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Symmetry

Spontaneous Symmetry Breaking

Why symmetry in physics ?
Why spontaneous symmetry breaking ?

Symmetry is the heart of physics laws.
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2. Relativity

2 =
d T;

Newton equation

When Uyt = 0

invariant under translations, rotations

invariant under Galilean transformations

~>

Galileo’s relativity principle

~>

Einsteins special relativity

~ OO/
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Principle of relativity = Universality

Physics laws take the same form irrespective of

Space position & direction

Time

Moving or not

Absolute symmetry




3. Field theory

~ )
Condensed matter physics many body
Statistical physics quasi-particle creation/annihilation
Nuclear physics relativistic
Particle physics particle creation/annihilation
\_ W,
é )
Y(x) = P(Z,t), (Yer »¥el)
A,(x), Fu(z)=08,A, —d,A, = (E,B)
successful so far ..
\_ W,
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\_

Equations of motion €= Action I = / d*z L

4 )
Spacetime symmetry

Internal symmetry

global baryon no sym., chiral symmetry

local gauge symmetry
\- J

a )
Physics is simple at the fundamental level.

<

_ «<i» B

oI =0
Action principle

~




« 4. U(1) Goldstone model D

L=0,2T0"® — VD]
VI[®] = m?®Td + \(&TD)?

(0,0" +m? + 22 27®)® =0

f V[P]
m? <0 2 4
— V:)\{(q)’rq)_v_)2_v_}
2 4
—m2
7 S
k A

Hamiltonian

H = /d?’az {HTH L VeIVe - V[<I>]}

(11 = &)
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H = /d% {HTH L VaTVe + V[<I>]}

U(l) inv. & —» & =e"“®

9,j"(x) =0 where j"(x) = i(OFPTH — PTOH D)

. @) cha@ Q = /d?’wjo(tai’)

d S
Q _ d3:n80j°:—/d3:vdivj:0
dt
dQ i

or _[ 9Q]—O

U@y inv — [H,Q =0

Q is conserved. : symmetry of H

~




-

U (1) transformation

U(a) = eiaQ U(a)T®(x)U(a) = e** @(x)

W) : |ground state) or |vacuum )
If U(a)|Pe)=e"P|Tg)
(Te|U(a)'®(2)U(a)|¥c) = (Te|®(2)|¥c )

— eia <\Ilc;|(I)(w)|\Ifg>
> (Yg|®(2)|¥q) =0

\.

=
C(¥cl2@)¥c) #0 D 0>

| W ) is not invariant under U(1) transformation.

is not an eigenstate of Q.

AN




~

2 4

vzx{(@’f@—%f—%} N bt

(vac(a)|®|vac(a) ) = e**v/v2
lvac(a) ) = U () |vac(0) )

—

(

Hamiltonian is invariant under a transformation of symmetry Q,

whereas |P¢) is not invariant.

Qﬂlmeh‘y Q is spontaneously brokﬂ)

~N

1 V2 1
L= _0,h0"h — Xh® + _ 8,000 + -+

(v + h(w))eicp(w)/v

\.




5. SSB in magnetism

Hamiltonian is rotationally invariant.

2 U AVAVA
NI K kKK
“« ® K LIS VAVAY
A LA 3 AVAY A
T a1 k FrErx VYAVAY
para-magnet ferro-magnet anti-ferro-magnet
(M) #0
Spin waves — NG bosons
ferro-magnet : e(k) = ak?
anti-ferro-magnet : e(k)=bk (S=1)
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6. Higgs mechanism

U(1) Goldstone model + gauge interactions

1
L= (D,®)'D*® — V[®] — ZFWF’“’ (D, = 8,, —ieA,)

& — &' =P

Gauge invariance : {

A, — Al = A, + ,A()
B = = (v + h(z))eP@/v
V2

1 , o, 1
L = —8,hd"h — Av*h® — —F, F"
2 4

1 1 1
0% (A — —Bup) (A — —9¥p) + -
(SA Y ev




Unitary gauge

eA(x) = p(x) 1

'=0, A =A,— —0

1 1 1
L= 5 Ouhd"h — Av?h? — ZF,;UF’W + Em%,A:LA’“ +on

(my = ev)

o, F"" — m%,A” =0 drop *

= 0, A =0 = (8% — m%,) A, =0 massive spin1

No of physical degrees of freedom

A,, : massless gauge field

(I):(I)1—|—’L(I)2

Au : massive vector field

b - h massive
" | ¢ absorbed by A,




7. Unification and SM

EM int. Maxwell U(l)em
Weak int. Fermi
Strong int. QCD SU(3)c

} SU(Z)L X U(l)y

SU(2)L X U(l)y —> U(I)EM

1 1
Egauge — —5 TI'FMVF“'V — Z BMUB“'V
3 1 a a
F,, =0,A, —0,A, —1g[A,, AL], A, = 57‘ A“
B,, = 8,B, — 8,B,
ctiess — (D, @) DF® — V[P] & : SU(2)r doublet

D,® = {a,i —i(gA, + Yg’B”)}<I> (¥ = 1)

V@] = m?®T® + \(TD)?




