
5 Theory of Feshbach resonances

5.1 Introduction

• Feshbach resonance: a resonance in coupled-channel scattering

• Threshold energy Eth and channels at energy E

– open channels (E > Eth): scattering occurs

– closed channels (E < Eth): no scattering occurs

• Original work: theory of compound nuclear reactions [35, 36] (Fig. 10, left)

• Cold atoms experiments: control of scattering length by a magnetic field [37] (Fig. 10, right)
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A new formulation of the theory of nuclear reactions based on the properties 
of a generalized “optical” potential is presented. The real and imaginary part 
of this potential satisfy a dispersion type relation while its poles give rise to 
resonances in nuclear reactions. A new derivation of the Breit-Wigner formula 
is given in which the concept of channel radius is not employed. This deriva- 
tion is extended to the case of overlapping resonances. These results can then 
be employed to obtain the complex potential well model for pure elastic scatter- 
ing. This potential well is shown to become real as the average width of the 
resonances increases. Reactions as well as elastic scattering are treated. Con- 
sidering the former process in an isolated resonance, we obtain a nonresonant 
term analogous to the familiar potential scattering term of elastic scattering. 
This is just the direct interaction term which thus appears automatically in 
this formalism. Upon performing the appropriate energy averages over res- 
onances, the complex potential well model is generalized so as to include 
inelastic scattering. The effects of the identity of nucleons is investigated. It is 
shown that our formalism is valid as long as the exit channels can at most 
contain one nucleon. 

I. INTRODUCTION 

By this time it has become abundantly clear that many differing aspects of 
the nucleon-nucleus interaction show up in nuclear reactions and scattering. 
There is consequently a multiplicity of descriptions of nuclear reactions which 
are brought to mind by the terms compound nucleus, the statistical hypothesis, 
optical model and direct and surface interaction. Since all the phenomena charac- 
terized by these concepts are general properties of the many body system (1) 
it should be possible to develop a theory of nuclear reactions from which each 
of these phenomena can be abstracted in a natural and straight forward fashion. 
It is the purpose of this paper to present such a formalism. 

This program has been carried out in part by Thomas (S), Bloch (S) who 
employ a suitably modified form of the Wigner (4) theory of nuclear resonances 
and by Brown and Dominicis (5) who work with the Kapur-Peierls (6) formalism. 
The present paper is based on a new formulation of resonance theory which 
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about 80% of the atoms were lost. This, coupled with the stability
and finite programming speed of the power supplies, limited the
ramp rates to those given above.
The observation of twin resonances separated by 54 ! 1G, with

the weaker one at lower field, exactly matches the theoretically
predicted pattern and thus strongly confirms our interpretation. No
resonance phenomenawere observed in the jmF ¼ " 1〉 state at any
field up to 1,000G, in agreement with theory which predicted
resonances for this state only at much higher fields.

Changing the scattering length
The trap loss measurements easily located the Feshbach resonances.
To measure the variation of the scattering length around these
resonances, we determined the interaction energy of a trapped
condensate. This was done by suddenly switching off the trap,
allowing the stored interaction energy to be converted into the
kinetic energy of a freely expanding condensate and measuring it by
time-of-flight absorption imaging1,2,21. The interaction energy is
proportional to the scattering length and the average density of the
condensate 〈n〉:

EI =N ¼
2p 2

m
a 〈n〉 ð2Þ

where N is the number of condensed atoms of mass m. For a large
condensate the kinetic energy in the trap is negligible (Thomas–
Fermi limit), and EI is equal to the kinetic energy EK of the freely
expanding condensate EK =N ¼ mv2rms=2, where vrms is the root-
mean-square velocity of the atoms. For a three-dimensional har-

monic oscillator potential one finds 〈n〉 # NðNaÞ" 3=5 (ref. 23) (We
note that, for a general power-law potential Sicix

