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Abstract
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1 Introduction: hadrons, resonances, and entanglement

1.1 Hadrons and QCD

• Hadrons: particles that interact via the strong interaction

• Fundamental theory of the strong interaction: QCD

LQCD = −1

4
Ga

µνG
µνa + q̄(i /D −mq)q. (1)

SU(3) color gauge theory of quarks and gluons

• Observed hadrons [1]

– qqq baryons (p, n,Λ, · · · ): about 170 states

– qq̄ mesons (π,K, η, · · · ): about 210 states

• Quarks have three colors: r, g, b.

All observed hadrons are color singlets (color-neutral states).

No explicit constraint in QCD forbids colored states.

→ Problem of color confinement

• Quarks have six flavors: u, d, s, c, b, t.

Flavor quantum numbers of conventional hadrons are described by qqq or qq̄.

No explicit constraint in QCD forbids multiquark configurations such as q̄q̄qq, q̄qqqq, · · · .
→ Problem of exotic hadrons

1.2 Exotic hadrons and resonances

• Recent observations of exotic hadron candidates [2, 3]

Only ∼ 10 candidates out of ∼ 380 hadrons

• Pentaquark candidates Pc(4312), Pc(4440), Pc(4457) [4, 5] (Fig. 1, left)

Pc → J/ψ(c̄c) + p(uud). (2)

Minimal quark content1: c̄cuud

• Tetraquark candidate Tcc [6, 7] (Fig. 1, right)

Tcc → D0(ūc)D∗+(d̄c)→ D0D0π+. (3)

Minimal quark content: ccūd̄

1In principle, Pc could be described by uud, but it is highly unnatural to explain their masses without a c̄c pair.
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resonances with the same spin and parity, fits to the cos θPc-
weighted distribution are repeated using various coherent
sums of two of the BW amplitudes. Each of these fits
includes a phase between interfering resonances as an extra
free parameter. None of the interference effects studied is
found to produce a significant Δχ2 relative to the fits using
an incoherent sum of BWamplitudes. However, substantial
shifts in the Pþ

c properties are observed, and are included in
the systematic uncertainties. For example, in such a fit the
Pcð4312Þþ mass increases, while its width is rather stable,
leading to a large positive systematic uncertainty of
6.8 MeV on its mass.
As in Ref. [1], the Λ0

b candidates are kinematically
constrained to the known J=ψ and Λ0

b masses [29], which
substantially improves themJ=ψp resolution and determines
the absolute mass scale with an accuracy of 0.2 MeV. The
mass resolution is known with a 10% relative uncertainty.
Varying this within its uncertainty changes the widths
of the narrow states in the nominal fit by up to
0.5 MeV, 0.2 MeV, and 0.8 MeV for the Pcð4312Þþ,

Pcð4440Þþ, and Pcð4457Þþ states, respectively. The widths
of all three narrow Pþ

c peaks are consistent with the
mass resolution within the systematic uncertainties.
Therefore, upper limits are placed on their natural widths
at the 95% confidence level (C.L.), which account for
the uncertainty on the detector resolution and in the
fit model.
A number of additional fits are performed when evalu-

ating the systematic uncertainties. The nominal fits assume
S-wave (no angular momentum) production and decay.
Including P-wave factors in the BW amplitudes has
negligible effect on the results. In addition to the nominal
fits with three narrow peaks in the 4.22 < mJ=ψp <
4.57 GeV region, fits including only the Pcð4312Þþ are
performed in the narrow 4.22–4.44 GeV range. Fits are also
performed using a data sample selected with an alternative
approach, where no BDT is used, resulting in about twice
as much background.
The total systematic uncertainties assigned on the mass

and width of each narrow Pþ
c state are taken to be the

largest deviations observed among all fits. These include
the fits to all three versions of the mJ=ψp distribution, each
configuration of the Pþ

c interference, all variations of the
background model, and each of the additional fits just
described. The masses, widths, and relative contributions
(R values) of the three narrow Pþ

c states, including all
systematic uncertainties, are given in Table I.
To obtain estimates of the relative contributions of the

