4.1

4.2

Resonances in scattering theory

Resonances as poles of scattering amplitude
Discrete eigenstates of Hamiltonian < outgoing boundary condition (QM, §2)
Outgoing boundary condition < zeros of Jost function /,(p) = 0 (scattering theory, §8)

S-matrix from wave function: amplitude of outgoing wave normalized by the incoming one
ug(r) = by (pr) = se(p)lf (pr) ~ (r = o0) (50)

Comparing with Eq. (£3), we find

/(=D)

se(p) = (51)
/4(p)
= discrete eigenstates are represented by poles of S-matrix
Scattering amplitude: from Eq. (29)
se(p) — 1 (=p) =/, (p)
fip) = 2=t AP (52

2ip  2ips,(p)
= discrete eigenstates are represented by poles of scattering amplitude

s¢(p) and fy(p) are meromorphic functions of p (~ no singularities except for poles)

Eigenenergies and Riemann sheets
Analytic continuation of /,(p), se(p), fi(p) defined in physical region p > 0 to complex plane

Complex momentum p and complex energy F
p=ple”, E=|Ele"" (53)

Relation between p and F

2 2 2
P PP s, |
— When 0, varies 0 — 27, 0 varies 0 — 47

— pand —p (6, and 6, + 7) are mapped onto the same value of £

Meromorphic functions of p [s¢(p), fo(p)] are defined on two-sheeted Riemann surface of F
0 < 0p < 2 : first Riemann sheet of E (upper half-plane of p, 0 < 6, < )
21 < 0p < 47 : second Riemann sheet of £ (lower half-plane of p, 7 < 6, < 2m)

Fig. B: Complex p and E planes
Branch cut along real axis of F plane (branch point at E = 0)
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Figure 8: Poles in the complex plane. (a): p plane, (b): E plane (first Riemann sheet), (c):
E plane (second Riemann sheet). B, V, R, and R represent a bound state, a virtual state, a

resonance, and an anti-resonance, respectively.

4.3 Classification of eigenstates

e Eigenstate of Hamiltonian: zero of Jost function /,(p) =0

e From Eq. (£3), if //(p) = 0,

= If p is a solution, then —p* is also a solution
e Solutions with p = —p* (on the imaginary axis)
— Bound state (B): x in Fig. B
Repg =0, Impg>0 (56)

Energy Ep = p%/(2u) is real and negative (first Riemann sheet)

— Virtual state (anti-bound state, V'):
Repy =0, Impy <0 (57)

The energy Ey = p¥ /(2u) is real and negative (second Riemann sheet)

The residue of the pole (~ norm) is negative [28, 29], non-physical degree of freedom?
e Solutions with p # —p* (always appearing in pairs)

— Exist only in lower half-plane of p

< Complex FE is allowed only when wave function is not square-integrable
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— Resonance (R): A
Re pr >0, Impr<0 (58)

Re Er > 0, Im Er < 0 (second Riemann sheet)

— Anti-resonance (R): v/
Repr <0, Impr<0 (59)

Appears together with resonance

A solution growing in time [B0] (“conjugate” of the resonance)

4.4 Resonances and observables

e Only real energies are experimentally accessible

Effect of a resonance pole at F = Er = Mg — il'g/2 on observables in partial wave ¢

e fy(F) having a pole at E' = Fg:

fo(E) = fupw(E) + frpa(E), (60)
Breit-Wigner term f; pw(£): resonance contribution
-r 1 —I'r E— Mpgr—il'g/2
Fraw(E) = n o Me ) (61)

2p E—En  2p (E— Mp)2+1%/4
Nonresonant background f;pc(E): analytic at £ = Ex and slowly varying

e At real E ~ Mp, contribution from f,gw(E) increases (in particular, for narrow I'g)
e When f;pc(F) is assumed to be small and negligible,
JlE) = fipw(E)  (fepa(E) = 0). (62)

we observe a “resonance” at real energy E = Mpg:

(i) Re f¢(FE) =0 and Im f,(F) becomes maximal + Eq. (E1)
(ii) Cross section o(F) exhibits a peak < (i) and the optical theorem (see Exercise 2)

(iii) Phase shift 0,(£) increases rapidly and crosses /2
« From Eq. (29), Im s,(Mg) = 0 when Re f/(Mg) =0

< Except for §, = 0 (non-interacting case), we have d, = 7/2 (modulo 7)

e When f;pc(F£) is non-negligible, interference term contributes:

|Fe(B)? = | fopw(E)” + | fena(E)* + 2Re [ fopw (E) fisa(E)), (63)

Peaks can be generated kinematically without a pole (e.g. threshold cusps) [31]

= Importance of a careful analysis to determine resonance poles
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4.5 Effective range expansion

e Low-energy (small p) behavior of scattering amplitude fo(p)

_ 2
felp) = SZ(ZEp : B p cot 541]9) —ip - p2tl cot 5f(p) — qp2ttl (64)
e From Eq. (E3), Jost function can be written as
/) = Fip") +ipGe(p?) & /(=p) = Fu(p*) — ip Ge(p) (65)
F, and G, are functions of p* and behave as (p — 0)
F(p*) = 0(°), Gu(p*) = O(p*) (66)
e From Eq. (B2)
_p) — 2
fulp) :/2(259)/6(;?@) ~ 2 F(p?)) gz(pQ) — ip?tHl (67)
e Comparing Eqgs. (64) and (67), we obtain
(12
P>+ cot 6,(p) = —p* Gi ((]; 2)) (68)
Right-hand side is a function of p? with O(p®) as p — 0, and its Taylor expansion reads
= p*Tleotdy(p) = _alg + %pQ + 0" (69)

which is called the effective range expansion.

