
Symmetry & Spontaneous Breaking

14th International School for Strange Nuclear Physics
University of Osaka, Suita, December 1- 5, 2025

Yutaka Hosotani

Research Center for Nuclear Physics (RCNP)
The University of Osaka

https://www.rcnp.osaka-u.ac.jp/~hosotani/



1-1

Symmetry is the heart of physics laws.

Why symmetry in physics ?

Why spontaneous symmetry breaking ?

1. Introduction
Symmetry

Spontaneous Symmetry Breaking
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2. Relativity

Newton equation
<latexit sha1_base64="daqyuQLTsT8RXtk6bCKMLDkx9nI="></latexit>

mj
d2ωrj

dt2
= ωFj = →↑j

{
U + Uext

}

<latexit sha1_base64="DgsQnMd4oXJdxGG8XxepncAvpRo="></latexit>

U =
∑

j<k

V (|ωrj → ωrk|)

Einstein’s special relativity

Galileo’s relativity principle

invariant under translations,  rotations
invariant under Galilean transformations

<latexit sha1_base64="YKkgNX6iagBXRqpx1iyQrGX3Hs0="></latexit>

When Uext = 0
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Principle of relativity  =  Universality

Physics laws take the same form irrespective of

Space position & direction
Time
Moving or not

Absolute symmetry
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3. Field theory

many body
quasi-particle creation/annihilation

relativistic
particle creation/annihilation

<latexit sha1_base64="F+/F2LickPtYLLSeGy9pn+a9Vnw="></latexit>...

Condensed matter physics
Statistical physics

Nuclear physics
Particle physics

<latexit sha1_base64="F+/F2LickPtYLLSeGy9pn+a9Vnw="></latexit>...

…  successful so far …

<latexit sha1_base64="XYNCrovKV0PIMPRAXyii2FmsweE="></latexit>

Aµ(x), Fµ⌫(x) = @µA⌫ � @⌫A⌫ = (~E, ~B)

<latexit sha1_base64="Jls0FnSLbj/lyDNGQNsEg1HhCwE="></latexit>

 (x) =  (~x, t), ( e " , e #)
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Equations of motion Action
<latexit sha1_base64="P9MFVGwaVKGsNwjaW7mnU0qJ7Hk="></latexit>

I =

Z
d4xL

<latexit sha1_base64="zJPLXVW0+XF7qmVWrHJyzuKSFvo="></latexit>

�I = 0

Action principle

Spacetime symmetry

Internal symmetry

global

local

baryon no sym.,   chiral symmetry

gauge symmetry

Physics is simple at the fundamental level.

Symmetry
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4. U(1) Goldstone model

<latexit sha1_base64="jQ9d0hmmWRuageISfaDogZcsP9w="></latexit>

(⇧ = �̇)

<latexit sha1_base64="MRaP4GOxateurCWjOsIh+lZUIqo="></latexit>

H =

Z
d
3
x

n
⇧†⇧ + r�†r� + V [�]

o
Hamiltonian

<latexit sha1_base64="uYn2JFNqDa4JLa3UPE+STxUAOto="></latexit>

L = @µ�
†@µ� � V [�]

<latexit sha1_base64="0MHNOsye0QTNqPfDxoYCJoWNJk0="></latexit>

V [�] = m2�†� + �(�†�)2

<latexit sha1_base64="uYk9uKl8QAaCfjFrD6H0IuBJSvw="></latexit>�
@µ@

µ + m2 + 2��†�
�
� = 0 <latexit sha1_base64="2oM7Nq9xs2H9EeJPWbJdfwLLsKg="></latexit>

V [�]

<latexit sha1_base64="f4xCBb+MeErugg3qMmOAW8ZiGhE="></latexit>

V = �

⇢⇣
�†� �

v2

2

⌘2
�

v4

4

�

<latexit sha1_base64="8PSJWnAK6hgdUbbeUNGb/f29Bn0="></latexit>

v =

s
�m2

�

<latexit sha1_base64="hCZCMSzYOHBlsUdkTlUJ4aQAkTw="></latexit>

m2 < 0



U(1) charge
<latexit sha1_base64="lKUvLy0EOWyc/Bh0adxPTlbs35E="></latexit>

Q =

Z
d3x j0(t, ~x)

<latexit sha1_base64="bR5C+DppXJNVVM62VOZGg+6GkRc="></latexit>

dQ

dt
=

Z
d3x @0j

0 = �
Z

d3x div~j = 0
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<latexit sha1_base64="COd4bRhjFSds9m5HtgFTboVHnOw="></latexit>

U(1) inv. � ! �0 = ei↵�

<latexit sha1_base64="MRaP4GOxateurCWjOsIh+lZUIqo="></latexit>

H =

Z
d
3
x

n
⇧†⇧ + r�†r� + V [�]

o

<latexit sha1_base64="FAmjbP+AV7W8Xt1NM8fuPZeYePw="></latexit>

jµ(x) = i
�
@µ�†� � �†@µ�

�
<latexit sha1_base64="Z8Vep5p/C1xeZJmy8fFGdb8gdC4="></latexit>

@µj
µ(x) = 0 where

Q is conserved. : symmetry of H

<latexit sha1_base64="/n+mILjXn+n6wEAUcaUpPgSjQP8="></latexit>

dQ

dt
=

i

~
[H,Q] = 0or

<latexit sha1_base64="qDY4E7jCWpqzkS2vt1TT8urQ9kI="></latexit>

[H,Q] = 0
<latexit sha1_base64="/UGUGQ3PAuWNxu2Ysj/99GNnQiE="></latexit>

U(1) inv



<latexit sha1_base64="Mb+KW+seKAnx0pNpZFeSoU1NvdM="></latexit>

U(1) transformation
<latexit sha1_base64="OqYwwunwIGSHivkhh7EIpzZLeVA="></latexit>