Pþ
c states, the Λ0

b candidates are weighted by the inverse of
the reconstruction efficiency, which is parametrized in all
six dimensions of the Λ0

b decay phase space [Eq. (68) in the
Supplemental Material to Ref. [30] ]. The efficiency-
weighted mJ=ψp distribution, without the mKp>1.9GeV
requirement, is fit to determine the Pþ

c contributions, which
are then divided by the efficiency-corrected and back-
ground-subtracted Λ0

b yields. This method makes the
results independent of the unknown quantum numbers
and helicity structure of the Pþ

c production and decay.
Unfortunately, this approach also suffers from large Λ$

backgrounds and from sizable fluctuations in the low-
efficiency regions. In these fits, the Pþ

c terms are added
incoherently, absorbing any interference effects, which can
be large (see, e.g., Fig. S2 in the Supplemental Material
[22]), into the BW amplitudes. Therefore, the R≡
BðΛ0

b → Pþ
c K−ÞBðPþ

c → J=ψpÞ=BðΛ0
b → J=ψpK−Þ val-

ues reported for each Pþ
c state differ from the fit fractions

TABLE I. Summary of Pþ
c properties. The central values are based on the fit displayed in Fig. 6.

State M [MeV] Γ [MeV] (95% C.L.) R [%]

Pcð4312Þþ 4311.9% 0.7þ6.8
−0.6 9.8% 2.7þ3.7

−4.5 ð<27Þ 0.30% 0.07þ0.34
−0.09

Pcð4440Þþ 4440.3% 1.3þ4.1
−4.7 20.6% 4.9þ8.7

−10.1 ð<49Þ 1.11% 0.33þ0.22
−0.10

Pcð4457Þþ 4457.3% 0.6þ4.1
−1.7 6.4% 2.0þ5.7

−1.9 ð<20Þ 0.53% 0.16þ0.15
−0.13
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FIG. 6. Fit to the cos θPc-weighted mJ=ψp distribution with
three BW amplitudes and a sixth-order polynomial background.
This fit is used to determine the central values of the masses and
widths of the Pþ

c states. The mass thresholds for the Σþ
c D̄0 and

Σþ
c D̄$0 final states are superimposed.
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Figure 1: Distribution of D0D0⇡+ mass. Distribution of D0D0⇡+ mass where the contribu-
tion of the non-D0 background has been statistically subtracted. The result of the fit described
in the text is overlaid.

The function is built under two assumptions. Firstly, that the newly observed state has
quantum numbers JP = 1+ and isospin I = 0 in accordance with the theoretical expecta-
tion for the T+

cc ground state. Secondly, that the T+
cc state is strongly coupled to the D⇤D

channel. The derivation of FU relies on the isospin symmetry for T+
cc! D⇤D decays

and explicitly accounts for the energy dependency of the T+
cc! D0D0⇡+, T+

cc! D0D+⇡0

and T+
cc! D0D+� decay widths as required by unitarity. Similarly to the FBW profile,

the FU function has two parameters: the peak locationmU, defined as the mass value where
the real part of the complex amplitude vanishes, and the absolute value of the coupling
constant g for the T+

cc! D⇤D decay.
The detector mass resolution, R, is modelled with the sum of two Gaussian functions

with a common mean, and parameters taken from simulation, see Methods. The widths
of the Gaussian functions are corrected by a factor of 1.05, that accounts for a small
residual di↵erence between simulation and data [39,104,105]. The root mean square of
the resolution function is around 400 keV/c2.

A study of the D0⇡+ mass distribution for selected D0D0⇡+ combinations in the region
above the D⇤0D+ mass threshold and below 3.9GeV/c2 shows that approximately 90% of all

3

Figure 1: Examples of exotic hadron candidates. Left: spectrum of the pentaquark candidates Pc,

adapted from R. Aaij et al. (LHCb collaboration), Phys. Rev. Lett. 122, 222001 (2019). Right:

spectrum of the tetraquark candidate Tcc, adapted from R. Aaij et al. (LHCb collaboration),

Nature Phys. 18, 751 (2022).

c
d̄ c

ū
c

ūD0

c
d̄D*+

Figure 2: Schematic illustration of a multiquark state (left) and a hadronic molecule (right).

• Exotic hadrons are observed in the spectra of decay products,

Pc → J/ψ + p, (4)

Tcc → D0 +D0 + π+. (5)

Unstable states → treated as resonances in hadron scattering

In fact, only ∼ 20 out of ∼ 380 hadrons are stable.

