
7 Compositeness and weak-binding relation

7.1 Introduction

• Internal structure of hadron resonances: superposition of all possible configurations

|!(1405)→ = C3q |uds→+ C5q |udsq̄q→+ CMB |MB→+ · · · (116)

• Ci (weights of each component) can be determined in specific models

↑ model-dependent result (the wavefunction is not an observable)

• A model-independent relation that connects observables with the internal structure?

7.2 Weak-binding relation

• Compositeness X of a stable bound state (deuteron) [43, 20, 21]

|d→ =
↓
X |NN→+

↓
Z |others→ , X + Z = 1 (117)

|d→: wavefunction of the deuteron

|NN→: two-nucleon (s-wave) component

(labeled by continuous variables, and X is the sum over all components)

|others→: all other components

(↔ 6q states, N” states, NN (d-wave) states, ...)

Z: elementarity (elementariness)

• (X,Z) ≈ (1, 0): composite-dominant state

(X,Z) ≈ (0, 1): elementary-dominant state

• Weak-binding relation

a0 = R

{
2X

1 +X
+O

(
Rtyp

R

)}
, R =

1↓
2µB

(118)

a0: NN scattering length (3S1 channel)

B: deuteron binding energy, µ = MN/2: NN reduced mass

R: deuteron radius (length scale associated with the binding energy)

Rtyp: typical interaction range

• When B is small (Rtyp/R is negligible), the compositeness X is determined by observables.

• Conditions:

– X is the compositeness in the s-wave scattering channel (not applicable to ω &= 0)
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Figure 17: Feynman rules for the interaction Hamiltonian (122).

– Stable bound state (no decay width)

• Empirical values: B = 2.22 MeV, a0 = 5.42 fm, Rtyp ↔ 1/mπ = 1.43 fm [44]

X = 1.68+3.18
→0.943 (including finite-range corrections) (119)

By definition, X ≃ 1⇒ 0.74 ≃ X ≃ 1: ↔ 80% of the deuteron is an NN composite

• No input on the nuclear force or wave function is required.

7.3 Compositeness in effective field theory

• Hamiltonian of EFT [33, 34]

H = Hfree +Hint (120)

Hfree =

∫
dr

[
1

2M
⇒ψ† ·⇒ψ +

1

2m
⇒φ† ·⇒φ+

1

2M0
⇒B†

0 ·⇒B0 + ω0B
†
0B0

]
(121)

Hint =

∫
dr
[
g0
(
B†

0φψ + ψ†φ†B0

)
+ v0ψ

†φ†φψ
]

(122)

φ(r), ψ(r), B0(r): field operators, M , m, M0: masses, ω0: bare energy

Each term in the free Hamiltonian Hfree is equivalent to the kinetic term of Leff in §6
g0, v0: coupling constants

Hint: contact interactions (Fig. 17), ψφ⇑ ψφ and ψφ⇑ B0

• Eigenstates of Hfree

Hfree |B0→ = ω0 |B0→ (discrete state B0, elementary component) (123)

Hfree |p→ =
p2

2µ
|p→ (ψφ scattering states with p, composite component) (124)

⇓B0|B0→ = 1, ⇓B0|p→ = 0, ⇓p↑|p→ = (2π)3δ3(p↑ ⇔ p) (125)

• Complete set: (from particle number conservation)

1 = |B0→ ⇓B0|+
∫

dp

(2π)3
|p→ ⇓p| (126)

31



<latexit sha1_base64="2S4bm+2eWoUI9wQaHvYneGg3VPg="></latexit>

 

�

 

�

= v0 +
!0

g0g0 + v0 +
!0

g0 g0

Figure 18: Feynman diagrams of the ψφ scattering amplitude.

Relation to Feshbach projection [45] (P̂ + Q̂ = Î)

P̂ =

∫
dp

(2π)3
|p→ ⇓p| (projection onto ψφ scattering states) (127)

Q̂ = |B0→ ⇓B0| (projection onto discrete state B0) (128)

Field theory equivalent to the single-resonance approximation of Q channel in §5

• Bound state |B→ with binding energy B as an eigenstate of H (physical state)

H |B→ = ⇔B |B→ (129)

Compositeness X, elementarity Z

X ≡ ⇓B| P̂ |B→ =
∫

dp

(2π)3
| ⇓p|B→ |2 ≥ 0 (overlap with scattering states) (130)