U(↵)†�(x)U(↵) = ei↵ �(x)<latexit sha1_base64="vbVtj6O9QKMUp1PpMVX03tdF9yk="></latexit>

U(↵) = e�i↵Q

<latexit sha1_base64="7n4NGSJhuASw0EwekZy+A21uNNk="></latexit>

| G i : |ground state i or |vacuum i

<latexit sha1_base64="0ibVj5zatex8QgJYQJqBpFtJZdk="></latexit>

h G|�(x)| G i = 0

<latexit sha1_base64="vvroRQlbyKYhjrM9fThuzPDFS1g="></latexit>

h G|U(↵)†�(x)U(↵)| G i = h G|�(x)| G i
<latexit sha1_base64="AS8F403m65BgNZR47LnwXGVCRtA="></latexit>

= ei↵ h G|�(x)| G i

<latexit sha1_base64="5ftxEGO3QtDT1wgTN8wfjY1yj78="></latexit>

If U(↵)| G i = ei� | G i

is not invariant under U(1) transformation.

<latexit sha1_base64="HxTkii0YlgCd6AAZ8a+FDOzWeRs="></latexit>

h G|�(x)| G i 6= 0

<latexit sha1_base64="HD3HRuz7/YAD55bsOLeEq+qF93s="></latexit>

| G i
is not an eigenstate of Q.

4-3
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Hamiltonian is invariant under a transformation of symmetry Q, 

              whereas          is not invariant.

<latexit sha1_base64="I+e8cRGNLIeJ83n1f4ooDH4Dc9k="></latexit>

| G i

Symmetry Q is spontaneously broken.

<latexit sha1_base64="aZdctWrr8ht8BtgfgeFNfSeGIgY="></latexit>

� =
1
p
2
(v + h(x))ei'(x)/v

<latexit sha1_base64="P4O6PsmvyC3VfgBXY8uMQ1AsISw="></latexit>

L =
1

2
@µh@

µh � �v2h2 +
1

2
@µ'@

µ' + · · ·

<latexit sha1_base64="f4xCBb+MeErugg3qMmOAW8ZiGhE="></latexit>

V = �

⇢⇣
�†� �

v2

2

⌘2
�

v4

4

� <latexit sha1_base64="8PSJWnAK6hgdUbbeUNGb/f29Bn0="></latexit>

v =

s
�m2

�

<latexit sha1_base64="NAFiQk9SgWBimfWuLRPwGU2YN18="></latexit>

|vac(↵) i = U(↵) |vac(0) i

<latexit sha1_base64="NntAXFbmdfaG6b7fZRwltpgvDy0="></latexit>

→vac(ω)|!|vac(ω) ↑ = eiωv/
↓
2

<latexit sha1_base64="X75nq2gMmvMzdXFkBemjfD7oi7s="></latexit>

|vac(↵) i

<latexit sha1_base64="ATL7nQaVyF8L7abhlEZbGucC6ZY="></latexit>

' : massless Nambu-Goldstone boson
<latexit sha1_base64="cJy8njNeYdK+EUsuZpBOJwP+LDo="></latexit>'

<latexit sha1_base64="XwGg7Ag2nUl1YqLewqEih1kMaWY="></latexit>

h
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Hamiltonian is rotationally invariant.

anti-ferro-magnetferro-magnet
<latexit sha1_base64="puFTVRknyXTLg/ERvyvyXlL61Zg="></latexit>

h ~M i 6= 0

Spin waves  —  NG bosons

5.  SSB in magnetism

ferro-magnet :
anti-ferro-magnet :

<latexit sha1_base64="J1tXD1QVSjOJj86VKzMgL49u3hs="></latexit>

✏(k) = ak2

<latexit sha1_base64="SjfKUyJRiZWrCQrwTecyf8vSeI4="></latexit>

✏(k) = b k
<latexit sha1_base64="qxw7qJRh4tr/3/X96ZEABll1sD0="></latexit>

(S = 1
2
)

para-magnet



<latexit sha1_base64="Z7HH8nlWmAsz75bL8MJVXIi4spw="></latexit>

L = (Dµ�)†Dµ� � V [�] �
1

4
Fµ⌫F

µ⌫ <latexit sha1_base64="fsOFV2maLc7wxHx0bJXyKxexTOo="></latexit>

(Dµ = @µ � ieAµ)

