
9 Two-spin system and entanglement entropy

9.1 Representation of two-spin states

• Composite system of spin A and spin B: H = HA →HB

(in quantum information, a two-qubit system of Alice and Bob)

• Tensor-product states

|↑↑↓ = |↑A↓ → |↑B↓ , |↑↔↓ , |↔↑↓ , |↔↔↓ (189)

• Spin operators for each subsystem

sA = s︸︷︷︸
acts on A

→ 1︸︷︷︸
acts on B

, sB = 1→ s (190)

• Action of operators

(sA)z |↑↑↓ =
1

2
|↑↑↓ , ... (191)

• Total spin operator S

S = sA + sB (192)

• Eigenstates of S: labeled by total spin S = 0, 1 and z-component Sz

|S, Sz↓ = |0, 0↓︸ ︷︷ ︸
S = 0

, |1, 1↓ , |1, 0↓ , |1,−1↓︸ ︷︷ ︸
S = 1

(193)

Action of spin operators

Sz |1,−1↓ = − |1,−1↓ , S2 |1,−1↓ = S(S + 1) |1,−1↓ = 2 |1,−1↓ , ... (194)

• Kronecker product of states: representation as 4-component vectors

|↑↑↓ =
(
1

0

)
→
(
1

0

)
=

⎛

⎜⎜⎜⎜⎝

1×
(
1

0

)

0×
(
1

0

)

⎞

⎟⎟⎟⎟⎠
=

⎛

⎜⎜⎜⎜⎝

1

0

0

0

⎞

⎟⎟⎟⎟⎠
, (195)

|↑↔↓ =

⎛

⎜⎜⎜⎜⎝

0

1

0

0

⎞

⎟⎟⎟⎟⎠
, |↔↑↓ =

⎛

⎜⎜⎜⎜⎝

0

0

1

0

⎞

⎟⎟⎟⎟⎠
, |↔↔↓ =

⎛

⎜⎜⎜⎜⎝

0

0

0

1

⎞

⎟⎟⎟⎟⎠
(196)
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• Kronecker product of operators: 4 × 4 matrices

(sA)x = sx → 1 =
1

2

(
0 1

1 0

)
→
(
1 0

0 1

)

=
1

2

⎛

⎜⎜⎜⎜⎝

0×
(
1 0

0 1

)
1×

(
1 0

0 1

)

1×
(
1 0

0 1

)
0×

(
1 0

0 1

)

⎞

⎟⎟⎟⎟⎠
=

1

2

⎛

⎜⎜⎜⎜⎝

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

⎞

⎟⎟⎟⎟⎠
(197)

sx → sx =
1

2

(
0 1

1 0

)
→ 1

2

(
0 1

1 0

)

=
1

4

⎛

⎜⎜⎜⎜⎝

0×
(
0 1

1 0

)
1×

(
0 1

1 0

)

1×
(
0 1

1 0

)
0×

(
0 1

1 0

)

⎞

⎟⎟⎟⎟⎠
=

1

4

⎛

⎜⎜⎜⎜⎝

0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

⎞

⎟⎟⎟⎟⎠
(198)

• Density matrix of a tensor-product state: ω = ωa → ωb holds
⎛

⎜⎜⎜⎜⎝

1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

⎞

⎟⎟⎟⎟⎠
= |↑↑↓ ≃↑↑| = |↑↓ ≃↑|︸ ︷︷ ︸

ρa

→ |↑↓ ≃↑|︸ ︷︷ ︸
ρb

=

(
1 0

0 0

)
→
(
1 0

0 0

)
(199)

9.2 Complete orthonormal systems

• Computational basis: {|↑↑↓ , |↑↔↓ , |↔↑↓ , |↔↔↓}

• Bell basis: {|!+↓ , |!→↓ , |”+↓ , |”→↓}

|!±↓ = |↑↑↓± |↔↔↓√
2

(not eigenstates of the total spin S) (200)

|”±↓ = |↑↔↓± |↔↑↓√
2

(states with Sz = 0, corresponding to S = 1 and S = 0) (201)

• General two-spin state (vector in C4)

|”↓ = α |↑↑↓+ β |↑↔↓+ γ |↔↑↓+ δ |↔↔↓ =

⎛

⎜⎜⎜⎜⎝

α

β

γ

δ

⎞

⎟⎟⎟⎟⎠
(202)

Normalization

|α|2 + |β|2 + |γ|2 + |δ|2 = 1 (203)
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• General state |”↓: using CONS {|iA↓} of HA and {|jB↓} of HB

|”↓ =
∑

i,j

αij |iA↓ → |jB↓ (sum over i and j) (204)

• Schmidt decomposition: there exist CONS {|i↑A↓} and {|i↑B↓} such that5

|”↓ =
l∑

i=1

√
pi |i↑A↓ → |i↑B↓ (sum over a common i),

l∑

i=1

pi = 1 (205)

pi > 0: Schmidt coefficients, l: Schmidt rank

Shown by the singular value decomposition of αij (also valid for dimHA ⇒= dimHB)

9.3 Entropy of quantum systems

• von Neumann entropy by the density matrix ω

S(ω) = −Tr [ω log ω] (206)

Expanding ω =
∑

i λi |i↓ ≃i| in its eigenbasis {|i↓},

S(ω) = −
∑

i

λi log λi (207)