pi
i , one obtains

〈n〉 # NðNaÞk" 1, where k ¼ 1=ð1 þ Si1=piÞ). Thus, the value of the
scattering length scales as:

a #
v5rms

N
ð3Þ

Both vrms andN can be directly evaluated from absorption images of
freely expanding condensates. For a cigar-shaped condensate the
free expansion is predominantly radial, and so the contribution of
the axial dimension to vrms could be neglected. The quantity v5rms/N
(equation (3)), normalized to unity outside the resonance, should
be identical to a/ã (equation (1)). This quantity was measured
around the resonance at 907G and is shown in Fig. 2b together with
the theoretical prediction of a resonance with width ∆ ¼ 1G. The
data clearly displays the predicted dispersive shape and shows
evidence for a variation in the scattering length by more than a
factor of ten.
We nowdiscuss the assumptions for equation (3) and show that it

is approximately valid for our conditions. (1) We assumed that the
condensate remains in equilibrium during the magnetic field ramp.
This is the case if the adiabatic condition ȧ=ap qi holds for the
temporal change of the scattering length16, and a similar condition
for the loss of atoms (the qi are the trapping frequencies). For the
condensate’s fast radial dynamics (qr ! 2p $ 1:5 kHz) this con-
dition is fulfilled, whereas for the slower axial motion
(qz ! 2p $ 0:1 kHz) it breaks down close to or within the reso-
nance. In this case the density would approach the two-dimensional
scaling N(Na)−1/2, but the values for a/ã (Fig. 2b) would differ by at
most 50%. (2) The second assumption was a three-dimensional
harmonic trap. If the axial potential has linear contributions, the
density scales instead like N(Na)−2/3 resulting in at most a 50%
change for a/ã. (3) We assumed that contributions of collective
excitations to the released energy were small. Axial striations were
observed in free expansion for both jmF ¼ þ1〉 and jmF ¼ " 1〉
atoms (probably created by the changing potential during the fast
magnetic field ramp). However, the small scatter of points outside
the resonance in Fig. 2b, which do not show any evidence of
oscillations, suggests that the contribution of excitations to the
released energy is negligible. (4) We assumed a sudden switch-off of
the trap and ballistic expansion. The inhomogeneous bias field
during the first 1–2ms of free expansion accelerated the axial
expansion, but had a negligible effect on the expansion of the
condensate in the radial direction, which was evaluated for Fig. 2b.
None of the corrections (1)–(4) discussed above affect our

conclusion that the scattering length varies dispersively near a
Feshbach resonance. More accurate experiments should be done
with a homogeneous bias field. In addition, an optical trap with
larger volume and lower density would preclude the need to ramp
the field quickly because three-body recombination would be
reduced.
The trap losses observed around the Feshbach resonances merit

further study as they might impose practical limits on the possi-
bilities for varying the scattering length. An increase of the dipolar
relaxation rate near Feshbach resonances has been predicted6,7, but
for atoms in the lowest hyperfine state no such inelastic binary
collisions are possible. Therefore, the observed trap loss is probably
due to three-body collisions. In this case the loss rate is characterized
by the coefficient K3, defined as Ṅ=N ¼ "K3〈n2〉. So far, there is no
theoretical work onK3 near a Feshbach resonance. An analysis based
on Fig. 2 shows that K3 increased on both sides of the resonance,
because the loss rate increased while the density decreased or stayed
constant. In any case, the fact that we observed Feshbach resonances
at high atomic densities ("1015 cm−3) strongly enhanced this loss
process, which can be avoided with a condensate at lower density in
a modified optical trap. Control of the bias field with a precision
better than "10−4 will be necessary to achieve negative or extremely
large values of the scattering length in a stable way.

articles

NATURE | VOL 392 | 12 MARCH 1998 153

Figure 2 Observation of the Feshbach resonance at 907G using time-of-flight

absorption imaging.a, Numberof atoms in the condensate versusmagnetic field.