• Various possible internal structures

– Multiquarks: compact color-singlet states

ccūd̄ for Tcc (Fig. 2, left)

– Hadronic molecules: weakly bound states of hadrons

D0D∗+ for Tcc (Fig. 2, right)
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• States with the same quantum numbers can mix with each other:

|Tcc⟩ = c1 |ccūd̄⟩+ c2 |D0D∗+⟩+ · · · . (6)

How can we determine the weights ci?

Is such a decomposition well-defined?

What is a resonance “state” |Tcc⟩?

• Plan of the first half of this lecture

– §2 (21 April): Resonances ↔ eigenstates with complex energies

– §3 (28 April): Definition of the scattering amplitude

– §4 (12 May): Resonances ↔ poles of the scattering amplitude

– §5 (19 May): Feshbach resonances (bound states embedded in the continuum)

– §6 (26 May): Nonrelativistic effective field theory

– §7 (9 June): Compositeness and weak-binding relation

1.3 Hadron scattering and quantum entanglement

• Study of hadron scattering

– Important for extracting resonance information

– Provides basic information on hadronic molecules

• Prototype of hadron scattering: nuclear force (nucleon–nucleon scattering)

• Nucleons have internal degrees of freedom: spin and isospin

– Spin S = 1/2: |↑⟩ , |↓⟩

– Isospin I = 1/2: |p⟩ , |n⟩

• Two-nucleon states: combinations of spin and isospin

Many possible scattering channels: |p ↑ p ↑⟩ , |p ↑ n ↓⟩ , · · ·

• Symmetry in QCD: SU(2)S × SU(2)I
The interaction is invariant under independent rotations of spin and isospin.

Some processes are forbidden, and different processes are related to each other.

→ Scattering can be described with a small number of independent components.

• Low-energy s-wave scattering can be described by only two channels.

3



– 1S0 (S = 0, I = 1)

– 3S1 (S = 1, I = 0)

These channels are independent of each other.

• Empirical properties of nuclear forces

– Similar behavior in the S = 0 and S = 1 channels

Spin-flavor SU(4) symmetry [8, 9]

– Large scattering lengths (near the unitary limit)

Nonrelativistic conformal symmetry [10]

→ Suggestive of emergent symmetries beyond QCD

• Quantum entanglement in two-spin systems

– Product state: no correlation between spins

|↑↓⟩ = |↑⟩ ⊗ |↓⟩ . (7)

– Entangled state (Bell state): correlated spins

|S = 0⟩ = |↑↓⟩ − |↓↑⟩√
2

. (8)

• Entanglement entropy (EE)

A quantitative measure of quantum correlation

• Scattering as a quantum operation

The scattering matrix S acts on the initial state:

|out⟩ = S |in⟩ . (9)

S can generate entanglement between nucleons.

• Entanglement suppression [11]

Condition: scattering does not generate entanglement.

→ Constraints on scattering amplitudes

→ Explanation of emergent symmetries in nuclear forces

• Plan of the second half of this lecture

– §8 (16 June): Spin-1/2 states
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– §9 (23 June): Entanglement entropy

– §10 (30 June): Classical and quantum correlations

– §11 (7 July): Bell’s inequality

– §12 (14 July): Entanglement power of the S matrix

– §13 (21 July): Nuclear forces and entanglement suppression

– §14 (28 July): Generalization to spin and flavor

1.4 References

• Resonances in quantum mechanics

Textbook : 羽田野-井村 [12], A. Bohm [13], N. Moiseyev [14]

Review article : Ashida-Gong-Ueda [15]

• Scattering theory

Textbook : J.R. Taylor [16], R.G. Newton [17], 永江-兵藤 [18]

Review article : Hyodo-Niiyama [19]

• Exotic hadrons and compositeness

Review article : T. Hyodo [20], Kinugawa-Hyodo [21]

物理学会誌：兵藤哲雄 [22]

数理科学：兵藤哲雄 [23]

• Quantum information science

Textbook : 石坂-小川-河内-木村-林 [24], Nielsen-Chuang [25]

Review article : Robin-Savage [26]
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2 Resonances in quantum mechanics

2.1 Overview of resonance states

• Resonance: a quantum-mechanically formed metastable “state” that decays over time

• Decay products are scattering states (continuum). → scattering theory

Example: Tcc → D0D∗+ ⇔ Tcc is a resonance in the D0D∗+ scattering.