e s-wave case (£ =0)

fO(P) = 1
—— + 2P+ O(pt) — ip
ao 2

1

— ag: scattering length (opposite sign convention is also used in hadron physics)
— 1o: effective range, roughly corresponds to the interaction range, but can be negative
— Eq. (B8) can have poles (CDD poles [32])

When a CDD pole exists at low energy, Padé approximant is useful [33, 34]

e Low-energy scattering: assuming higher-order terms in p are negligible

fo(p) = 1;

7
Pole at p = —
Qo

= —1/(2pag) < 0)
= —1/(2uag) < 0)

— ap > 0: pole in the upper half-plane = bound state (E
— a9 <0 : pole in the lower half-plane = virtual state (£

— a9 — £oo: pole at p =0 (F = 0, unitary limit)
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~

Schrédinger eq. + outgoing b.c.

atenergy E (p =+/2uE)

~

pole of s-matrix/

- bound states (E < 0) zero of Jost function scattering amplitude
p=ix (x>0) /,(p)=0 |fo(p)| = o0
- resonances (E € C) |s/(p)| — oo

peC (Imp<0)

Figure 9: Various conditions for resonances. The outgoing boundary condition of the wave function

is related to the poles

of the scattering amplitude through the zeros of the Jost function.

4.6 Summary of 8§83 and §4

e Definitions of S-matrix, phase shift, scattering amplitude, etc.

e Correspondence between poles of scattering amplitude and resonance states (Fig. H)

e Effective range expansion: description of low-energy scattering

20



	Introduction: Hadrons, resonances, and entanglement
	Hadrons and QCD
	Exotic hadrons and resonances
	Hadron scattering and quantum entanglement
	References

	Resonances in quantum mechanics
	Overview of resonance states
	Resonances as eigenstates of Hamiltonian
	Square-well potential
	Discrete eigenstates
	Summary of §2

	Scattering theory primer
	Preliminaries
	Scattering amplitude
	Unitarity and scattering cross section
	Jost functions

	Resonances in scattering theory
	Resonances as poles of scattering amplitude
	Eigenenergies and Riemann sheets
	Classification of eigenstates
	Resonances and observables
	Effective range expansion
	Summary of §3 and §4

	Theory of Feshbach resonances 
	Overview 
	Two-channel Hamiltonian
	Single-resonance approximation 
	Scattering amplitude and resonance 
	Controlling scattering length by magnetic field 
	Summary of §5 

	Nonrelativistic effective field theory 
	Effective field theories 
	Zero-range model 
	Two-boson scattering 
	Renormalization 
	Summary of §6 

	Compositeness and weak-binding relation 
	Introduction 
	Weak-binding relation 
	Compositeness in effective field theory 
	Weak-binding relation in effective field theory 
	Generalization to unstable states 
	³쬀믒»똀췰
	´쇃Íﴀ쿀¤츀싐¾츀삭¤저쇏È꼀꒹¤싐¾츀삭
	¾싖¡ꈀ뇩»묀믒¤츀ꖨ¥ꖿ¥ꖰ¥ꗡ¥ꗈ
	¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저췞À
	¹혀뗁¤츀쳜É렀ꆢ»눀맍Ê렀뢥

	¥뤀ꗔ¥㄀⼀㈀뻵Â
	¾싖¤츀즽¸
	Ì꤀엙¹퐀컳
	¾싖¤츀쫑´뤀ꇊÎ찀믒¥눀ꆼ¥저ꇋ
	¼촀뇆Â가쓪

	2¥뤀ꗔ¥럏¤저ꖨ¥ꖿ¥ꖰ¥ꗡ¥ꗈ¡ꘀꖨ¥ꗈ¥ꗔ¡
	2¥뤀ꗔ¥뻵Â혀꓈Á됀ꖹ¥퐀ꗳ
	¥꼀ꗭ¥촀ꗃ¥꬀ꆼÀ
	´뀀솴À딀떬Ä븀룲·
	Á듘¤츀믘É

	¸씀억Á듘¤저컌»툀쇪´
	½뿨¾싖¤저몮¹뻵Â
	2¥뤀ꗔ¥듖¤츀쇪´
	¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저꓈½찀쳳Ì꤀엙¹퐀컳

	Bell¤츀짔Å豈벰
	»똀췰Íﴀ쿀¡ꈀ匀맔Îꆢ¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저ꆦ¥턀ꗯ¡
	S¹퐀컳¤저냌Á몹
	»똀췰Ä
	2¥뤀ꗔ¥럏¤츀컌»툀ꖲ¡밀ꗈ¤저ꖨ¥ꖿ¥ꖰ¥ꗡ¥ꗈ
	¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저ꆦ¥턀ꗯ¡

	³쬀컏¤저ꖨ¥ꖿ¥ꖰ¥ꗡ¥ꗈÍ�삩
	2³쬀믒·케꓎Ç저우´�
	Á케좯¤뤀ꓫÂ퀀뻎À
	2³쬀믒·케꓎¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저췞À
	Î찀믒¥눀ꆼ¥저꓋¤ꓫ²볡

	°죌¤츀ꖹ¥퐀ꗳ¡ꈀꗕ¥ꆼ¥퀀ꆼ¤�³저쒥
	¥케ꗉ¥ꗳ¤츀ꖹ¥퐀ꗳ¤저ꗕ¥ꆼ¥퀀ꆼ
	8½씀맠¥퀀ꗪ¥ꨀꗳ¤츀뮶Í
	¥뤀ꗔ¥㌀⼀㈀뻵Â
	10½씀맠¥퀀ꗪ¥ꨀꗳ¤츀뮶Í