U(1) Goldstone model + gauge interactions

6-1

<latexit sha1_base64="aZdctWrr8ht8BtgfgeFNfSeGIgY="></latexit>

� =
1
p
2
(v + h(x))ei'(x)/v

<latexit sha1_base64="cNormLjwD/4x+kiy9SiToFaWSHc="></latexit>

L =
1

2
@µh@

µh � �v2h2 �
1

4
Fµ⌫F

µ⌫

<latexit sha1_base64="3KgFvFqSlvFtu+Bm3oNhe86tOHY="></latexit>

+
1

2
e2v2(Aµ �

1

ev
@µ')(A

µ �
1

ev
@µ') + · · ·

Gauge invariance :
<latexit sha1_base64="//Lao3wpcxAuZTne2n8iABDd2jg="></latexit>

Aµ ! A0
µ = Aµ + @µ⇤(x)

<latexit sha1_base64="5b55TPslM8COBBqsjsUph66ik1Q="></latexit>

� ! �0 = eie⇤(x)�
)

<latexit sha1_base64="3mCxUMEs9WxzEeJLHve+jQ2XmJg="></latexit> <latexit sha1_base64="xrYzoqegEhlpDsfAVqVxpL1v3nc="></latexit> <latexit sha1_base64="3mCxUMEs9WxzEeJLHve+jQ2XmJg="></latexit> <latexit sha1_base64="xrYzoqegEhlpDsfAVqVxpL1v3nc="></latexit> <latexit sha1_base64="3mCxUMEs9WxzEeJLHve+jQ2XmJg="></latexit> <latexit sha1_base64="AhGHospshuHjmwY1OsswBnDYTD0="></latexit>

6. Higgs mechanism



<latexit sha1_base64="tPJ0XJ82dsPJkSO6Tc6zi52UIO8="></latexit>

m2 > 0
<latexit sha1_base64="Hfdw971/m5r7D4BKsahhCKM2F/I="></latexit>

h� i = 0

No of physical degrees of freedom
<latexit sha1_base64="HhgSi/+gcUWPx0PNvKMVY4hSyrU="></latexit>

Aµ : massless gauge field
<latexit sha1_base64="/QY6Mx34yxA+Q3xw09qoJbwS/ww="></latexit>

� = �1 + i�2

<latexit sha1_base64="t1jUoWjmYIh7L84oWz8CWY0FvcQ="></latexit>

2
<latexit sha1_base64="t1jUoWjmYIh7L84oWz8CWY0FvcQ="></latexit>

2

<latexit sha1_base64="nY45dd63NQ8Q/tcy0TygEeO7TAg="></latexit>

4
<latexit sha1_base64="FMbsm8RcHSDlU2cNBlr3FmGTUAs="></latexit>o

6-2

Unitary gauge
<latexit sha1_base64="CiOWFVRYx0jEjClxH+aH2CrnArQ="></latexit>

e⇤(x) = �
'(x)

v

<latexit sha1_base64="fX09hRUX3o5BHfS/Vc2i7DlJ4tM="></latexit>

'0 = 0 , A0
µ = Aµ �

1

ev
@µ'

<latexit sha1_base64="543xE78rXVNbp6OmFkyH6JmZL9M="></latexit>

(mV = ev)

<latexit sha1_base64="8wv8RGbYU1IaI79qrE+UWPjBBCE="></latexit>

L0 =
1

2
@µh@

µh � �v2h2 �
1

4
F 0
µ⌫F

0µ⌫ +
1

2
m2

V A0
µA

0µ + · · ·

<latexit sha1_base64="FogiSm7gCTysYIlswiZM1PF6I5Q="></latexit>

) @⌫A
⌫ = 0

<latexit sha1_base64="/lHopkSDZepArFQERXuzVdZkQso="></latexit>

) (@2 � m2
V )Aµ = 0 massive spin 1

<latexit sha1_base64="OuSvNz/gJ12/j6uN+tlG+6LnxZQ="></latexit>

m2 < 0
<latexit sha1_base64="bfoI6IeuErg3DJ+5gbfCrEn8Hyg="></latexit>

h� i 6= 0

<latexit sha1_base64="HLhqrOrnU7yYOz3M22JUghGITTk="></latexit>

Aµ : massive vector field
<latexit sha1_base64="r19uCt8CwnaiMzkMBxKpCBNWgPs="></latexit>

� :

(
h massive

' absorbed by Aµ

<latexit sha1_base64="WxPMDXPjjuzbftKvyqjgTKtmDHc="></latexit>

3
<latexit sha1_base64="oHOy4xVnZUavodCpEcRntVsFOys="></latexit>

1

<latexit sha1_base64="nY45dd63NQ8Q/tcy0TygEeO7TAg="></latexit>

4
<latexit sha1_base64="FMbsm8RcHSDlU2cNBlr3FmGTUAs="></latexit>o

<latexit sha1_base64="YmZUQ3RfuWujIBREbZLv5dTjpuc="></latexit>

@µF
µ⌫ � m2

V A⌫ = 0 drop ‘



<latexit sha1_base64="jV59h6QFln7EH9/Pna0HtWyPAS8="></latexit>

SU(2)L ⇥ U(1)Y ! U(1)EM
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7.  Unification and SM

EM int.
Weak int.
Strong int.

