
1 Introduction: Hadrons, resonances, and entanglement

1.1 Hadrons and QCD

• Hadrons: particles that interact via the strong interaction

• Fundamental theory of the strong interaction: QCD

LQCD = →1

4
Ga

µνG
µνa + q̄(i /D →mq)q (1)

SU(3) color gauge theory of quarks and gluons

• Observed hadrons [1]

– qqq baryons (p, n,!, · · · ): about 170 states

– qq̄ mesons (ω, K, ε, · · · ): about 210 states

• Quarks have three colors: r, g, b

All observed hadrons are color singlets (color-neutral states)

No explicit constraint in QCD forbids colored states

↑ Problem of color confinement

• Quarks have six flavors: u, d, s, c, b, t

Flavor quantum numbers of conventional hadrons are described by qqq or qq̄

No explicit constraint in QCD forbids multiquark configurations such as q̄q̄qq, q̄qqqq, · · ·
↑ Problem of exotic hadrons

1.2 Exotic hadrons and resonances

• Recent observations of exotic hadron candidates [2, 3]

Only ↓ 10 candidates out of ↓ 380 hadrons

• Pentaquark candidates Pc(4312), Pc(4440), Pc(4457) [4, 5] (Fig. 1, left)

Pc ↑ J/ψ(c̄c) + p(uud)

Minimal quark content1: c̄cuud

• Tetraquark candidate Tcc [6, 7] (Fig. 1, right)

Tcc ↑ D0(ūc)D→+(d̄c)↑ D0D0ω+

Minimal quark content: ccūd̄

1In principle, Pc could be described by uud, but it is highly unnatural to explain their masses without a c̄c pair.
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resonances with the same spin and parity, fits to the cos θPc-
weighted distribution are repeated using various coherent
sums of two of the BW amplitudes. Each of these fits
includes a phase between interfering resonances as an extra
free parameter. None of the interference effects studied is
found to produce a significant Δχ2 relative to the fits using
an incoherent sum of BWamplitudes. However, substantial
shifts in the Pþ

c properties are observed, and are included in
the systematic uncertainties. For example, in such a fit the
Pcð4312Þþ mass increases, while its width is rather stable,
leading to a large positive systematic uncertainty of
6.8 MeV on its mass.
As in Ref. [1], the Λ0

b candidates are kinematically
constrained to the known J=ψ and Λ0

b masses [29], which
substantially improves themJ=ψp resolution and determines
the absolute mass scale with an accuracy of 0.2 MeV. The
mass resolution is known with a 10% relative uncertainty.
Varying this within its uncertainty changes the widths
of the narrow states in the nominal fit by up to
0.5 MeV, 0.2 MeV, and 0.8 MeV for the Pcð4312Þþ,

Pcð4440Þþ, and Pcð4457Þþ states, respectively. The widths
of all three narrow Pþ

c peaks are consistent with the
mass resolution within the systematic uncertainties.
Therefore, upper limits are placed on their natural widths
at the 95% confidence level (C.L.), which account for
the uncertainty on the detector resolution and in the
fit model.
A number of additional fits are performed when evalu-

ating the systematic uncertainties. The nominal fits assume
S-wave (no angular momentum) production and decay.
Including P-wave factors in the BW amplitudes has
negligible effect on the results. In addition to the nominal
fits with three narrow peaks in the 4.22 < mJ=ψp <
4.57 GeV region, fits including only the Pcð4312Þþ are
performed in the narrow 4.22–4.44 GeV range. Fits are also
performed using a data sample selected with an alternative
approach, where no BDT is used, resulting in about twice
as much background.
The total systematic uncertainties assigned on the mass

and width of each narrow Pþ
c state are taken to be the

largest deviations observed among all fits. These include
the fits to all three versions of the mJ=ψp distribution, each
configuration of the Pþ

c interference, all variations of the
background model, and each of the additional fits just
described. The masses, widths, and relative contributions
(R values) of the three narrow Pþ

c states, including all
systematic uncertainties, are given in Table I.
To obtain estimates of the relative contributions of the