Shannon entropy of the eigenvalue distribution λi

• Example: canonical ensemble ω = e→βH/Z

S(ω) = −Tr
[
ω log(e→βH/Z)

]

= −Tr [ω(−βH − logZ)]

= βTr [ωH] + logZ Tr [ω]

= βE + logZ

= βE − βF

F = E − TS (208)

• Entanglement (von Neumann) entropy: quantifies correlations between A and B

(see Sec. 10 for details)

EvN = −TrA [ωA log ωA] (209)

5Strictly speaking, these form an orthonormal set (ONS) in the full space; zero singular values are omitted.
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• Reduced density matrix: for the general state in Eq. (202),

ωA = TrB [ω] =

(
|α|2 + |β|2 αγ↓ + βδ↓

α↓γ + β↓δ |γ|2 + |δ|2

)
(210)

Partial trace over spin B: gives the density matrix in HA

TrB [ω] =
∑

i

(1→ ≃iB|) ω (1→ |iB↓) (211)

If ω = ωa → ωb (product state),

TrB [ωa → ωb] = ωATrB [ωb] (212)

• Using the Schmidt decomposition,

ω = |”↓ ≃”| =
∑

i,j

√
pipj |iA↓ ≃jA|→ |iB↓ ≃jB| (213)

TrB [ω] =
∑

i,j,k

√
pipj |iA↓ ≃jA|→ ≃kB|iB↓ ≃jB|kB↓ =

∑

i,j

√
pipj |iA↓ ≃jA| δij

=
∑

i

pi |iA↓ ≃iA| (214)

Since TrA [ω] has the same eigenvalues pi,

EvN = −TrA [ωA log ωA] = −TrB [ωB log ωB] (215)

9.4 Measures of quantum correlations

• Linear entropy (log ωA = log[1 + (ωA − 1)] = ωA − 1 + · · · )

E = 1− TrA
[
ω2A
]

(216)

• Concurrence [51, 52]

∆ = | ≃”|σy → σy|”↓↓ | = 2|αδ − βγ| (217)

Any entanglement measure defined from ωA can be expressed in terms of ∆:

EvN = −λ+ log λ+ − λ→ log λ→, λ± =
1

2
(1±

√
1−∆2), (218)

E =
1

2
∆2 = 2|αδ − βγ|2 (219)
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Table 2: 状態 (228)の E、EvN、!の ω = 0, π/4, π/2, 3π/4の値。
ω 0 π/4 π/2 3π/4

|ψ→ |↑↓→ |”+→ |↓↑→ ↔ |”→→
E 0 1/2 0 1/2

EvN 0 1 0 1

! 0 1 0 1

10 古典相関と量子相関
10.1 純粋状態と混合状態

• 純粋状態：1つの状態 |ψ→のみを用いて密度行列が表現される
ρ = |ψ→ 〈ψ| (229)

性質（idempotent）
ρ2 = |ψ→ 〈ψ|ψ→︸ ︷︷ ︸

=1

〈ψ| = |ψ→ 〈ψ| = ρ, (230)

Tr
[
ρ2
]
= Tr [ρ] = 1 (231)

• 混合状態：密度行列が実数の重み 0 ≤ pi ≤ 1で和を取られている状況
ρ =

∑

i

pi |φi→ 〈φi| ,
∑

i

pi = 1, 〈φi|φi→ = 1 (232)

|φi→は規格化されているが必ずしも直交していなくても良い確率 piで状態 |φi→を用意した「状態の集まり」（J.J. Sakuraiでは「混合アンサンブル」）
Bell状態のような「状態の重ね合わせ」とは異なる
混合状態の表現は一意的でない（シュレディンガーの混合定理）

• 混合状態は規格化されているが ρ2 ≃= ρ

Tr [ρ] =
∑

i

piTr [|φi→ 〈φi|] =
∑

i

pi = 1, (233)

ρ2 =
∑

i,j

pipj |φi→ 〈φi|φj→ 〈φj| ≃= ρ (234)

• 混合度：混合状態の純粋状態からの「距離」を定量化
µ = 1↔ Tr

[
ρ2
]
, 0︸︷︷︸純粋状態

≤ µ ≤ 1↔ 1

N︸ ︷︷ ︸完全混合
(235)

N はヒルベルト空間の次元
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Figure 20: Linear entropy E , von Neumann entropy EvN, and concurrence ∆ for the state (228).

• Entanglement of a product state |↑↔↓

β = 1, α = γ = δ = 0, (220)

∆ = 0, (221)

E = 0, (222)

λ+ = 1, λ→ = 0 ⇑ EvN = 0 (223)

All measures vanish: 0

• Entanglement of a Bell state |”+↓

α = δ = 0, β = γ =
1√
2
, (224)

∆ = 1, (225)

E =
1

2
, (226)

λ+ =
1

2
, λ→ =

1

2
⇑ EvN = log 2 = 1 (227)

1 ebit (entanglement bit), the fundamental unit of entanglement6

• General superposition state

|ψ↓ = cos θ |↑↔↓+ sin θ |↔↑↓ (228)

Fig. 20: comparison of E , EvN, and ∆　
All measures vanish for product states (θ = 0,π/2), while they become maximal for Bell

states (θ = π/4, 3π/4)

6In quantum information, the logarithm is taken with base 2.
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