Maxwell
Fermi
QCD

<latexit sha1_base64="WBeAsLn6rKbO804wzY0ZaH5PK8o="></latexit>

U(1)EM

<latexit sha1_base64="qgez148dXGySZS+eH+IzzI3w5Ng="></latexit>

SU(3)C

<latexit sha1_base64="RSACVQZWTQnxSbrRtaCFlX/s30Y="></latexit>

SU(2)L ⇥ U(1)Y

<latexit sha1_base64="/Pf68CUNgwcoc5EIzSH8ZW1TDZQ="></latexit>�

<latexit sha1_base64="lGGRnfIVvNHP72209haBrND7A60="></latexit>

Lgauge = �
1

2
TrFµ⌫F

µ⌫ �
1

4
Bµ⌫B

µ⌫

<latexit sha1_base64="0aQtPY62iEFWsUiVrm9WxSsEf3s="></latexit>

Fµ⌫ = @µA⌫ � @⌫Aµ � ig[Aµ, A⌫ ], Aµ =
1

2
⌧aAa

µ
<latexit sha1_base64="+5iRDKF+gtrEJW1P9OaKBuxm7gk="></latexit>

Bµ⌫ = @µB⌫ � @⌫Bµ

<latexit sha1_base64="CjjmkyajDx/Iajd4qj9VB19Ul0o="></latexit>

LHiggs = (Dµ�)†Dµ� � V [�]
<latexit sha1_base64="sAsAAY/Ra4TJP4Tmo3rySKEQEUs="></latexit>

Dµ� =
n
@µ � i

�
gAµ + Y g0Bµ

�o
�

<latexit sha1_base64="0MHNOsye0QTNqPfDxoYCJoWNJk0="></latexit>

V [�] = m2�†� + �(�†�)2

<latexit sha1_base64="352BU8VMeii8TTCaxwMDqckxtX0="></latexit>

� : SU(2)L doublet
<latexit sha1_base64="YraAoYduihtp4v5uInrWxtk6olU="></latexit>

(Y = 1
2
)
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<latexit sha1_base64="jV59h6QFln7EH9/Pna0HtWyPAS8="></latexit>

SU(2)L ⇥ U(1)Y ! U(1)EM

<latexit sha1_base64="0MHNOsye0QTNqPfDxoYCJoWNJk0="></latexit>

V [�] = m2�†� + �(�†�)2

<latexit sha1_base64="aBcLb4KDhd4xr3rzYS9F/6/tCu8="></latexit>

m2 < 0
<latexit sha1_base64="ihi56+Z8JQO5ZVad0LaLiQBRzgw="></latexit>

) h� i =
1
p
2

✓
0
v

◆
, v =

s
�m2

�
<latexit sha1_base64="hxjU9Nq8CSvC9rSlFJN7t9u26RE="></latexit>

U(1)EM is unbroken.
<latexit sha1_base64="qYiXQE+seOLM0+pnIZUoO7LS9e4="></latexit>

� ! ei↵EM(x)QEM�
<latexit sha1_base64="u9KhNWonn3rtCk1/tq0y1Rj2XhE="></latexit>

QEM = I3 + Y =

✓
1 0
0 0

◆
for �

<latexit sha1_base64="q9sDkKhTB/lHhFEI5wcmgRTEEFk="></latexit>

W±
µ =

1
p
2
(A1

µ ± iA2
µ)

<latexit sha1_base64="qFVJDgmcVWjLiGrAzfVcv3lEKQw="></latexit>✓
Zµ

A�
µ

◆
=

✓
cos ✓W � sin ✓W
sin ✓W cos ✓W

◆✓
A3

µ

Bµ

◆
, sin ✓W =

g0
p
g2 + g02

<latexit sha1_base64="Uu0LcKgJ6yfWSlE+/bE79MXJJ3o="></latexit>

m� = 0 , mW = 1
2
gv , mZ =

mW

cos ✓W

Gauge fields

<latexit sha1_base64="2oM7Nq9xs2H9EeJPWbJdfwLLsKg="></latexit>

V [�]
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EM int.
Weak int.
Strong int.

<latexit sha1_base64="WBeAsLn6rKbO804wzY0ZaH5PK8o="></latexit>

U(1)EM

<latexit sha1_base64="qgez148dXGySZS+eH+IzzI3w5Ng="></latexit>

SU(3)C

<latexit sha1_base64="RSACVQZWTQnxSbrRtaCFlX/s30Y="></latexit>

SU(2)L ⇥ U(1)Y

<latexit sha1_base64="/Pf68CUNgwcoc5EIzSH8ZW1TDZQ="></latexit>�

Unification of forces

Spontaneous Symmetry Breaking

GUT
<latexit sha1_base64="Ws3k17nQTt6BDByW8oTAsXSzHqM="></latexit>

SU(5)
<latexit sha1_base64="muBr4VgACkcyMfLs+04aZXyetQM="></latexit>

SO(10)

<latexit sha1_base64="yDuvDyNtUWxt5ITns5i8pcolChA="></latexit>

! SU(3)C ⇥ SU(2)L ⇥ U(1)Y
<latexit sha1_base64="bKxkmIQOZ7DNncHIbeGQv06enaw="></latexit>o

<latexit sha1_base64="q1oJVwKCdMY0fdhJWLzdvnP19RA="></latexit>

! SU(3)C ⇥ U(1)EM

<latexit sha1_base64="50xdlf8+6owL+gdyQfnQutAKO1E="></latexit>

W,Z
<latexit sha1_base64="2NwbemkAco6x3eg93nfMMQSTfjA="></latexit>

U(1)EM

<latexit sha1_base64="VQruF2yS0yukJyB844U/9A8CD/E="></latexit>�

<latexit sha1_base64="j99RFunxDFL+50iYLltq3sIgRA8="></latexit>

SU(2)L → U(1)Y



<latexit sha1_base64="iSQNGKA1D80F+hpNa5yliY8MDP8="></latexit>

At T < Tc , electric currents flow with no resistivity.