Pþ
c states, the Λ0

b candidates are weighted by the inverse of
the reconstruction efficiency, which is parametrized in all
six dimensions of the Λ0

b decay phase space [Eq. (68) in the
Supplemental Material to Ref. [30] ]. The efficiency-
weighted mJ=ψp distribution, without the mKp>1.9GeV
requirement, is fit to determine the Pþ

c contributions, which
are then divided by the efficiency-corrected and back-
ground-subtracted Λ0

b yields. This method makes the
results independent of the unknown quantum numbers
and helicity structure of the Pþ

c production and decay.
Unfortunately, this approach also suffers from large Λ$

backgrounds and from sizable fluctuations in the low-
efficiency regions. In these fits, the Pþ

c terms are added
incoherently, absorbing any interference effects, which can
be large (see, e.g., Fig. S2 in the Supplemental Material
[22]), into the BW amplitudes. Therefore, the R≡
BðΛ0

b → Pþ
c K−ÞBðPþ

c → J=ψpÞ=BðΛ0
b → J=ψpK−Þ val-

ues reported for each Pþ
c state differ from the fit fractions

TABLE I. Summary of Pþ
c properties. The central values are based on the fit displayed in Fig. 6.

State M [MeV] Γ [MeV] (95% C.L.) R [%]

Pcð4312Þþ 4311.9% 0.7þ6.8
−0.6 9.8% 2.7þ3.7

−4.5 ð<27Þ 0.30% 0.07þ0.34
−0.09

Pcð4440Þþ 4440.3% 1.3þ4.1
−4.7 20.6% 4.9þ8.7

−10.1 ð<49Þ 1.11% 0.33þ0.22
−0.10

Pcð4457Þþ 4457.3% 0.6þ4.1
−1.7 6.4% 2.0þ5.7

−1.9 ð<20Þ 0.53% 0.16þ0.15
−0.13
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FIG. 6. Fit to the cos θPc-weighted mJ=ψp distribution with
three BW amplitudes and a sixth-order polynomial background.
This fit is used to determine the central values of the masses and
widths of the Pþ

c states. The mass thresholds for the Σþ
c D̄0 and

Σþ
c D̄$0 final states are superimposed.
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Figure 1: Distribution of D0D0⇡+ mass. Distribution of D0D0⇡+ mass where the contribu-
tion of the non-D0 background has been statistically subtracted. The result of the fit described
in the text is overlaid.

The function is built under two assumptions. Firstly, that the newly observed state has
quantum numbers JP = 1+ and isospin I = 0 in accordance with the theoretical expecta-
tion for the T+

cc ground state. Secondly, that the T+
cc state is strongly coupled to the D⇤D

channel. The derivation of FU relies on the isospin symmetry for T+
cc! D⇤D decays

and explicitly accounts for the energy dependency of the T+
cc! D0D0⇡+, T+

cc! D0D+⇡0

and T+
cc! D0D+� decay widths as required by unitarity. Similarly to the FBW profile,

the FU function has two parameters: the peak locationmU, defined as the mass value where
the real part of the complex amplitude vanishes, and the absolute value of the coupling
constant g for the T+

cc! D⇤D decay.
The detector mass resolution, R, is modelled with the sum of two Gaussian functions

with a common mean, and parameters taken from simulation, see Methods. The widths
of the Gaussian functions are corrected by a factor of 1.05, that accounts for a small
residual di↵erence between simulation and data [39,104,105]. The root mean square of
the resolution function is around 400 keV/c2.

A study of the D0⇡+ mass distribution for selected D0D0⇡+ combinations in the region
above the D⇤0D+ mass threshold and below 3.9GeV/c2 shows that approximately 90% of all
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Figure 1: Examples of exotic hadron candidates. Left: spectrum of the pentaquark candidates Pc,

adapted from R. Aaij et al. (LHCb collaboration), Phys. Rev. Lett. 122, 222001 (2019). Right:

spectrum of the tetraquark candidate Tcc, adapted from R. Aaij et al. (LHCb collaboration),

Nature Phys. 18, 751 (2022).
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Figure 2: Schematic illustration of a multiquark state (left) and a hadronic molecule (right).