Z ≡ ⇓B| Q̂ |B→ = | ⇓B0|B→ |2 ≥ 0 (overlap with discrete state) (131)

• From the normalization ⇓B|B→ = 1 and the completeness relation (126),

Z +X = 1 (132)

X and Z can be interpreted as probabilities ∝ (130), (131), and (132)

7.4 Weak-binding relation in effective field theory

• ψφ scattering amplitude (derived as in §6, see Fig. 18)

f(E) = ⇔ µ

2π

1

1/v(E)⇔G(E)
(133)

v(E) = v0 +
g20

E ⇔ ω0
, (134)

G(E) =
1

2π2

∫ Λ

0

dq
q2

E ⇔ q2/(2µ) + i0+
(135)
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• Cutoff !: momentum scale at which the hadron interaction can be regarded as pointlike

⇒ Rtyp =
1

!
(136)

• Expression for the compositeness in terms of the scattering amplitude

X =
G↑(E)

G↑(E)⇔ [1/v(E)]↑

∣∣∣∣
E=→B

, A↑(E) =
dA(E)

dE
(137)

• Expansion of the scattering length in powers of (Rtyp/R)

a0 = ⇔f(E = 0) =
µ

2π
[1/v(0)⇔G(0)]→1 (138)

= · · · = R

{
2X

1 +X
+O

(
Rtyp

R

)}
, R =

1↓
2µB

(139)

• If O(Rtyp/R) is negligible, compositeness X ∝ (a0, B)

7.5 Generalization to unstable states

• For applications to hadron resonances, a generalization to unstable states is necessary

• Inclusion of a decay channel (Fig. 19)

Fields: φ1, ψ1, φ2, ψ2, B0

Four-point contact interactions: ψ1φ1 ⇑ ψ1φ1, ψ1φ1 ⇑ ψ2φ2, ψ2φ2 ⇑ ψ2φ2

Three-point contact interactions: ψ1φ1 ⇑ B0, ψ2φ2 ⇑ B0

• When the threshold energy ⇔ν of the additional channel 2 (ψ2φ2) is lower than B (§5),

H |R→ = Eh |R→ , Eh ∈ C (140)

• Normalization condition for resonances (⇓R|R→ diverges)

⇓R̃|R→ = 1 (141)

|p⟩
|B0⟩

0
E

−v

|p1⟩

|p2⟩

|B0⟩
0
E

(a) (b)

Figure 19: Spectrum of free Hamiltonian. (a): EFT in Sec. 7.3 and 7.4, (b): EFT in Sec. 7.5.
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⇓R̃| is the left eigenvector with the same complex eigenvalue

⇓R̃|H = Eh ⇓R̃| (142)

(Because of the non-hermiticity, left eigenvector is not conjugate of right eigenvector)

• Complete set

1 = P̂ + Q̂ (143)

P̂ =

∫
dp

(2π)3
|p1→ ⇓p1| (projection onto ψ1φ1 scattering states) (144)

Q̂ = |B0→ ⇓B0|+
∫

dp

(2π)3
|p2→ ⇓p2| (projection onto B0 and ψ2φ2) (145)

• Compositeness X, elementarity Z

X = ⇓R̃|P |R→ =
∫

dp

(2π)3
⇓R̃|p1→ ⇓p1|R→ ∈ C

Z = ⇓R̃|Q |R→ = ⇓R̃|B0→ ⇓B0|R→+
∫

dp

(2π)3
⇓R̃|p2→ ⇓p2|R→ ∈ C

• WhileX+Z = 1 still holds, each term is complex and cannot be interpreted as a probability

• Expand the scattering length of channel 1 by (Rtyp/R) (R, a0 are complex)

a0 = R

{
2X

1 +X
+O

(∣∣∣∣
Rtyp

R

∣∣∣∣

)
+O

(∣∣∣∣
l

R

∣∣∣∣
3
)}

, R =
1↓
⇔2µEh

, l =
1↓
2µν

(146)

ν: threshold energy difference, l: corresponding length scale

• If O(Rtyp/R) and O(|l/R|3) are negligible, compositeness X ∝ (a0, Eh)

• Several interpretation of complex X [33, 34, 46, 47, 48, 29], but no consensus is reached

• !(1405) case:

– Channel 1 is K̄N , channel 2 is πΣ

– Inputs: Eh = ⇔10⇔ 26i MeV, a0 = 1.39⇔ 0.85i fm [49, 50]