8-1

Not an eigenstate of electron number/electric charge.
<latexit sha1_base64="JnYJ0ddYr4Q2dG2to8vWb0q8Qf4="></latexit>

Is U(1)EM spontaneously broken?

8. Superconductivity - BCS (1957)

or

eigenstate of electron no.|ΨN 〉 =
∫

dα e−iNα/2 |ΨBCS(α) 〉

|Ψ 〉 =
∑ √

wN |ΨN 〉

|ΨBCS(α) 〉 =
∏ {

up + eiαvpc†
e("p, ↑)c†

e(−"p, ↓)
}

|0 〉BCS ground state:

Cooper pairs



Bogoliubov (1958)

ξ(−"p, ↓) = upce(−"p, ↓) + eiαvpc†
e("p, ↑)

ξ("p, ↑) = upce("p, ↑) − eiαvpc†
e(−"p, ↓) <latexit sha1_base64="KmZCnI9d+zKj30O5Iu7McS7T7gY="></latexit>

(u2
p + v2

p = 1)

8-2

Quasi-particles

|ΨBCS(α) 〉 =
∏ {

up + eiαvpc†
e("p, ↑)c†

e(−"p, ↓)
}

|0 〉

∆(p)Energy gap Superconductivity

ξ("p, ↑)|ΨBCS(α) 〉 = 0
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Bogoliubov transformation
<latexit sha1_base64="mT/Wf0bkIXy3DzzOXj+4k0kEphk="></latexit>

ce(~p, ") = a
<latexit sha1_base64="l0kRlQazKPKWBblDy2yX96YVPw0="></latexit>

ce(�~p, #) = b

<latexit sha1_base64="LvB2Ozbv5J6fNyvZqUcn+hEr0D4="></latexit>

{a, a†} = {b, b†} = 1, others = 0

<latexit sha1_base64="1oO8qKubp26fXyi+3NQVzxFGekE="></latexit>

⇠(~p, ") = upa � vpb
†

<latexit sha1_base64="vphJpJRfhIZajDq1zAUwh21xNLs="></latexit>

⇠(�~p, #) = upb + vpa
†

<latexit sha1_base64="WhFaH+SPavrSyq/KUczxUl2NJDc="></latexit>

|up|2 + |vp|2 = 1

<latexit sha1_base64="nqYi3xrEVjry7s32aKtNxEqtqp4="></latexit>

{⇠(~p, "), ⇠†(~p, ")} = {upa � vpb
†, u⇤

pa
† � v⇤

pb} = |up|2 + |vp|2 = 1
<latexit sha1_base64="lNZS8Z0r+XxGAOa+gtQ9Vtw2pvM="></latexit>

{⇠(~p, "), ⇠(�~p, #)} = {upa � vpb
†, upb + vpa

†} = upvp � vpup = 0

<latexit sha1_base64="vU71Sok3j+W+xjf3g7Uhfn8eiPM="></latexit>

⇠(~p, ")(up + vpa
†b†)|0 i = (upa � vpb

†)(up + vpa
†b†)|0 i

<latexit sha1_base64="i/a49Ceg9zPJjSHaYyLE76OFYes="></latexit>

= (upvp a a†b† � vpup b†)|0 i = 0
<latexit sha1_base64="dBu88rMCEGwQAcaIBXrAUZOgQwg="></latexit>

1 � a†a

<latexit sha1_base64="AC0ho4Gh87xqYoiMdZlqYIRAVLI="></latexit>|{z}
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Quasi-particles

|ΨBCS(α) 〉 =
∏ {

up + eiαvpc†
e("p, ↑)c†

e(−"p, ↓)
}

|0 〉

The BCS ground state is a vacuum state of quasi-particles.

A quasi-particle is a mixture of a particle and a hole. U(1) sym is broken.

An energy gap is generated.

Bogoliubov (1958)

∆(p)Energy gap Superconductivity

ξ(−"p, ↓) = upce(−"p, ↓) + eiαvpc†
e("p, ↑)

ξ("p, ↑) = upce("p, ↑) − eiαvpc†
e(−"p, ↓) <latexit sha1_base64="KmZCnI9d+zKj30O5Iu7McS7T7gY="></latexit>

(u2
p + v2

p = 1)

ξ("p, ↑)|ΨBCS(α) 〉 = 0
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Cooper pair condensation

