6 Compositeness and weak-binding relation

6.1

6.2

Introduction
Study of hadron structure : problem with unknown potential

— Inter-quark potential is not accessible by confinement

— Inter-hadron potential is not observable in a strict sense

(Change of potential can be absorbed by change of w.f. keeping observables unchanged)
Internal structure of hadron resonances : superposition of all possible configurations

| A(1405) ) = Cs4| uds) + Cs4| udsgq) + Crg| MB) + - -- (44)
C; . weight of each component

Traditional method : Comparison of model calculation with experimental data
Calculation with | uds) model, calculation of | KN') model, etc.

— Dominant C; is given by the model which well reproduces the experimental data
Problems :

— By refinements (with many parameters introduced), any model can describe data
— Is Eq. (44) well-defined? (orthogonality of 5q and M B? structure of unstable resonance?)
— Wave function is not an observable? energy scale?

Weak-binding relation : Model-independent method

— relate observables to internal structure
History :

— 1960’s : Discussion to identify elementary particles out of composite particles
— 1965 : Weak-binding relation by Weinberg (bound state) [18]

— 2003 : Application to hadron physics (integration of spectral function) [36]

— 2011 : “Compositeness” in hadron physics [37]

— 2015 : Generalization of weak-binding relation to resonances [19, 20]

Weak-binding relation
Compositeness X of stable bound state (deuteron case) [18]
|d) =VX|NN) +VZ|others), X+Z=1

|d) : wave function of deuteron
| NN) : two-nucleon (s-wave) component
|others) : all other components

Z : elementarity/elementariness
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e (X,Z)=(1,0) : composite like state, (X,Z) = (0,1) : elementary like state
e Cautions

— | NN) is labeled by continuous variable such as momentum, and X is sum of all the components
— |others) contains 6q states, NA states, NN (d-wave) states, and so on

— Because | others) is historically introduced as a single-particle state, Z is called “elementarity”
¢ Weak-binding relation
2X Ry 1
=R{——+0 U , R=
a0 {1+X+ < R)} V21D

ap : NN scattering length (3S; channel)
B : deuteron binding energy, u = My /2 : NN reduced mass

R : deuteron radius (length scale associated with the binding energy)

Ryyp ¢ typical length scale of interaction
e When B is small (Ryy,/R is negligible), compositeness X is determined by observables (ag, B)
e Condition

— X is the compositeness in s wave scattering channel (not applicable to ¢ # 0)

— Stable bound state (no decay)
e Using B = 2.22 MeV and a¢ = 5.42 fm for deuteron, [38]
2.15
X =1.68"54,

Uncertainty estimated by O (Ryp/R) term with Ry, ~ 1/my; = 1.43 fm
By definition (see below) X <1 = 0.85 < X <1 : more than 80 % of deuteron is NN composite

e Without using the nuclear force and deuteron w.f., structure is determined by observables

6.3 Compositeness in effective field theory
e Hamiltonian of EFT [19, 20]
H = Hpeo + Hint
Hpreo = /dr iwﬁ SV + iw* Vo + 1 gl V By + woBl By
2M 2m oMy O 0
Hos = [ dr a0 (Blow -+ w161 Bo) + voul o100 (45)

o(r), ¥(r), Bo(r) : field operators, M, m, My : masses, wp : bare energy

Each term of free Hamiltonian Hpee is equivalent to the kinetic term of Leg in §5
go, Vo : coupling constants

Hiy : contact interactions (Fig. 19), ¥¢ <> ¥¢ and ¥ <+ By
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Figure 19: Feynman rules for the interaction Lagrangian (45).

Eigenstates of Hpyee
Hireel Bo) = wo| Bo) (discrete state By, elementary component)
2
Heoo| p) = 129—| p) (Yo scattering states with relative momentum p, composite component)
L

Explicit forms and orthonormality
1 1

vV vV

(Bo|Bo)=1, (Bolp)=0, (p'|p)=(2r)’s(p'—p)

| Bo) = ——=B}(0)]0), |p)=—=4!(p)é'(—p)|0)

|0) : vacuum, V,, = (27)363(0) : phase space, &(p) = F.T. a(r) : momentum space field operators
Complete set : from particle number conservation,
dp
1=|By)(B —= 46
1B} (Bo |+ [ Glp)(p (16)

Relation with Feshbach projections [39] (P + @ = 1)

P = / (;71:)3 |p)(p| (projection to ¥¢ scattering states)
Q =|By)(By| (projection to discrete state By)

Field theory equivalent to the single-resonance approximation of () channel in §4

Bound state | B) with binding energy B as eigenstate of H (physical state)
H|B)=—-B|B)

Compositeness X (overlap with scattering states), elementarity Z (overlap with discrete state)

X=(BIPIB) = [ GEslp|B)F =0
Z=(B|QIB)=|(Bo|B)I’ >0
Regarding By as a bare state, Z is field renormalization constant
From the normalization of the bound state ( B|B) = 1 and the completeness relation (46),

4+ X =1

By definition, X and Z are nonnegative, and sum is normalized to 1 : interpreted as probabilities
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Figure 20: Feynman diagrams of the ¢ scattering amplitude.