– For |R| ↔ 2 fm, Rtyp ↔ 0.25 fm (ρ-meson exchange), l ↔ 1.08 fm (πΣ channel)

Neglecting the correction terms, we obtain

X = 1.2 + i0.1 (147)

X is close to 1 ⇒ the K̄N molecular component is dominant

34


	Introduction: Hadrons, resonances, and entanglement
	Hadrons and QCD
	Exotic hadrons and resonances
	Hadron scattering and quantum entanglement
	References

	Resonances in quantum mechanics
	Overview of resonance states
	Resonances as eigenstates of Hamiltonian
	Square-well potential
	Discrete eigenstates
	Summary of §2

	Scattering theory primer
	Preliminaries
	Scattering amplitude
	Unitarity and scattering cross section
	Jost functions

	Resonances in scattering theory
	Resonances as poles of scattering amplitude
	Eigenenergies and Riemann sheets
	Classification of eigenstates
	Resonances and observables
	Effective range expansion
	Summary of §3 and §4

	Theory of Feshbach resonances
	Introduction
	Two-channel Hamiltonian
	Single-resonance approximation
	Scattering amplitude and resonance
	Summary of §5

	Nonrelativistic effective field theory
	Effective field theories
	Zero-range model
	Feynman rules
	Two-boson scattering
	Summary of §6

	Compositeness and weak-binding relation
	Introduction
	Weak-binding relation
	Compositeness in effective field theory
	Weak-binding relation in effective field theory
	Generalization to unstable states

	¥뤀ꗔ¥㄀⼀㈀뻵Â
	³쬀믒»똀췰
	´쇃Íﴀ쿀¤츀싐¾츀삭¤저쇏È꼀꒹¤싐¾츀삭
	¾싖¡ꈀ뇩»묀믒¤츀ꖨ¥ꖿ¥ꖰ¥ꗡ¥ꗈ
	¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저췞À
	¹혀뗁¤츀쳜É렀ꆢ»눀맍Ê렀뢥
	¾싖¤츀즽¸
	Ì꤀엙¹퐀컳
	¾싖¤츀쫑´뤀ꇊÎ찀믒¥눀ꆼ¥저ꇋ
	¼촀뇆Â가쓪

	2¥뤀ꗔ¥럏¤저ꖨ¥ꖿ¥ꖰ¥ꗡ¥ꗈ¡ꘀꖨ¥ꗈ¥ꗔ¡
	2¥뤀ꗔ¥뻵Â혀꓈Á됀ꖹ¥퐀ꗳ
	¥꼀ꗭ¥촀ꗃ¥꬀ꆼÀ
	´뀀솴À딀떬Ä븀룲·
	Á듘¤츀믘É

	¸씀억Á듘¤저컌»툀쇪´
	½뿨¾싖¤저몮¹뻵Â
	2¥뤀ꗔ¥듖¤츀쇪´
	¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저꓈½찀쳳Ì꤀엙¹퐀컳

	Bell¤츀짔Å豈벰
	»똀췰Íﴀ쿀¡ꈀ匀맔Îꆢ¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저ꆦ¥턀ꗯ¡
	S¹퐀컳¤저냌Á몹
	»똀췰Ä
	2¥뤀ꗔ¥럏¤츀컌»툀ꖲ¡밀ꗈ¤저ꖨ¥ꖿ¥ꖰ¥ꗡ¥ꗈ
	¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저ꆦ¥턀ꗯ¡

	³쬀컏¤저ꖨ¥ꖿ¥ꖰ¥ꗡ¥ꗈÍ�삩
	2³쬀믒·케꓎Ç저우´�
	Á케좯¤뤀ꓫÂ퀀뻎À
	2³쬀믒·케꓎¥ꠀꗳ¥뼀ꗳ¥뀀ꗫ¥ꗳ¥저췞À
	Î찀믒¥눀ꆼ¥저꓋¤ꓫ²볡

	°죌¤츀ꖹ¥퐀ꗳ¡ꈀꗕ¥ꆼ¥퀀ꆼ¤�³저쒥
	¥케ꗉ¥ꗳ¤츀ꖹ¥퐀ꗳ¤저ꗕ¥ꆼ¥퀀ꆼ
	8½씀맠¥퀀ꗪ¥ꨀꗳ¤츀뮶Í
	¥뤀ꗔ¥㌀⼀㈀뻵Â
	10½씀맠¥퀀ꗪ¥ꨀꗳ¤츀뮶Í


