7

7.1

7.2

Compositeness and weak-binding relation

Introduction

Internal structure of hadron resonances: superposition of all possible configurations

|A(1405)) = Cs, |uds) + Cs, |udsqq) + Cyp |MB) + - - (116)
C; (weights of each component) can be determined in specific models

— model-dependent result (the wavefunction is not an observable)

A model-independent relation that connects observables with the internal structure?

Weak-binding relation

Compositeness X of a stable bound state (deuteron) [43, 20, 21|
|d) = VX |NN) +VZ |others), X +Z =1 (117)

|d): wavefunction of the deuteron
|NN): two-nucleon (s-wave) component

(labeled by continuous variables, and X is the sum over all components)
lothers): all other components

(~ 6q states, NA states, NN (d-wave) states, ...)

Z: elementarity (elementariness)

(X,Z) =~ (1,0): composite-dominant state
(X,Z) = (0,1): elementary-dominant state

e Weak-binding relation

2X Rigp 1
_ _ 11
" R{1+X+O<R)}, R (118)

ap: NN scattering length (*S; channel)
B: deuteron binding energy, u = My /2: NN reduced mass
R: deuteron radius (length scale associated with the binding energy)

Ry typical interaction range

e When B is small (Ry,/R is negligible), the compositeness X is determined by observables.

e Conditions:

— X is the compositeness in the s-wave scattering channel (not applicable to ¢ # 0)
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Figure 17: Feynman rules for the interaction Hamiltonian ([Z2).
— Stable bound state (no decay width)
e Empirical values: B = 2.22 MeV, ag = 5.42 fm, Ry, ~ 1/m, = 1.43 fm [44]
X =1.68"33%  (including finite-range corrections) (119)
By definition, X <1 = 0.74 < X < 1: ~ 80% of the deuteron is an NN composite

e No input on the nuclear force or wave function is required.

7.3 Compositeness in effective field theory

H= Hfree + Hint (120)
1 1 1
_ ot vt . vpgt. i
Hiree /dr {QMWD Vi + 5 VO Vo + 2M0v30 V By + wo B} By (121)
Hi = [ dr [o0 (Blow + 016/ Bo) + w6l o0 (122)

o(r), ¥(r), Bo(r): field operators, M, m, My: masses, wy: bare energy

Each term in the free Hamiltonian Hy.e is equivalent to the kinetic term of L.g in §B
Jo, Vg: coupling constants

Hiy: contact interactions (Fig. ), 1¢ <> ¢ and ¢ <+ By

o Eigenstates of Hpee

Hpeo |Bo) = wo |By)  (discrete state By, elementary component) (123)
2

Hieo |P) = 127— |p)  (¥¢ scattering states with p, composite component) (124)
i

(Bo|Bo) =1, (Bolp) =0, (p|p) = (27)°8°(p - p) (125)

e Complete set: (from particle number conservation)

1= |Bo) (Bo| + / (57’3 D) (p| (126)

31



¢ ¢
\\\ e \\ /, \\ wo /, \\\ 7N Pid \\\ - Pid
wo
(4 (0

Figure 18: Feynman diagrams of the ¢ scattering amplitude.

Relation to Feshbach projection [45] (P 4+ Q = I)

~ d
P= / (2p)3 Ip) (p| (projection onto ¢ scattering states)
T

Q = |By) (By| (projection onto discrete state By)
Field theory equivalent to the single-resonance approximation of () channel in §

e Bound state |B) with binding energy B as an eigenstate of H (physical state)

H|B) = -B|B)

Compositeness X, elementarity Z

~ d
X =(B|P|B) = /#\ (p|B) | >0 (overlap with scattering states)

Z = (B|Q|B) =|(By|B)|>>0 (overlap with discrete state)
e From the normalization (B|B) = 1 and the completeness relation (I28),
Z+X=1

X and Z can be interpreted as probabilities «+ (IC30), (IC30), and (IC32)

7.4 Weak-binding relation in effective field theory

e ¢ scattering amplitude (derived as in §B, see Fig. [X)

0 1
JE) =52 1/v(E) — G(E)
v(E) = vy + I ‘igwo,

2

G(E) = — /Ad 4
~ 22 )y “E— /20 + ot
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Cutoff A: momentum scale at which the hadron interaction can be regarded as pointlike

1
= Ruyp = (136)

Expression for the compositeness in terms of the scattering amplitude

G'(E)
G'(E) = [1/v(E)]

A(E) = %g;) (137)

X =

)
E=—-B

e Expansion of the scattering length in powers of (Ryy,/R)

ay = —f(E=0) = 2= [1/0(0) - G(O)] ! (138)

2X R 1
=—...=RLTZ_ 10O Ay R= — 139
{1+XJr (R)}’ V2uB (139)

If O(Riyp/R) is negligible, compositeness X <« (ay, B)

7.5 Generalization to unstable states

e For applications to hadron resonances, a generalization to unstable states is necessary

e Inclusion of a decay channel (Fig. [J)

Fields: ¢1, 1, ¢a, 12, Bo
Four-point contact interactions: ¥¢q <> Y101, Y101 <> Yada, Yodo <> Yods
Three-point contact interactions: ¥1¢1 <> By, Y9 <> By

e When the threshold energy —v of the additional channel 2 (¢5¢9) is lower than B (§8),

HI|R) = E,|R), E,eC (140)

e Normalization condition for resonances ((R|R) diverges)

(R|IR) =1 (141)
Ip) Ip1)
= |By = |By
Cp ol — )

(a) (b)

Figure 19: Spectrum of free Hamiltonian. (a): EFT in Sec. 3 and 4, (b): EFT in Sec. [[3.
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(R is the left eigenvector with the same complex eigenvalue
(R|H = Ey (R| (142)
(Because of the non-hermiticity, left eigenvector is not conjugate of right eigenvector)

Complete set

1=P+Q (143)
. d

P = / (QTP)g |p1) (p1| (projection onto 11¢; scattering states) (144)
A d o

Q = |By) (Bo| + / % |p2) (p2|  (projection onto By and 1a¢9) (145)

Compositeness X, elementarity Z

X = (RIPIR) = [ G5 (Fip) () € ©

dp

(27’()3 <R|p2> <p2|R> eC

Z = (RIQ|R) = (R|By) (Bo|R) +/

While X 47 = 1 still holds, each term is complex and cannot be interpreted as a probability

Expand the scattering length of channel 1 by (Riy,/R) (R, a¢ are complex)

2X R, 1| 1 1
=R 0) yp of|= R=—— |=——_ (146
" { ro () (‘R )} NemAe

14+ X R
v: threshold energy difference, [: corresponding length scale

If O(Ryy,/R) and O(|I/R|?) are negligible, compositeness X < (ag, Ej,)
Several interpretation of complex X [33, B4, 46, A7, A8, 29], but no consensus is reached
A(1405) case:

— Channel 1 is KN, channel 2 is 7%
— Inputs: E, = —10 — 267 MeV, ag = 1.39 — 0.85¢ fm [49, b0]
— For |R| ~ 2 fm, Ry, ~ 0.25 fm (p-meson exchange), I ~ 1.08 fm (7% channel)

Neglecting the correction terms, we obtain
X =12+10.1 (147)

X is close to 1 = the KN molecular component is dominant
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