• Inelastic scattering and channels

– Elastic scattering: initial state = final state (D0D∗+ → D0D∗+, ...)

– Inelastic scattering: transitions to different final states (D0D∗+ → D∗0D∗+, ...)

– Channels: multi-body states specified by their particle content (D0D∗+, D∗0D∗+, ...)

• Various characterizations of resonances: how are they related?

– Peak in cross sections: Fig. 3(a)

– π/2 crossing of the phase shift δ(E): Fig. 3(b)

– Pole of the scattering amplitude in the complex energy plane: Fig. 3(c)

– Eigenstate of the Hamiltonian with complex energy: Fig. 3(d)

σ(E)

E E

δ(E)

π
2

Im E

Re E

(a) (b) (c) (d)

H |ψ⟩ = ER |ψ⟩, ER ∈ ℂ

Figure 3: Schematic characterization of resonances. (a) Peak in the total cross section σ(E), (b)

π/2 crossing of the phase shift δ(E), (c) pole of the scattering amplitude, (d) complex eigenenergy.

• Shape resonance (potential resonance): Fig. 4(b)

– Single-channel scattering

Typical potential: short-range attraction plus a repulsive barrier

– Energy E > 0

– Unstable due to tunneling

6



• Feshbach resonance: Fig. 4(c)

– Coupled-channel scattering

P : entrance channel, Q: closed channel

– Threshold of Q at E = ∆ > 0, threshold of P at E = 0

– A bound state in channel Q at 0 < E < ∆

– Unstable via the Q→ P transition

E

r

E E

(a) (b) (c)

r r

Δ

VQ

VP

Figure 4: Illustration of a bound state (a), shape resonance (b), and Feshbach resonance (c).

2.2 Resonances as eigenstates of Hamiltonian

• α decay of atomic nuclei: Gamow introduced a complex eigenenergy [27],

E =MR −
iΓR

2
. (10)

• Time evolution of the wave function (ℏ = 1)

Ψ(t) ∝ exp{−iEt} = exp{−iMRt} exp{−ΓRt/2}. (11)

Probability decreases exponentially, |Ψ(t)|2 ∝ exp{−ΓRt}.

• Inconsistent with “expectation value of Hamiltonian H (hermitian operator) is real”?

← Space on which the operator acts [domain D(H)] needs to be specified.

– Eigenvalues are real if D(H) is Hilbert space (square-integrable functions L2(Rd))∫
|Ψ(x)|2dx <∞. (12)

– Example of a non-square-integrable wave function: plane wave Ψ(x) ∼ e±ipx∫ ∞

−∞
|Ψ(x)|2dx =

∫ ∞

−∞
1 dx→∞. (13)

• Can we find an eigenstate with complex E?

7



2.3 Square-well potential

• Schrödinger equation(
− 1

2µ

d2

dr2
+ V (r)

)
u0(r) = Eu0(r), 0 ≤ r ≤ ∞. (14)

u0(r) ∼ radial wave function of spherical 3D potential with ℓ = 0 : ψℓ,m(r) =
uℓ(r)

r
Y m
ℓ (r̂)

• Attractive square-well potential (V0 > 0)

V (r) =

−V0 0 ≤ r ≤ b

0 b < r
. (15)

• General solutions (without boundary conditions)

u0(r) ∝

e±ikr 0 ≤ r ≤ b, k =
√

2µ(E + V0)

e±ipr b < r, p =
√
2µE

. (16)

• Scattering solutions (with boundary condition u0(r → 0) = 0)

u0(r) =

C sin(kr) 0 ≤ r ≤ b

A−(p)e−ipr + A+(p)e+ipr b < r
, (17)

A±(p) =
C

2

[
sin(kb)∓ ik

p
cos(kb)

]
e∓ipb. (18)

– Solutions exist for any E > 0: continuous spectrum

– Scattering solutions are not normalizable (they do not vanish as r →∞).

→ Overall normalization C is arbitrary.

– A±(p) are determined by the continuity of u0 and du0/dr at r = b.

– The waves e±ipr propagate in the ±r directions.

A+ (A−) is the amplitude of the outgoing (incoming) wave.