Field values above the resonance were reached by quickly crossing the

resonance from below and then slowly approaching from above. b, The

normalized scattering length a=ã # v 5
rms=N calculated from the released energy,

together with the predicted shape (equation (1), solid line). The values of the

magnetic field in the upper scan relative to the lower one have an uncertainty of

%0.5G.

Figure 10: Left: H. Feshbach, Ann. Phys. 5, 357 (1958). Right: Control of the scattering length

in cold atoms by a magnetic field, adopted from S. Inouye, Nature (London) 392, 151 (1998).

5.2 Two-channel Hamiltonian

• Two channels P and Q, with the threshold of P set at Eth(P ) = 0 [38]

• Schrödinger equation in matrix form (a set of equations)

Ĥ |ω→ = E |ω→ (70)

Ĥ =

(
ĤPP ĤPQ

ĤQP ĤQQ

)
=

⎛

⎜⎜⎝

p̂2

2µP
+ V̂P V̂t

V̂t
p̂2

2µQ
+!+ V̂Q

⎞

⎟⎟⎠ , |ω→ =
(
|P →
|Q→

)
(71)

– V̂P , V̂Q: potentials in each channel (Fig. 4), vanishing at r ↑↓

– V̂t: channel-transition potential
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– ! = Eth(Q)↔ Eth(P ) > 0 (originating from the Zeeman splitting ∝ magnetic field)

– For 0 < E < !, P is open and Q is closed

• Projection operators

P̂ =

(
1 0

0 0

)
, Q̂ =

(
0 0

0 1

)
, (72)

P̂ 2 = P̂ , Q̂2 = Q̂, P̂ Q̂ = Q̂P̂ = 0, P̂ + Q̂ = Î (73)

Each component of |ω→ or Ĥ can be written as |X→ = X̂ |ω→ and ĤXY = X̂ĤŶ .

• Effective Hamiltonian for channel P ← eliminating |Q→
Lower component of Eq. (70)

ĤQP |P →+ ĤQQ |Q→ = E |Q→

ĤQP |P → = (E ↔ ĤQQ) |Q→

|Q→ = (E ↔ ĤQQ)
→1ĤQP |P → (74)

Upper component of Eq. (70)

ĤPP |P →+ ĤPQ |Q→ = E |P →

ĤPP |P →+ ĤPQ(E ↔ ĤQQ)
→1ĤQP |P → = E |P →

≃ Ĥeff(E) |P → = E |P → , (75)

Ĥeff(E) = ĤPP + ĤPQ(E ↔ ĤQQ)
→1ĤQP (76)

Ĥeff(E) e”ectively incorporates the e”ect of Q.

– Single-channel (not in matrix form) Schrödinger equation for P

– No approximations ≃ the solution of Eq. (75) is equivalent to |P → in Eq. (70)

– Ĥeff(E) is energy dependent ↑ self-consistent solutions for discrete eigenstates

5.3 Single-resonance approximation

• Eigenstates of ĤQQ without the transition (V̂t = 0, V̂Q (= 0, see Fig. 11):

ĤQQ |εi→ = εi |εi→ , (bound states), (77)

ĤQQ |ε(ε)→ = ε |ε(ε)→ (continuum states labeled by energy ε) (78)
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Figure 11: Schematic illustration of the eigenstates of ĤQQ.

• Spectral decomposition (continuum starts from ε = !)

