3 Scattering theory primer

3.1 Preliminaries
e Simplest setup

— Quantum scattering of distinguishable particles 1, 2 (mass mq, ms)
— Hamiltonian H = Hy + V (H, : kinetic term, V' : potential)
— Nonrelativistic system in three spatial dimensions.
— No internal degrees of freedom (spin, flavor, etc.)
— Elastic scattering (initial state = final state, no coupled channels)
— Rotational symmetry < spherical potential V(r) < [H,L] =0

— Short range interaction (V' (r) vanishes at r — oo sufficiently rapidly)
e Kinematics < relative momentum (Fig. B)

— Initial state: p [in CM frame, particle 1 (2) has momentum p (—p)]

— Final state: p

Elastic scattering — magnitude is unchanged: p = |p| = |p/|
e Two parameters which characterize the scattering process

— Scattering angle 6

p-p
cosf = - (19)

— Scattering energy F (or momentum p)

2
p

E=* 2
o (20)

with the reduced mass g = myms/(my + my)

e Physical scattering occurs for £ > 0, p > 0°

e Wavefunction < time-independent Schrodinger equation for energy F (§B)

2For physical scattering, either E or p can be used. However, for analytic continuation to the complex plane,
the S matrix and the scattering amplitude introduced below should be regarded as meromorphic functions of p.
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3.2
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Figure 6: Schematic illustration of the kinematics of the scattering.

Initial state |p) and final state (p'|: eigenstates of Hy with the normalization

(P'lp) =6 —p), Holp) = v )

2
With the normalization 1 = [ dr |r) (r|, the wavefunction is (r|p) = eP"/(2m)3/2

Angular momentum representation: initial |F, ¢, m), final (E', ¢, m/|,

<E,7€,7m,|E7 év m> = 5(El - E)aﬁ/ﬂsm’m

Relation between two vectors:

/ _L (p/)2 . m (A
W tom) =~ (U~ ) v@)

Scattering amplitude

Scattering operator: transition from initial state to final state

S=0'Q, = lim [¢te™ ] Jim [¢Hte1Ho!]
t——+o0 t——o00

Q. : Mpgller operators

S-matrix element (also called S matrix): s,(F) € C
(E' 0',m!|S|E, 6,m) = §(E" — E)opedprmse(E)
Phase shift: 6,(F) € R
so(F) = exp{2id(E)}
T matrix: t(p' + p) € C

(p'| (S —1)|p) = —2mid(E' — E)t(p’ < p)
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e Scattering amplitude: f(E,0) € C (with the present convention)

f(E,0) = —(2m)u t(p" < p)

NE

(20 + 1) fo(E)Py(cos ) (partial wave decomposition)

T
o

Relation to S matrix

fo(E) = %

e sy, 04, fr are functions of E for each ¢

3.3 Unitarity and scattering cross section
e From definition (B4), S operator is unitary (when H is Hermitian)
Sis =1
Norm (probability) is conserved during time evolution
e From the completeness relation 1 = [dE Y-, |E,¢,m) (E,{,m| and definition (£3),
si(B)si(E) = |se(E)|* =1
This indicates that phase shift is real (when E > 0)
exp{2i(0,(F) —0;(E)} =1 = Imd(E)=0
e Scattering cross section

o(B) = [ a0lf(E.0) = Y n2e + DIfAE)P

Substituting Eq. (29),

o(E)=) oi(E)

2m(20+ 1)

E sin? 6,(E)

0'@(E)

e Unitarity bound: Since sin? §;(E) < 1, cross section has an upper bound (Fig. @)

_ 22+

O'g(E) < ,uE

The equality is achieved when sin §, = £1, namely, §, = g (modulo )

e For £ — 0, the upper bound of o,(E) diverges (unitarity limit)
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Figure 7: Schematic figure of cross section. Dashed line shows the unitarity bound 27 (2¢+1)/(uFE).

3.4 Jost functions
e Riccati functions
— 3D wave function ¢y, (r) with V =0 (p = /2uE):
Yem(r) = [Aje(pr) + Bny(pr)]Y;"(#) = [Chy (pr) + Dh (pr)]Y;"(7) (37)

je(2) [ne(2)] : spherical Bessel (Neumann) function, hy(z) : spherical Hankel functions®

— Riccati-Bessel/Neumann function: useful to expand radial wave function wu,(r) o< 79, (7)
50(2) = zju(2),  f(z) = z2ne(z2), (38)
— Riccati-Hankel functions
hE(z) = zhif(2) — exp{%i(z — In/2)} 2z — oo (39)
Thus, hy (pr) ~ et#" [h; (pr) ~ e"#" ] is outgoing (incoming) wave

e Regular solution ¢y, (r): uy(r) with eigenmomentum p normalized as

Gep(r)
3@(177” )

-1 (r—0) (40)

Together with ¢y ,(r) — 0 at r = 0, this fixes the normalization (derivative).
e Asymptotic form of ¢ ,(r) at r — oo : superposition of Riccati functions because of V' =0

bualr) = 5 [ ) = LW hF )] (0 o0) (41)

Since the radial Schrodinger equation does not contain ¢ and the slope at the origin is real,

bup(r) is real. = D = C* ([h*(2)]* = h¥(2)) for ¢y ,(r) = Chy (pr) + Dhyf (pr)

3The definition of the Neumann function often includes a minus sign, e.g., ng(z) = —cosz/z. In scattering
theory, however, the convention ng(z) = + cos z/z is frequently used [I6].
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e Jost function /(p): coefficient of incoming wave <+ Eq. (B9)
2 [ o
Adp) =15 | drhy (pr)V(r)dey(r), (42)
0

e Outgoing boundary condition = zero of Jost function /,(p)
e Jost function is an analytic function of p (~ having no singularity)®

e Expansion of /;(p) for small p: shown by integral representation (£2)

() = 1+ [ae + Bep® + O(p")] +i [yp® ™ + OW* )], o, o, ve,- - €R (43)
even pO;ers of p odd po;v,ers of p

e Complex conjugate of Jost function <— Eq. (£3)

Vo) =/(-p") (44)

= For physical scattering (p > 0),
buar) = 5 LAl (o) — /=) ()] (7 o0) (45)

o s-wave case (£ = 0) : jo(pr) = sin(pr), hi(pr) = e*er
e Solution ([2) of square-well potential in §23

ug(r) — C'sin(kr) = Ckr + O(r?) (46)

e Normalization of Eq. (B0) : from jo(pr) = pr + O(r®)

b1p(r) = o r)| (47)

C=

=

e Jost function of square-well potential

1

S m) = A7 ()| (48)

C=%
/gen(p) = [cos(kb) — z% sin(kb)] Pt (49)
This expression follows the expansion (E3) for small p = A*(p) = —%,/;(—p) with C' = %

4Strictly speaking, region of analyticity in complex p plane is determined by the behavior of the potential with
Eq. (£2).
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