
11 Bell’s inequality

11.1 EPR pair and spin correlation

• EPR pair (Bell state with total spin zero):

|!→→ = |↑↓→ ↔ |↓↑→√
2

(263)

The probabilities of obtaining |↑→ and |↓→ by measuring only spin A are equal:

Pr(↑A) = Tr [ |↑→ 〈↑| ωA] =
1

2
, Pr(↓A) = Tr [ |↓→ 〈↓| ωA] =

1

2
. (264)

• If |↑→ is observed, the wave function collapses to

|!→→ ≃ |↑↓→ , (265)

so the unmeasured spin B is determined to be |↓→.

• Measurement fixes the state (a superposition before the measurement as Schrödinger’s cat).

• Quantum correlation is preserved even when spins A and B are spatially separated.

• Einstein–Podolsky–Rosen [53]: counterintuitive?

Locality: an operation at one location cannot influence a distant system.

Physical reality: physical quantities have definite values before measurement.

• Spin correlation function: for unit vectors n and m,

C(n,m) = 〈!→|n · σ ⊗m · σ|!→→ = nimj 〈!→|σi ⊗ σj|!→→ (266)

Expectation value by measuring spin A along n and spin B along m (Fig. 21, left).

• Since |!→→ has total spin zero,

(σi ⊗ 1 + 1⊗ σi) |!→→ = 0

σi ⊗ 1 |!→→ = ↔1⊗ σi |!→→ . (267)
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Figure 21: Left: schematic illustration of the spin correlation function. Right: measurement axes

that maximize the CHSH correlation in Eq. (281).
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Figure 22: Spin correlation function C(n,m) in Eq. (268).

The correlation function is determined by the angle θ between n and m:

C(n,m) = ↔nimj 〈!→|σiσj ⊗ 1|!→→

= ↔nimj 〈!→|(δij + iεijkσk)⊗ 1|!→→

= ↔n ·m

= ↔ cos θ. (268)

• C(n,m) = 1 for antiparallel axes, 0 for perpendicular axes, and ↔1 for parallel axes (Fig. 22).
Since |!→→ always consists of antiparallel spins, the correlation is maximal at θ = π.

11.2 Hidden variable theory

• Locally realistic theory with an unknown parameter λ and a probability distribution ω(λ)

• Expectation value of an operator O is given by

〈O→HV =

∫
dλ ω(λ)O(λ),

∫
dλ ω(λ) = 1. (269)

≃ ω(λ) plays a role of the density matrix ω.

The distribution is chosen so that the expectation value agrees with quantum mechanics:

〈O→HV = Tr [Oω] . (270)

• The measurement outcome is predetermined.

The probabilistic nature ⇒ unknown variable λ.
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• Spin correlation,

C(n,m)HV =

∫
dλ ω(λ)N(n,λ)M(m,λ) (271)

N(n,λ) ⇑ {1,↔1}: outcome of a single measurement (fixed λ) of spin A along the n axis

• With suitable choice of distributions, C(n,m)HV = C(n,m) for two axes {n,m}.

• When n = m, Eq. (268) gives C(n,n) = ↔1. Therefore,

C(n,n)HV =

∫
dλ ω(λ)N(n,λ)M(n,λ) = ↔1. (272)

Since N(n,λ)M(n,λ) = ±1 for every λ, this is possible only if

N(n,λ) = ↔M(n,λ) (perfectly anticorrelated, c.f., Eq. (267)) (273)

• Bell’s inequality [55]: for correlations involving three or more axes, the predictions of

quantum mechanics and hidden variable theory di”er.

(Equivalently, quantum mechanics cannot be described by a single ω(λ).)

11.3 CHSH inequality

• Extension of Bell’s inequality by Clauser, Horne, Shimony, and Holt (CHSH) [54].

• Choose two measurement axes for each spin:

spin A : n,n↑, (274)

spin B : m,m↑. (275)

• CHSH correlation: a combination of four spin correlations,

S = C(n,m)↔ C(n,m↑) + C(n↑,m) + C(n↑,m↑). (276)

• CHSH inequality: in a hidden variable theory (local realism),

0 ⇓ |S| ⇓ 2. (277)

• Let s(λ) be the contribution from a single measurement:

s(λ) = NM ↔NM ↑ +N ↑M +N ↑M ↑

= N(M ↔M ↑) +N ↑(M +M ↑). (278)

Since each measurement outcome is ±1, there are four possible combinations for M and M ↑:
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M M ↑ M ↔M ↑ M +M ↑ s

1 1 0 2 2N ↑

1 ↔1 2 0 2N

↔1 1 ↔2 0 ↔2N
↔1 ↔1 0 ↔2 ↔2N ↑

Since N and N ↑ also take only the values ±1,

s(λ) = ±2. (279)

The maximum and minimum values of a single measurement are +2 and ↔2.