Î =
∑

i

|εi→ ⇒εi|+
∫ ↑

∆

dε |ε(ε)→ ⇒ε(ε)| , (79)

Ĥeff(E) =
p̂2

2µP
+ V̂P +

∑

i

ĤPQ |εi→ ⇒εi| ĤQP

E ↔ εi
+

∫ ↑

∆

dε
ĤPQ |ε(ε)→ ⇒ε(ε)| ĤQP

E ↔ ε+ i0+
(80)

• Ĥeff(E) acquires an imaginary part for E > !
∫

dx
f(x)

x↔ a+ i0+
= P

∫
dx

f(x)

x↔ a
↔ iπf(a) (if a ⇑ integration range) (81)

• When |ε0| is sufficiently small, the dominant contribution for E ⇓ ! is

Ĥeff(E) ⇔ p̂2

2µP
+

V̂t |ε0→ ⇒ε0| V̂t

E ↔ ε0
(82)

• ε0 is measured from Eth(P ) = 0; binding energy (B.E.) from Eth(Q) = ! is

B.E. = !↔ ε0 (83)

B.E. is fixed by ĤQQ ≃ If ! is proportional to magnetic field, ε0 can be tuned

5.4 Scattering amplitude and resonance

• Ĥeff is a single-channel Hamiltonian for P ≃ we can apply scattering theory in §3

Ĥeff = Ĥ0 + V̂ , Ĥ0 =
p̂2

2µP
, V̂ =

V̂t |ε0→ ⇒ε0| V̂t

E ↔ ε0
, Ĥ0 |p→ =

p2

2µP
|p→ (84)

• Lippmann–Schwinger (LS) equation for the wave function |P →

|P → = |p→+ ĜV̂ |P → (85)

Free Green’s operator (resolvent)

Ĝ(E) = (E ↔ Ĥ0)
→1 (86)
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• T operator and scattering amplitude

T̂ = V̂ + V̂ ĜT̂ = V̂ + V̂ ĜV̂ + V̂ ĜV̂ ĜV̂ + · · · , (87)

⇒p↓| T̂ (E + i0+) |p→ = t(p↓ ← p) = ↔ 1

(2π)2µP
f(E, θ) (88)

• LS equation for the T matrix (integral equation)

t(p↓ ← p) = ⇒p↓| V̂ |p→+
∫

dq ⇒p↓| V̂ |q→ 1

E ↔ q2/(2µP ) + i0+
t(q ← p) (89)

• The potential V̂ in Eq. (84) is separable (a product of functions of p and p↓):

⇒p↓| V̂ (E) |p→ = ⇒p
↓| V̂t |ε0→ ⇒ε0| V̂t |p→

E ↔ ε0
= λF ∗(p↓)F (p), (90)

λ =
1

E ↔ ε0
, F (p) = ⇒ε0| V̂t |p→ (form factor) (91)

In this case, the scattering amplitude can be written in a closed form:

f(E, θ) = ↔(2π)2µP
F ∗(p↓)F (p)

1

λ
↔
∫

dq
|F (q)|2

E ↔ q2/(2µP ) + i0+

=
↔(2π)2µPF ∗(p↓)F (p)

E ↔ ε0 ↔ Σ(E)
, (92)

Σ(E) =

∫
dq

|F (q)|2

E ↔ q2/(2µP ) + i0+
(self energy) (93)

• Pole condition:

0 = E ↔ ε0 ↔ Σ(E) (94)

• When V̂t = 0 (no channel transition), Σ(E) = 0, and hence

E = ε0 ⇑ R (95)

≃ bound state by ĤQQ (decoupled from channel P )

• When V̂t (= 0, pole is a solution of E ↔ ε0 ↔ Σ(E) = 0 in general.

For weak V̂t, a perturbative approximation gives

E ⇔ ε0 + Σ(ε0) ⇑ C for ε0 > 0 (96)

≃ resonance with a complex eigenenergy in channel P

Bound state of ĤQQ acquires a decay width through coupling to the continuum of P

5.5 Summary of §5

• Coupled-channel Hamiltonian for P and Q

• Elimination of channel Q to obtain an e”ective Hamiltonian in P

• A bound state |ε0→ in Q couples to P and generates a state with complex energy

24


	Introduction: Hadrons, resonances, and entanglement
	Hadrons and QCD
	Exotic hadrons and resonances
	Hadron scattering and quantum entanglement
	References