Ginzburg-Landau order parameter

<latexit sha1_base64="ZEhclVohDXClXMrzMnFFyAUp/dI="></latexit>

h BCS(↵)| #(x) "(x)| BCS(↵) i = ei↵
X

upvp

<latexit sha1_base64="FZRgyuvcGP6K5Jo2A0xf7kpjCPI="></latexit>

=  GL(↵)

eiα

E(ΨGL)Energy density

Superconducting
state

Normal state



<latexit sha1_base64="xHu8GISgSRQ2jL+8mRuSC3Riuo0="></latexit>

H = H0 + Hint , Hint = H
phonon
int + H

Coulomb
int

∼
<latexit sha1_base64="oCxY5DS6LzJY3LJP/oGgVtqivsM="></latexit>

⇠
Z

d3x g  †
" 

†
#  # "

<latexit sha1_base64="KYSNjKcQ/R7HL4j+joQZZhkjWig="></latexit>

Hint =

9-1

9. Superconductivity - Nambu (1959)

<latexit sha1_base64="GjxxXe7ZDEGgHI28ETEeQQdmu44="></latexit>

[H,Q] = 0 : U(1) inv

<latexit sha1_base64="n4kn9Ai4Zz+zDJJ+yZWqwLgLblQ="></latexit>

Hs =

Z
d
3
x g

n
h †

" 
†
# i # "+  

†
" 

†
#h # " i

o

Breaks U(1) sym.

Self-consistency:
<latexit sha1_base64="E5mk6cZFU9arqtRHAdH2vFPCaqo="></latexit>

H
0
int = Hint � Hs ⇠ 0

Generalized Hartree-Fock approx.
<latexit sha1_base64="u8HrAwFlov6Imcqm7V7VX8OD1DE="></latexit>

H = (H0 + Hs) + (Hint � Hs)
<latexit sha1_base64="dyAwSqAxsX8dXZPe1F2l3KRNtgs="></latexit>

H
0
0

<latexit sha1_base64="KphPeubZfYRoB6dq5F3c4JiGWM8="></latexit>

H
0
int

(Gorkov)



Nambu representation
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<latexit sha1_base64="k+Lf3AZjLdpoZHp2R4pEnDyxEkw="></latexit>

 (x) =

 
 "(x)

 †
#(x)

!
 (~p) =

 
ce(~p, ")
c†e(�~p, #)

!

<latexit sha1_base64="iHGzMDbsYsKtb8EVP0/RqaRW9Zk="></latexit>

H
0
0 =

X

~p

 †(~p)
n
✏(~p) ⌧3 + �(~p) ⌧3 + �(~p) ⌧1

o
 (~p)

Σ

− = 0
Σ

Self-consistency:
<latexit sha1_base64="E5mk6cZFU9arqtRHAdH2vFPCaqo="></latexit>

H
0
int = Hint � Hs ⇠ 0

Gap equation

Quasi-particle
<latexit sha1_base64="v+Du6iVSLghLWyCMqjBhdd/Gqpo="></latexit>

E(~p) = ±
p
(✏ + �)2 + �2

<latexit sha1_base64="2H1EqJeJPGoDjInFWj2uc4YDTdw="></latexit>

gap = 2�
��
Fermi surface

<latexit sha1_base64="phRzDx6MzSVumaaDWbkRrVSIrwY="></latexit>

⇠(~p, ") , ⇠†(�~p, #)
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Nambu’s analogy

<latexit sha1_base64="P3qUCvsGalgG6EcKwBeAUaXjMQs="></latexit>n
(✏ + �)(~p) ⌧3 + �(~p) ⌧1

o
 (~p) = E (~p)

Superconductivity:
<latexit sha1_base64="k5tSjU5MDb+i2Ls2s3KXDgVpdwQ="></latexit>

 (~p) =

 
ce(~p, ")
c†e(�~p, #)

!gap U(1) symmetry is broken.

Dirac equation:
<latexit sha1_base64="f0o8MKGfUule8MT7LX9+ZSgW3G8="></latexit>⇢
~p ~�

✓
I2

�I2

◆
+ m

✓
I2

I2

◆�
 = E  

<latexit sha1_base64="gKpCyRbZgdypzHlzgVKXPvfDTi4="></latexit>

 =

✓
 L

 R

◆mass
What symmetry is broken ?

Mass is a gap !
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10. Chiral symmetry

Chiral U(1) : 
<latexit sha1_base64="Yp+Ln8YRgiK4c8n0ajHHWujedDE="></latexit>

 ! ei↵�5

 

U(1) : 
<latexit sha1_base64="xATjTDitwmkOlqHzXP+T/p2OA4k="></latexit>

 ! ei↵ 
<latexit sha1_base64="aqZz/Pbi1ipFysqG5j6sSXCXAvA="></latexit>✓
 L

 R

◆
!

✓
e�i↵  L

e+i↵  R

◆

<latexit sha1_base64="jZA/VPSKd7U/rN0MuHN4De2BbXg="></latexit>

 pµ�
µ  =  †

R(p0 + ~p ~�) R +  †
L(p0 � ~p ~�) L

<latexit sha1_base64="yJgFH9y4gbnk/Tg3CAM9JoAc33E="></latexit>

  =  †
L R +  †

R L
<latexit sha1_base64="I9Mr9Xq7vXMKZgTuwzYyqoAVumA="></latexit>

 �5 =  †
L R �  †

R L

)

<latexit sha1_base64="3mCxUMEs9WxzEeJLHve+jQ2XmJg="></latexit><latexit sha1_base64="xrYzoqegEhlpDsfAVqVxpL1v3nc="></latexit><latexit sha1_base64="3mCxUMEs9WxzEeJLHve+jQ2XmJg="></latexit><latexit sha1_base64="xrYzoqegEhlpDsfAVqVxpL1v3nc="></latexit><latexit sha1_base64="3mCxUMEs9WxzEeJLHve+jQ2XmJg="></latexit><latexit sha1_base64="AhGHospshuHjmwY1OsswBnDYTD0="></latexit>

Not invariant under chiral U(1) 

mass term breaks chiral U(1) inv.