• Averaging over all measurements:

S =

∫
dλ ω(λ) s(λ), (280)

the average must lie between the maximum and minimum values ≃ Eq. (277).

• In quantum mechanics, choosing the measurement axes as shown in Fig. 21 (right),

S = ↔(cos θnm ↔ cos θnm′ + cos θn′m + cos θn′m′)

= ↔
(
cos

π

4
↔ cos

3π

4
+ cos

π

4
+ cos

π

4

)

= ↔
(

1√
2
↔ (↔ 1√

2
) +

1√
2
+

1√
2

)

= ↔2
√
2, (281)

which violates the CHSH inequality (277).

11.4 Experimental tests

• Tests using photon pairs [56]

– Photon pairs produced in a Ca cascade decay.

– Measure the polarization correlation between the emitted photons.

– Bell’s inequality is violated, in agreement with the prediction of quantum mechanics.

– Several experimental loopholes were identified, leading to continual improvements.

• Tests using proton pairs [57]

– A deuteron (d) beam is incident on a liquid hydrogen (1H) target:

1H(d, 2He)n. (282)
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the effective analyzing powers of EPOL. Since adjacent
data points use overlapping data, they are not statistically
independent. Hence, for a quantitative test against theory
one single choice of ! should be used.

It is very impressive that the experimental data follow
the quantum mechanical prediction faithfully for the entire
angular region and they exceed Bell’s limit over a wide
angular range. We obtained Sexp!!=4" # 2:83$ 0:24stat $
0:07sys, which violates the inequality at a confidence level
of 99.3%. It is to be noted that the entanglement of the spin-
singlet state was retained even when the two protons
traversed through large amounts of material media
(50 cm thick argon% ethane gas in wire chambers, 1 cm
thick plastic scintillators, and up to 5 cm thick graphite
slab). It is indeed remarkable that the strongly interacting
pairs maintain the correlations for distances greater than
1013–1014 times their coherence length, which was esti-
mated to be 10&14 m (the size of a wave packet of two
protons at production).

Can some hidden variable theories reproduce quantum
mechanical-like correlations in our arrangement? There
are two concerns: (a) locality and (b) small analyzing
powers. First, the finite distance of 5–40 cm between the
two protons, though much larger than the short range
strong interactions, does not rule out communications as
they pass through the polarimeter. However, the two inter-
acting protons of an event do not know the experimenter’s
choice of the reference axes since we have ‘‘post selec-
tion’’. If the protons make their own choice to conspire to
mimic a theory, they need to communicate (1) spin orien-
tation with respect to an axis of their choice, (2) scattering
angle ("1 or "2), and (3) energy-dependent analyzing

powers, which render such a scenario unlikely, if not
impossible.

The second concern is the small analyzing power, which
might dilute the correlations. Though it is reassuring that
the experimental correlations deduced from Eq. (1) are in
agreement with quantum mechanics for all choices of
reference axes, we are not able to rule out some remote
possibility that analyzing powers and hidden variables
conspire to yield similar agreement.

In conclusion, we have shown, from an experiment of
high statistics involving strongly interacting hadron pairs
with nuclear spin interactions and employing ‘‘event-ready
detector’’ and ‘‘post selection of reference axes’’, that the
result Sexp!!=4" # 2:83$ 0:24stat $ 0:07sys violates Bell’s
CHSH inequality at 99.3% confidence level.
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FIG. 4 (color). Plot of the spin-correlation function S!!" vs !.
Solid circles are the experimental result Sexp!!" derived from the
same data set. Each error shown as blue shaded area is corre-
lated. See text for details.
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Figure 23: Spin correlation of a proton pair. Adapted from Ref. [57].

– “2He”: a low-energy pp pair in the spin-singlet state (see Sec. 13).

A smaller relative momentum gives a higher spin-correlation purity.

– The proton spins in the final state are measured through rescattering.

A larger proton momentum improves the polarization analyzing power.

– The reaction (282) produces pp pairs with small relative momentum but large total

momentum (i.e., each proton has a large momentum).

– Result: the experimental data (black dots in Fig. 23) agree well with the quantum-

mechanical prediction (red solid curve in Fig. 23).
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