	Resonances in quantum mechanics
	Overview of resonance states
	Resonances as eigenstates of Hamiltonian
	Square-well potential
	Discrete eigenstates
	Summary of §2

	Scattering theory primer
	Preliminaries
	Scattering amplitude
	Unitarity and scattering cross section
	Jost functions

	Resonances in scattering theory
	Resonances as poles of scattering amplitude
	Eigenenergies and Riemann sheets
	Classification of eigenstates
	Resonances and observables
	Effective range expansion
	Summary of §3 and §4

	Theory of Feshbach resonances
	Introduction
	Two-channel Hamiltonian
	Single-resonance approximation
	Scattering amplitude and resonance
	Summary of §5

	Nonrelativistic effective field theory 
	Effective field theories 
	Zero-range model 
	Two-boson scattering 
	Renormalization 
	Summary of §6 

	Compositeness and weak-binding relation 
	Introduction 
	Weak-binding relation 
	Compositeness in effective field theory 
	Weak-binding relation in effective field theory 
	Generalization to unstable states 
	³쬀믒»똀췰
	´쇃Íﴀ쿀¤츀싐¾츀삭¤저쇏È꼀꒹¤싐¾츀삭
	¾싖¡ꈀ뇩»묀믒¤츀ꖨ¥ꖿ¥ꖰ¥ꗡ¥ꗈ
	¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저췞À
	¹혀뗁¤츀쳜É렀ꆢ»눀맍Ê렀뢥

	¥뤀ꗔ¥㄀⼀㈀뻵Â
	¾싖¤츀즽¸
	Ì꤀엙¹퐀컳
	¾싖¤츀쫑´뤀ꇊÎ찀믒¥눀ꆼ¥저ꇋ
	¼촀뇆Â가쓪

	2¥뤀ꗔ¥럏¤저ꖨ¥ꖿ¥ꖰ¥ꗡ¥ꗈ¡ꘀꖨ¥ꗈ¥ꗔ¡
	2¥뤀ꗔ¥뻵Â혀꓈Á됀ꖹ¥퐀ꗳ
	¥꼀ꗭ¥촀ꗃ¥꬀ꆼÀ
	´뀀솴À딀떬Ä븀룲·
	Á듘¤츀믘É

	¸씀억Á듘¤저컌»툀쇪´
	½뿨¾싖¤저몮¹뻵Â
	2¥뤀ꗔ¥듖¤츀쇪´
	¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저꓈½찀쳳Ì꤀엙¹퐀컳

	Bell¤츀짔Å豈벰
	»똀췰Íﴀ쿀¡ꈀ匀맔Îꆢ¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저ꆦ¥턀ꗯ¡
	S¹퐀컳¤저냌Á몹
	»똀췰Ä
	2¥뤀ꗔ¥럏¤츀컌»툀ꖲ¡밀ꗈ¤저ꖨ¥ꖿ¥ꖰ¥ꗡ¥ꗈ
	¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저ꆦ¥턀ꗯ¡

	³쬀컏¤저ꖨ¥ꖿ¥ꖰ¥ꗡ¥ꗈÍ�삩
	2³쬀믒·케꓎Ç저우´�
	Á케좯¤뤀ꓫÂ퀀뻎À
	2³쬀믒·케꓎¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저췞À
	Î찀믒¥눀ꆼ¥저꓋¤ꓫ²볡

	°죌¤츀ꖹ¥퐀ꗳ¡ꈀꗕ¥ꆼ¥퀀ꆼ¤�³저쒥
	¥케ꗉ¥ꗳ¤츀ꖹ¥퐀ꗳ¤저ꗕ¥ꆼ¥퀀ꆼ
	8½씀맠¥퀀ꗪ¥ꨀꗳ¤츀뮶Í
	¥뤀ꗔ¥㌀⼀㈀뻵Â
	10½씀맠¥퀀ꗪ¥ꨀꗳ¤츀뮶Í