SU(Z)L X U(].)Y — U(l)EM

VI[®] = m?®Td 4+ \(&TP)?

U (1)gmMm is unbroken.

b — e’iaEM (z)QEM P

Qem =1Is+Y =<(1) g) for ®

Gauge fields

1
W+ =
12 \/5

(AL £4A2)

o 3 /
_ (cos Ow sinOw \ (A k). sin Oy — g
sinfw  cosOw B, \/gz + g'2

mw

1
m~y =0, mw=3g9v, mz =

cos Ow




EM int. U(l)em
Weak int. }
Strong int. SU(3)c

SU(2)L xU(1)y

SU(2)r x U(1)y
Unification of forces ¢
L \

SU(5)

SO(10) } —+ SU@B)c x SU(2)L xU(1)y — SU(B)c x U(1)em

/-3




8. Superconductivity - BCS (1957)

At T < T,., electric currents low with no resistivity.

[

BCS ground state: |¥pcs(a)) = H {up + e"*vycl (P, T)cl (-7, i)} 0 )]

Not an eigenstate of electron number/electric charge.

Is U(1)gm spontaneously broken?

or

TN ) = /da e~ "N*/2 | Wpcg(a))  eigenstate of electron no.

[ ) :Z\/’wN [N )
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@asi-par’ricb

Waos(@)) =[] {up + e vpel (B Del (-5, 1) } 10)

Bogoliubov (1958)
S(ﬁa T) — upce(ﬁa T) — eiavpci(_ﬁa l)
6(_ﬁ9 l) — upce(_ﬁa l) + eia’vpci(ﬁa T)

= £(5,1)|¥sos(a)) =0
Energy gap A(p) E{) Superconductivity

(u?) —I—vzz) =1)



Bogoliubov transformation

Ce (D. = a

. Ezi’;:)\l/) b {a,a™} = {b,b’} =1, others=0
e 9 -

g(pa T) Upa Up |up|2 + |'Up|2 — 1

£(—P, 1) = upb + vpal

{e@1), @M} = {upa — fvpr,u;a,T — ’U;b} = |up|® + |vp|?

{5, 1), &(—P, 1)} = {upa — vpb', upb + vpa'} = upv, — vyup, =0

§(D5 1) (up + ’UpaTbT)lO) = (upa — vpr)(up + 'UpaTbT)m)

= (upvpaa’b’ —vyu, b7)|0) =0
—
1—a'a
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Quasi-particles

Waos(@)) =[] {up + e vpel (B Del (-5, 1) } 10)

Bogoliubov (1958)
S(ﬁa T) — upce(ﬁa T) — eiavpci(_ﬁa l)
g(_ﬁa l) — upce(_ﬁa l) + eiavpCZ(ﬁa T)

= £(5,1)|¥sos(a)) =0
Energy gap A(p) E{) Superconductivity

(u?) —I—fvz =1)

rThe BCS ground state is a vacuum state of quasi-particles. \

A quasi-particle is a mixture of a particle and a hole. U(1) sym is broken.

kAn energy gap is generated. J
8-4




Cooper pair condensation

(Wpcs ()| (@)1 ()| PBes (@) ) = €% Y upv,
i \IJGL(O{)

Ginzburg-Landau order parameter

Energy density £(¥qr,)

Superconducting
state

<Normal state
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@onduchvn‘y Nambu (1959)

h
H = Hy+ Hyyy , H;n = HPO"O" 4 gLoulomb

int int

Hine — )( ~ >< ~ [ dzgulvlv,,

[H,Q] =0 : U(1) inv

Generalized Hartree-Fock approx. (Gorkov)
H = (HO + Hs) + (Hint — s)
H/ H

H, = [ @ag{@lv])v,e,+ ool w,e,)]
Breaks U(1) sym.

Self-consistency: H. = Hi,, — Hs ~ 0

int
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Nambu representation

e )

. ’l,b»r(a?) P Ce(ﬁaT)
¥ix) = (%(:::)) ¥p) = <c3;(—ﬁ, ¢)>

\_ J

Hy =3 9 (5) {e(B) 73 + X(P) 7 5 (P) 71 | ¥(F)

Quasi-particle  £(7,1) , £1(—p,1)

E@) =+V(e+x)2+¢> gap =2¢| . .

Self-consistency: Q ‘_ —0
H = int — Hg ~0 E

int

Gap equation




@mbu's analoD
Superconductivity: @ @ U(1) symmetry is broken.