<latexit sha1_base64="TTjLisfgPjCEZsIs1AQr1tPZKmE="></latexit>

L0 =  (i�µ@µ � m) In 
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11. Nambu-Jona-Lasinio model (1961)
Dynamical mass generation

<latexit sha1_base64="P3qUCvsGalgG6EcKwBeAUaXjMQs="></latexit>n
(✏ + �)(~p) ⌧3 + �(~p) ⌧1

o
 (~p) = E (~p)

Superconductivity: gap U(1) symmetry is broken.

Dirac equation:
<latexit sha1_base64="f0o8MKGfUule8MT7LX9+ZSgW3G8="></latexit>⇢
~p ~�

✓
I2

�I2

◆
+ m

✓
I2

I2

◆�
 = E  

mass Chiral symmetry is broken.

Spontaneous breaking of chiral sym.

Dynamical mass generation
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We imagine that fundamental interactions of hadrons
are chiral symmetric.

mass term breaks chiral U(1) inv.
In 

<latexit sha1_base64="6XTxz9wrHAWhebd5JG7WJ+q1Fc0="></latexit>

L =  (i�µ@µ � m) 

Chiral symmetry is spontaneously broken by dynamics.

QCD
4-fermi int.:

<latexit sha1_base64="SpH5ieB+gjz579KqTvKrP/cvucg="></latexit>

Lint = g0
n�
  

�2 �
�
 �5 

�2o

<latexit sha1_base64="7AZpNhsbIR/zYFpbtlbe4Z0+cvk="></latexit>

= 4g0  
†
L R 

†
R L

<latexit sha1_base64="A0hHZ/7WBa2xhgU91H4jNTRUjYY="></latexit>

LNJL =  i�µ@µ + Lint



11-3

<latexit sha1_base64="A0hHZ/7WBa2xhgU91H4jNTRUjYY="></latexit>

LNJL =  i�µ@µ + Lint

<latexit sha1_base64="LPt40znal39iGfd5/lpkXsIOMOg="></latexit>

= (L0 + Ls) + (Lint → Ls)
<latexit sha1_base64="9PcnlNNOxkkeL5u0j3RsX+bj+OQ="></latexit>

L→
int

<latexit sha1_base64="4KetH6ATpACdO4hMf2Oav+fC9qA="></latexit>

L→
0

<latexit sha1_base64="F68lt5fWaIXfTVbHLc3drp1QUKs="></latexit>

→mωω

Self-consistency:

= 0+×
m<latexit sha1_base64="Gy8OhjkhDvRKP5ODKT5iyUv6HKQ="></latexit>

L→
int → 0

<latexit sha1_base64="k62b9TEoK+CMJRnUgl4+cse1ohM="></latexit>

m

{
1 →

ig0

2ω4

∫
d4p

p2 → m2 + iε

}
= 0

Non-trivial solution
<latexit sha1_base64="/zjC2zxrDz3RorCSThNGAeL0D4A="></latexit>

(m →= 0)

<latexit sha1_base64="j6fBasKbEV/pEmubkZOL1l3etwk="></latexit>

for 0 <
2ω2

g0!2
< 1
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NJL vacuum

<latexit sha1_base64="9+B/OAF3OEBTlknVDABJmHNe+So="></latexit>

ω(m)(x) =

∫
d3p

(2ε)3
1

→
2E

∑

s

{
a(m)(ϑp, s)u(m)(ϑp, s)e→ipx + b(m)†(ϑp, s)v(m)(ϑp, s)e+ipx

}

Massive:
<latexit sha1_base64="sOIL1I6DJVM9ea45RDXcQBMwZyI="></latexit>

(iωµεµ → m)ϑ(m)(x) = 0

Massless:
<latexit sha1_base64="DPgcBP0y3P1EgNWLfTKflFQEs2w="></latexit>

iωµεµ ϑ(0)(x) = 0
<latexit sha1_base64="E0n5MRulhYnWi5EtZ3cwKy0ih68="></latexit>

ω(0)(x) =

∫
d3p

(2ε)3
1

→
2p

∑

s=±1

{
a(0)(ϑp, s)u(0)(ϑp, s)e→ipx + b(0)†(ϑp, s)v(0)(ϑp, s)e+ipx

}

<latexit sha1_base64="NBpWzSsnYzEUncewQ8TnauJildQ="></latexit>{
a(m)(ωp, s), b(m)†(ωp, s)

} <latexit sha1_base64="fp5OWjHellmDF5LA9c92debR7cU="></latexit>{
a(0)(ωp, s), b(0)†(ωp, s)