2.4 Discrete eigenstates

• Discrete eigenstates: obtained by imposing boundary conditions both at r → 0 and r →∞

• Bound state solution: eigenenrgy E < 0⇔ purely imaginary eigenmomentum p =
√
2µE

p = iκ, κ > 0. (19)

Wave function at r →∞ behaves as

u0(r) = A−(iκ)e+κr + A+(iκ)e−κr (r →∞). (20)

8



Table 1: Numerical solutions for Eq. (22) with V0 = 10µ−1b−2.

p [b−1] E = p2/(2µ) [µ−1b−2]

Bound state B + 3.68i − 6.78

1st resonance R1 1.06− 1.02i 0.05− 1.08i

2nd resonance R2 6.29− 1.41i 18.8 − 8.86i

3rd resonance R3 9.90− 1.69i 47.6 − 16.8i
...

• Boundary condition: square integrable u0(r) → eliminate the diverging component e+κr

A−(iκ) = 0. (21)

For p = iκ, the incoming wave (e−ipr) vanishes, leaving only the outgoing wave (e+ipr).

• A−(p) = 0: Outgoing (Siegert) boundary condition

tan(
√
p2 + 2µV0 b) = −i

√
p2 + 2µV0

p
. (22)

Substituting p = iκ, the well-known bound-state condition κ = −k cot(kb) is recovered.

• Bound states: solution of Eq. (22) with pure imaginary p

↔ Physical scattering occurs for real and positive p.

⇒ Bound state solution is obtained by analytic continuation of Eq. (22).

• Resonance states: solutions of Eq. (22) with complex p

• Attractive square well potential has infinitely many resonance solutions [28, 14].

Table 1: numerical solutions of Eq. (22) with V0 = 10µ−1b−2

Poles of 1/A−(p) in complex p plane (Fig. 5, left)

• Imaginary part of eigenmomentum is negative,

p = pR − ipI , pR, pI > 0. (23)

Behavior of wave function

u0(r)→ A+(p)eipr ∝ eipRr︸︷︷︸
oscillation

e+pIr︸ ︷︷ ︸
increasing

. (24)

u0(r) diverges with oscillation for r →∞ and is not square integrable (Fig. 5, right).

9



� � ��

-�

-�

�

�

� B

R1

R2 R3

Re p [b−1]

Im
p

[b
−1

]

��� ��� ��� ��� ��� ���

���

���

���

	��

Re
χ(

r)
[b

−1
/2

]

r [b]

Figure 5: Left: contour plot of 1/|A−(p)| of square well potential (15) with V0 = 10µ−1b−2. Right:

real part of wave function of the third resonance R3.

2.5 Summary of §2

• Discrete eigenstates ← outgoing boundary condition

• Resonances: eigenstates of the Hamiltonian with complex eigenenergy

Analogous to bound states (analytic continuation of eigenmomentum)

• Resonance wave functions diverge as r →∞ (complex p).

10



3 Scattering theory primer

3.1 Preliminaries

• Simple setup

– Quantum scattering of distinguishable particles 1, 2 (mass m1, m2)

– Hamiltonian H = H0 + V (H0 : kinetic term, V : potential)

– Nonrelativistic system in three spatial dimensions

– No internal degrees of freedom (spin, flavor, etc.)

– Elastic scattering (initial state = final state, no coupled channels)

– Rotational symmetry ⇔ spherical potential V (r)⇔ [H,L] = 0

– Short-range interaction [V (r) vanishes at r →∞ sufficiently rapidly]

• Kinematics ← relative momentum (Fig. 6)

– Initial state: p [in CM frame, particle 1 (2) has momentum p (−p)]

– Final state: p′

Elastic scattering → magnitude is unchanged: p ≡ |p| = |p′|

• Two parameters which characterize the scattering process

– Scattering angle θ

cos θ =
p · p′

p2
. (25)

– Scattering energy E (or momentum p)

E =
p2

2µ
, (26)

with the reduced mass µ = m1m2/(m1 +m2)

• Physical scattering occurs for E > 0, p > 02

• Wave function ← time-independent Schrödinger equation for energy E (§2)

2For physical scattering, either E or p can be used. However, for analytic continuation to the complex plane,

the S matrix and the scattering amplitude introduced below should be regarded as meromorphic functions of p.
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Figure 6: Schematic illustration of the kinematics of the scattering.

