þ 6.11ϵ2XRÞ, where Γ2ν

SM is the SM
rate. The experimentally accessible kinematic information
is contained in the normalized double-differential energy
distribution dΓ2ν

norm=ðdEe1dEe2Þ and the energy-dependent
angular correlation −1 < κ2νðEe1 ; Ee2Þ < 1. The latter
determines whether the two electrons are preferably emit-
ted back to back (κ2ν ≈ −1), in the same direction (κ2ν ≈ 1),
or in intermediate configurations.
Given the uncertainties in nuclear matrix elements, the

change of the total decay rate due to the presence of a RH
current contribution is not expected to be measurable.
Instead, differences in spectral shape of either the energy
or angular distributions may be more sensitive. All double
beta decay experiments measure the spectrum of events
with respect to the sum of the electron kinetic energies,
EK ¼ Ee1 þ Ee2 − 2me. For 100Mo, it is shown in Fig. 2
(left) comparing the 2νββ decay distributions in the SM
case (dashed) and for the exotic leptonic RH current
operators (solid). The deviation is sizeable leading to a
shift of the spectrum to smaller energies and a flatter profile
near the end point EK=Q ¼ 1. We find that relative
deviations of the order of 10% for small energies and near
the end point are expected to occur. In experiments that are
able to track and measure the individual electrons, such as
NEMO-3 and SuperNEMO, the full doubly differential
energy spectrum is in principle measurable. Alternatively,
the spectrum with respect to the kinetic energy of a single
electron is shown in Fig. 2 (right). It helps explain the shift

of the energy sum spectrum in the exotic case, as each
electron receives on average less energy than in the SM.
This behavior can be traced to the kinematic differences.

In the presence of a RH lepton current in 2νββ decay, the
electrons are preferably emitted collinearly and the electron
energy-dependent correlation factor is always κ2νϵ > 0,
whereas in the SM case the electrons are preferably emitted
back to back with κ2νSM < 0. This behavior can be under-
stood from angular momentum considerations when the
two electrons are produced with opposite dominant hel-
icities. Integrating Eq. (5) over the electron energies, one
arrives at the angular distribution,

dΓ2ν

d cos θ
¼ Γ2ν

2
ð1þ K2ν cos θÞ; ð6Þ

with the angular correlation factor K2ν. For 100Mo, we
calculate K2ν

SM ¼ −0.626 in the SM and K2ν
ϵ ¼ þ0.370 for

the exotic contribution. This deviation is clearly the most
striking consequence of a RH lepton current on 2νββ decay.
For small ϵXR ≪ 1, the angular correlation factor K2ν can
be expanded as

K2ν ¼ K2ν
SM þ αϵ2XR þOðϵ4XRÞ: ð7Þ

For 100Mo, the coefficient α turns out to be α ¼ 6.078.
Despite the small correction expected, if ϵXR ≈ 10−2 as
indicated in current bounds, searches for 2νββ decay can be
sensitive in this regime. A simple signature is to look for the
forward-backward asymmetry A2ν

θ , comparing the number
of 2νββ decay events with the electrons being emitted with
a relative angle θ < π=2 and θ > π=2,

A2ν
θ ¼

Nθ>π=2 − Nθ<π=2

Nθ>π=2 þ Nθ<π=2
¼ 1

2
K2ν: ð8Þ

Exotic - SM Exotic - SM

FIG. 2. Left: normalized 2νββ decay distributions with respect to the total kinetic energy EK ¼ Ee1 þ Ee2 − 2me of the emitted
electrons for standard 2νββ decay through SM V − A currents (dashed) and a pure RH lepton current (solid). Right: normalized 2νββ
decay distributions with respect to the energy of a single electron in the same scenarios. Both plots are for the isotope 100Mo and the
energies are normalized to the Q value. The bottom panels show the relative deviation of the exotic distribution from the SM case.
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CONCLUSION AND OUTLOOK

• 2νββ spectra as an addition to the half-life measurement 
can well constrain the nuclear theory 

• Current results suggest cancellation on decay strength 
mediated by high-lying intermediate states for 82Se and 
136Xe 

• These need to be verified with future charge exchange 
experiments 

• All these analyses will shed light on neutrinoless double 
beta decay studies
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