}
are related to by

<latexit sha1_base64="IcyrQwduqtKNhBuZao3g/pOFTxo="></latexit>

ω(m)(x) = eiωε5

ω(0)(x) for x0 = 0



NJL vacuum
<latexit sha1_base64="sSfaOPnc+QQkAA2hbh7FR0iYQ+0="></latexit>

|!(m)(ω) → =
∏

ωp,s

{
up ↑ e2isεvpa

(0)†(εp, s)b(0)†(↑εp, s)
}
|0 →

chiral pairs

11-5

Quarks = quasi-particles

<latexit sha1_base64="WRCVrWe7QmeuwwbvrUNvaRbbLYQ="></latexit>

a(m)(ωp, s) = e→isωup a(0)(ωp, s) + eisωvp b(0)†(→ωp, s)
<latexit sha1_base64="rkhRDGGJKDHLLGsngxeFcjle/F8="></latexit>

b(m)(→ωp, s) = e→isωup b(0)(→ωp, s) → eisωvp a(0)†(ωp, s)

<latexit sha1_base64="hz3qn1jIu9985R2hKLzMfBHDudg="></latexit>[
a(m)(ωp, s)
b(m)(ωp, s)

]
|!(m)(ε) → = 0

<latexit sha1_base64="hwUfclEDLrh6cFXKxxQioCBOMWI="></latexit>

→!(m)(ω)|ε(m)†
R ε(m)

L |!(m)(ω) ↑ ↓= 0

chiral condensates

<latexit sha1_base64="hWYQseqTm+RD7bEpmtirUR9weAQ="></latexit>

up =

r
1

2

⇣
1 +

p

E

⌘
, vp =

r
1

2

⇣
1 �

p

E

⌘
, E =

p
p2 + m2
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<latexit sha1_base64="WRCVrWe7QmeuwwbvrUNvaRbbLYQ="></latexit>

a(m)(ωp, s) = e→isωup a(0)(ωp, s) + eisωvp b(0)†(→ωp, s)

Nucleon/quark:

NJL vacuum
<latexit sha1_base64="sSfaOPnc+QQkAA2hbh7FR0iYQ+0="></latexit>

|!(m)(ω) → =
∏

ωp,s

{
up ↑ e2isεvpa

(0)†(εp, s)b(0)†(↑εp, s)
}
|0 →

chiral pairs

mass generation

ξ("p, ↑) = upce("p, ↑) − eiαvpc†
e(−"p, ↓)

Quasi-particle:

BCS ground state
Superconductivity

|ΨBCS(α) 〉 =
∏ {

up + eiαvpc†
e("p, ↑)c†

e(−"p, ↓)
}

|0 〉

gap

Cooper pairs
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12. Pions as NG bosons
<latexit sha1_base64="frOVTOsOgL+eXyjUOpwH62PW2Xo="></latexit>LNJL : Chiral symmetry is spontaneously broken.

Conservation of 
<latexit sha1_base64="g57WOhZv8mR/Ht7QEKFgS4ft+uA="></latexit>

j5µ = ωεµε5ω , ϑµj
5µ = 0

<latexit sha1_base64="5anGmXc/El8uEzALXr/rXMW+Lsc="></latexit>

→p→|j5µ|p ↑ = F (q2)u(p→)

{
ωµω5 +

2mqµ

q2
iω5

}
u(p)

Nambu-Goldstone theorem Massless pion<latexit sha1_base64="guYwK9un6Sq4TOKTnUXJBY760kI="></latexit>

0�

= + + · · ·+

<latexit sha1_base64="5RFU22Wpu1BHJUUk9tlcm7d6/h8="></latexit>

= 2g0i�
5 1

1 � JP (q2)
�5

<latexit sha1_base64="deUDInX208sUI/AqD50GPgPbPJc="></latexit>

JP (0) = 1

= 0+×
m
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In real world
<latexit sha1_base64="zLe5Zcru7bW1rg15CH68rNn/XCo="></latexit>

�5 ⇥ flavor SU(2)F or SU(3)F symmetry is approximate.

<latexit sha1_base64="BeOJ/1ue48EE4kS3Xpju9piekhc="></latexit>

Small bare quark masses mu,md

<latexit sha1_base64="UOOAzc6JavFdF5Vhi54/fByeD40="></latexit>n

Higgs mechanism in SM

massless NG boson -> small mass
<latexit sha1_base64="lQaswVWNceYjkuhojYsL0o1p/Ng="></latexit>

m2
⇡ ⌧ m2

<latexit sha1_base64="Ewv+SOxU27MKKogyTJ7KZe/VmEo="></latexit>

f2
⇡m

2
⇡ =

mu + md

2
huu + dd i

Gell-Mann, Oaks, Renner  1968

lattice simulation   JLQCD-TWQCD 2007

Chiral condensates
<latexit sha1_base64="lgOiMgpVldOLSZFuTkSsmm4P9HM="></latexit>

hqq i ⇠ (250MeV)3
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13. Summary

Physics is simple at the fundamental level.

SymmetryPhysics laws have

is manifest or hidden in Nature.

Symmetry
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Symmetry
Physics laws

Observed world

Spontaneously broken

Vacuum is not empty.
Particles = quasi-particles

Unification

of forces

Superconductivity

Chiral symmetry

breaking