• Exotic hadrons are observed in the spectra of decay products

Pc ↑ J/ψ + p

Tcc ↑ D0 +D0 + ω+

Unstable states ↑ treated as resonances in hadron scattering

In fact, only ↓ 20 out of ↓ 380 hadrons are stable

• Various possible internal structures

– Multiquarks: compact color-singlet states

ccūd̄ for Tcc (Fig. 2, left)

– Hadronic molecules: weakly bound states of hadrons

D0D→+ for Tcc (Fig. 2, right)
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• States with the same quantum numbers can mix with each other:

|Tcc↔ = c1 |ccūd̄↔+ c2 |D0D→+↔+ · · · (2)

How can we determine the weights ci?

Is such a decomposition well-defined?

What is a resonance “state” |Tcc↔?

• Plan of the first half of this lecture

– §2 (21 April): Resonances ↔ eigenstates with complex energies

– §3 (28 April): Definition of the scattering amplitude

– §4 (12 May): Resonances ↔ poles of the scattering amplitude

– §5 (19 May): Feshbach resonances (bound states embedded in the continuum)

– §6 (26 May): Nonrelativistic e”ective field theory

– §7 (9 June): Compositeness and weak-binding relation

1.3 Hadron scattering and quantum entanglement

• Study of hadron scattering

Important for extracting resonance information

Provides basic information on hadronic molecules

• Prototype of hadron scattering: nuclear force (nucleon–nucleon scattering)

• Nucleons have internal degrees of freedom: spin and isospin

– Spin S = 1/2: |↑↔ , |≃↔

– Isospin I = 1/2: |p↔ , |n↔

• Two-nucleon states: combinations of spin and isospin

Many possible scattering channels: |p ↑ p ↑↔ , |p ↑ n ≃↔ , · · ·

• Symmetry in QCD: SU(2)S × SU(2)I
The interaction is invariant under independent rotations of spin and isospin

Some processes are forbidden, and di”erent processes are related to each other

↑ Scattering can be described with a small number of independent components

• Low-energy s-wave scattering can be described by only two channels

– 1S0 (S = 0, I = 1)
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– 3S1 (S = 1, I = 0)

These channels are independent of each other

• Empirical properties of nuclear forces

– Similar behavior in the S = 0 and S = 1 channels

Spin-flavor SU(4) symmetry [8, 9]

– Large scattering lengths (near the unitary limit)

Nonrelativistic conformal symmetry [10]

↑ Suggestive of emergent symmetries beyond QCD

• Quantum entanglement in two-spin systems

– Product state: no correlation between spins

|↑≃↔ = |↑↔ ⇒ |≃↔ (3)

– Entangled state (Bell state): correlated spins

|S = 0↔ = |↑≃↔ → |≃↑↔⇑
2

(4)

• Entanglement entropy (EE)

A quantitative measure of quantum correlation

• Scattering as a quantum operation

The scattering matrix S acts on the initial state:

|out↔ = S |in↔ (5)

S can generate entanglement between nucleons

• Entanglement suppression [11]

Condition: scattering does not generate entanglement

↑ Constraints on scattering amplitudes

↑ Explanation of emergent symmetries in nuclear forces

• Plan of the second half of this lecture

– §8 (16 June): Spin-1/2 states

– §9 (23 June): Entanglement entropy
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– §10 (30 June): Classical and quantum correlations

– §11 (7 July): Bell’s inequality

– §12 (14 July): Entanglement power of the S matrix

– §13 (21 July): Nuclear forces and entanglement suppression

– §14 (28 July): Generalization to spin and flavor

1.4 References

• Resonances in quantum mechanics

Textbook : 羽田野-井村 [12], A. Bohm [13], N. Moiseyev [14]

Review article : Ashida-Gong-Ueda [15]

• Scattering theory

Textbook : J.R. Taylor [16], R.G. Newton [17], 永江-兵藤 [18]

Review article : Hyodo-Niiyama [19]

• Exotic hadrons and compositeness

Review article : T. Hyodo [20], Kinugawa-Hyodo [21]

物理学会誌：兵藤哲雄 [22]

数理科学：兵藤哲雄 [23]

• Quantum information science

Textbook : 石坂-小川-河内-木村-林 [24], Nielsen-Chuang [25]