6.4 Weak-binding relation in effective field theory

e )¢ scattering amplitude (derived as in §5, see Fig. 20)

0 1
f(E):_%m(E)—G(E)
(B) = %
v )—Uo-i—E_wo,

o =~ [a P’
()_W/O PE 02/ n) +iot

Cutoff A : momentum scale at which hadron interaction can be regarded as pointlike

1
= Byp = §

e Expression of compositeness by scattering amplitude

G'(E)
G'(E) — [L/v(E))

A =20

X =
E=-B dE

Expanding the scattering length in terms of (Ryy,/R)

an = —f(E=0) = 2~ [1/v(0) - G(0)] !

2X Ry 1
=--=R{——=+0 P R=
{1+X+ < R>}7 V2uB

Cautions

— X is the compositeness in P channel

If O(Rtyp/R) is negligible, compositeness X is determined by observables (ag, B)

— When multiple discrete/continuum states are included in the @ channel, the leading order

term in Eq. (51) does not change and the same result holds

— With different UV regularizations (except for dimensional regularization) in Eq. (49), the

leading order term in Eq. (51) does not change and the same result holds

— It is assumed that the coefficients of the effective range expansion does not give larger length

scale than Ry, (assumption of the order of Avin,(0) in Exercise 6)
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Exercise 6
1) Denoting 1/v(FE) = viny(E) and the expansion of a function F(F) around E = —B as

F(E)=F(-B)+ (E+ B)F'(—-B) + AF(E), AF(E)= i %(E + B)"F™(=B),

n=2

show that the scattering length is written as ag = pu/(27)[—BG'(—B)/X + Aviny (0) — AG(0)] 1.
2) Evaluating the integral in Eq. (49), we obtain

G(E) = 5

A
—A++/—2uFE —i0T arctan ————| .
Vv —2uE — 0t

Expanding arctanz around z = o0 in this expression, show the following relations with A = 1/Ryy;

and R = 1/v/2uB (Note : Eq. (41) in Ref. [20] contains typos.):
Riyp\®
1+0 = :

3) Assuming RAviny(0)/p ~ O((Riyp/R)?), derive the weak-binding relation (51).

BE(-B) = [Ho(Rtyp)]? —AG(0) =

N N
47 R R 47 R

6.5 Generalization to unstable states
e For the application to hadron resonances, generalization to unstable states is necessary

e Add decay channel to the EFT of previous sections (Fig. 21)

Fields : ¢1, Y1, ¢2, ¢2, By
fOUI‘—pOiIlt contact interactions : 1191 <> '¢1¢17 ¢1¢1 Ad ¢2¢)2, wggf)g <~ 1/12¢2
three-point contact interactions : ¢1¢1 <> By, Y2¢2 < By

e When threshold energy —v of the added channel 2 (12¢2) is lower than B, eigenenergy becomes

complex, describing unstable resonance state (discussion in §4)

H’R)ZE}AR), Ep,eC

E
|p) Ipy)
| 0 ————
|BO> | BO>
L — Ip)
(a) (b)

Figure 21: Spectrum of free Hamiltonian. (a) : EFT in Sec. 6.3 and 6.4, (b) : EFT in Sec. 6.5.
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Normalization condition of resonances (( R| R) diverges)
(R| R)=1
<R| is the left-eigenvector with the same complex eigenvalue
(R|H = B, (R
(Because of the non-hermiticity, left-eigenvector is not conjugate of right-eigenvector)

Complete set

1=P+Q
d
P= / #“’1 Y(p1| (projection to 11¢; scattering states)
d
Q=1|Bo)(Boy|+ / #]pg Y(p2| (projection to discrete state By and to¢9 scattering states)

Compositeness X, elementarity Z

X = (RIPIR) = [ B (RIp) (o | R) €
Z=(RIQIR) = (R Bo)(Bo| R) + [ 5B (Rlpa) (e | R) € €

While sum of X and Z is normalized to 1, each term is complex and not interpreted as probabilities

Expand the scattering length of channel 1 by (Riy,/R) (R, ag are complex)

2X Ry l]? 1 1
=R O P Of|= R=—_ |= 59
0 { i (‘ )+ (‘R )} VB, Vow (52)

14+ X R
v : threshold energy difference, [ : corresponding length scale

If O(Riyp/R) and O(|l/R|?) are negligible, compositeness X is determined by observables (ag, B)
Interpretation of complex X : several proposals [19, 20, 25, 40, 41], not yet established
A(1405) case :

— channel 1 is KN, channel 2 is 73
— Eigenenergy and scattering length : Ej = —10 — 26i MeV, ap = 1.39 — 0.857 fm [42, 43]

— For |R| ~ 2 fm, Ry, ~ 0.25 fm (p meson exchange), [ ~ 1.08 fm (7X channel)

Neglecting the correction terms, we obtain
X =12+410.1

X is close to 1 = KN molecular component is dominant
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