{(e + x)(P) 73 + ¢(P) 11 ; ¥(P) = E ¥(p) ¥(p) = (5((—1;?))
N\
N

4 )

Dirac equation: @ @ What symmetry is broken ?

N I2 I2 . . ¢L
L S L e B L e
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QO. Chiral symmefrD

4 A

u@): P — e* ¥

Chiral UM): ) — €7 ¢ (:ﬁ;) ~ (2_:2 gz)

P p At =P (po + PE)Pg + Wl (po — B&)Y,

Y = Plbg + VR,

— Not invariant under chiral U(1)
VYY) =YLy — YR, }

In Lo = ¢ (i7"8, — m) ¥
mass term breaks chiral U(1) inv.

\_ /
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@ambu-Jona-Lasinio model (wD
Dynamical mass generation

Superconductivity: I:> U(1) symmetry is broken.

{(e +X)(@) 75+ 6(F) 71 } ¥(F) = E ¥ (p)

Dirac equation: II{} Chiral symmetry is broken.
177 (" ) el ") fo=ne
2

~

é;nfaneous breaking of chiral SD
=) @ Dynamical mass generation

\_ 11-1




a B )
In £ =1 (iv"0, —m) Y

5 mass term breaks chiral U(1) inv./

4 )

We imagine that fundamental interactions of hadrons

are chiral symmetric.

Chiral symmetry is spontaneously broken by dynamics.

QCD
4-fermi int.: LniL = ¥ iy Outy + Ling

Line = 90{ (P¥)* — (¥7°9)” ]
= 4499 ¢2¢R¢L¢L
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L = Y iyHO0u) + Ling
— (EO + Es) + (Lint — Es)

‘Ci) \ ‘C;nt

—mapip

Self-consistency:

m
Lo ~0 = 5 *F Q =
. d4
274 ) p? — m? + i€
o o . 71'2
Non-trivial solution (m # 0) for 0 <
goA*

<1
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NJL vacuum
Massless: iv8, (0 (x) =0

() =

d3p 1 | |
(2m)? v/2p 2 {a® (B, 9)u® (B, 5)e =" + b1 (5, )0 (5, s)et 7" |
s=T11

Massive: (iv*8, — m) Y™ (z) =0

d3p 1

(2m)% V2F

v(@) = |

Y {a<m> (5, )ul™ (B, 8)e~P® £ p™1 (5, §)u (™ (F, S)e+z’pm}

{a™(p,5), b (P, s)} arerelated to {a'”(7,s),b6'VT(5,5)} by

Y™ (z) = eia75¢(0)(m) for £g =0




Quarks = quasi-particles

a'™ (P, s) = e **u, a'® (P, s) + e***v, b7 (—p, s)

b (7, 8) = e *%u, bO (=, 5) — e**v, a®T (5, s)
e

NJL vacuum

chiral pairs

20 () = [ {up — €2=v,a @t (53, )b (=5, 5) }|0)

D,s

(m) (5
D il
(@™ (@) Ty ™ 1™ (@) # 0
& chiral condensates
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Superconductivity

BCS ground state

[ |\IJBCS (a) > = H {up + eiavpci(ﬁv T)CZ(_ﬁa l)} |O> ]

g

gap
Quasi-particle: Q

E(P, 1) = upce (P, T) — e *vpel (=P, |)

<NJ L vac uum>

{ 20 (@) =] {up — €***0,a®(5, )b (7, 5) }|0) ]

B, ,
@s genera’r@

Nucleon/quark:
a'™ (P, s) = e *%*u, al? (P, 5) + €**v, b(OT(—p, s)




12. Pions as NG bosons

LN ¢ Chiral symmetry is spontaneously broken.

Conservation of j°* = yY~y*~%y , 8,5°"* =

P15 1) = F@u(){ 1" + “gin® bu(p)

@-Goldsfone ’rh@ @sless 0~ pigrD

Jp(O) —1

2goiy° 5
1 — JP(q ) n C —0
: - 12-1




In real world

{ ~° x flavor SU(2)r or SU(3)r symmetry is approximate.

Small bare quark masses m,,mg <— Higgs mechanism in SM

é N
massless NG boson -> small mass m?2 <« m?
:> My + M _
f2m2 = —2|_ d (wu + dd)
Gell-Mann, Oaks, Renner 1968
j

~

.

@iml condensafes)

(@q) ~ (250 MeV)?

lattice simulation JLQCD-TWQCD 2007
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Physics is simple at the fundamental level.

Physics laws have w

) Symmetry_

is manifest or hidden in Nature.
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Spontaneously broken

Observed world

Vacuum is not empty.
Particles = quasi-particles

Unification
of forces

Superconductivity

Chiral symmetry
breaking