5


	Introduction: Hadrons, resonances, and entanglement
	Hadrons and QCD
	Exotic hadrons and resonances
	Hadron scattering and quantum entanglement
	References

	Resonances in quantum mechanics
	Overview of resonance states
	Resonances as eigenstates of Hamiltonian
	Square-well potential
	Discrete eigenstates
	Summary of §2

	Scattering theory primer 
	Preliminaries 
	Scattering amplitude 
	Unitarity and scattering cross section 
	Jost functions 

	Resonances in scattering theory 
	Resonances as poles of scattering amplitude 
	Eigenenergies and Riemann sheets 
	Classification of eigenstates 
	Resonances and observables 
	Effective range expansion 
	Summary of §3 and §4 

	Theory of Feshbach resonances 
	Overview 
	Two-channel Hamiltonian
	Single-resonance approximation 
	Scattering amplitude and resonance 
	Controlling scattering length by magnetic field 
	Summary of §5 

	Nonrelativistic effective field theory 
	Effective field theories 
	Zero-range model 
	Two-boson scattering 
	Renormalization 
	Summary of §6 

	Compositeness and weak-binding relation 
	Introduction 
	Weak-binding relation 
	Compositeness in effective field theory 
	Weak-binding relation in effective field theory 
	Generalization to unstable states 
	³쬀믒»똀췰
	´쇃Íﴀ쿀¤츀싐¾츀삭¤저쇏È꼀꒹¤싐¾츀삭
	¾싖¡ꈀ뇩»묀믒¤츀ꖨ¥ꖿ¥ꖰ¥ꗡ¥ꗈ
	¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저췞À
	¹혀뗁¤츀쳜É렀ꆢ»눀맍Ê렀뢥

	¥뤀ꗔ¥㄀⼀㈀뻵Â
	¾싖¤츀즽¸
	Ì꤀엙¹퐀컳
	¾싖¤츀쫑´뤀ꇊÎ찀믒¥눀ꆼ¥저ꇋ
	¼촀뇆Â가쓪

	2¥뤀ꗔ¥럏¤저ꖨ¥ꖿ¥ꖰ¥ꗡ¥ꗈ¡ꘀꖨ¥ꗈ¥ꗔ¡
	2¥뤀ꗔ¥뻵Â혀꓈Á됀ꖹ¥퐀ꗳ
	¥꼀ꗭ¥촀ꗃ¥꬀ꆼÀ
	´뀀솴À딀떬Ä븀룲·
	Á듘¤츀믘É

	¸씀억Á듘¤저컌»툀쇪´
	½뿨¾싖¤저몮¹뻵Â
	2¥뤀ꗔ¥듖¤츀쇪´
	¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저꓈½찀쳳Ì꤀엙¹퐀컳

	Bell¤츀짔Å豈벰
	»똀췰Íﴀ쿀¡ꈀ匀맔Îꆢ¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저ꆦ¥턀ꗯ¡
	S¹퐀컳¤저냌Á몹
	»똀췰Ä
	2¥뤀ꗔ¥럏¤츀컌»툀ꖲ¡밀ꗈ¤저ꖨ¥ꖿ¥ꖰ¥ꗡ¥ꗈ
	¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저ꆦ¥턀ꗯ¡

	³쬀컏¤저ꖨ¥ꖿ¥ꖰ¥ꗡ¥ꗈÍ�삩
	2³쬀믒·케꓎Ç저우´�
	Á케좯¤뤀ꓫÂ퀀뻎À
	2³쬀믒·케꓎¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저췞À
	Î찀믒¥눀ꆼ¥저꓋¤ꓫ²볡

	°죌¤츀ꖹ¥퐀ꗳ¡ꈀꗕ¥ꆼ¥퀀ꆼ¤�³저쒥
	¥케ꗉ¥ꗳ¤츀ꖹ¥퐀ꗳ¤저ꗕ¥ꆼ¥퀀ꆼ
	8½씀맠¥퀀ꗪ¥ꨀꗳ¤츀뮶Í
	¥뤀ꗔ¥㌀⼀㈀뻵Â
	10½씀맠¥퀀ꗪ¥ꨀꗳ¤츀뮶Í