• Initial state |p⟩ and final state ⟨p′|: eigenstates of H0 with the normalization

⟨p′|p⟩ = δ3(p′ − p), H0 |p⟩ =
p2

2µ
|p⟩ . (27)

With the normalization 1 =
∫
dr |r⟩ ⟨r|, the wave function is ⟨r|p⟩ = eip·r/(2π)3/2.

• Angular momentum representation: initial |E, ℓ,m⟩, final ⟨E ′, ℓ′,m′|

⟨E ′, ℓ′,m′|E, ℓ,m⟩ = δ(E ′ − E)δℓ′ℓδm′m. (28)

• Relation between two vectors:

⟨p′|E, ℓ,m⟩ = 1
√
µp
δ

(
(p′)2

2µ
− E

)
Y m
ℓ (p̂′). (29)

3.2 Scattering amplitude

• Scattering operator: transition from initial state to final state

S = Ω†
−Ω+ = lim

t→+∞
[eiH0te−iHt] lim

t→−∞
[eiHte−iH0t]. (30)

Ω± : Møller operators

• S-matrix element (also called S matrix): sℓ(E) ∈ C

⟨E ′, ℓ′,m′| S |E, ℓ,m⟩ = δ(E ′ − E)δℓ′ℓδm′msℓ(E). (31)

• Phase shift: δℓ(E) ∈ R

sℓ(E) = exp{2iδℓ(E)}. (32)

• T matrix: t(p′ ← p) ∈ C

⟨p′| (S− 1) |p⟩ = −2πiδ(E ′ − E)t(p′ ← p). (33)

12



• Scattering amplitude: f(E, θ) ∈ C (with the present convention)

f(E, θ) = −(2π)2µ t(p′ ← p)

=
∞∑
ℓ=0

(2ℓ+ 1)fℓ(E)Pℓ(cos θ) (partial wave decomposition). (34)

Relation to S matrix

fℓ(E) =
sℓ(E)− 1

2ip
. (35)

• sℓ, δℓ, fℓ are functions of E for each ℓ.

3.3 Unitarity and scattering cross section

• From definition (30), S operator is unitary (when H is Hermitian),

S†S = 1. (36)

Norm (probability) is conserved during time evolution

• From the completeness relation 1 =
∫
dE
∑

ℓ,m |E, ℓ,m⟩ ⟨E, ℓ,m| and definition (31),

s∗ℓ(E)sℓ(E) = |sℓ(E)|2 = 1. (37)

This indicates that phase shift is real (when E > 0),

exp{2i(δℓ(E)− δ∗ℓ (E))} = 1 ⇒ Im δℓ(E) = 0. (38)

• Scattering cross section

σ(E) =

∫
dΩ|f(E, θ)|2 =

∑
ℓ

4π(2ℓ+ 1)|fℓ(E)|2. (39)

Substituting Eq. (35),

σ(E) =
∞∑
ℓ=0

σℓ(E), (40)

σℓ(E) =
2π(2ℓ+ 1)

µE
sin2 δℓ(E). (41)

• Unitarity bound: Since sin2 δℓ(E) ≤ 1, cross section has an upper bound (Fig. 7),

σℓ(E) ≤
2π(2ℓ+ 1)

µE
. (42)

The equality holds when sin δℓ = ±1, namely, δℓ =
π

2
(modulo π).

• For E → 0, the upper bound of σℓ(E) diverges (unitarity limit).
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σℓ(E)

E

∝ 1/E

Figure 7: Schematic figure of cross section. Dashed line shows the unitarity bound 2π(2ℓ+1)/(µE).

3.4 Jost functions

• Riccati functions

– 3D wave function ψℓ,m(r) with V = 0 (p =
√
2µE):

ψℓ,m(r) = [Ajℓ(pr) + Bnℓ(pr)]Y
m
ℓ (r̂) = [Ch−ℓ (pr) +Dh+ℓ (pr)]Y

m
ℓ (r̂). (43)

jℓ(z) [nℓ(z)]: spherical Bessel (Neumann) function, h±ℓ (z): spherical Hankel functions
3

– Riccati-Bessel/Neumann function: useful to expand radial wave function uℓ(r) ∝ rψℓ,m(r)

ĵℓ(z) = zjℓ(z), n̂ℓ(z) = znℓ(z). (44)

– Riccati-Hankel functions

ĥ±ℓ (z) = zh±ℓ (z)→ exp{±i(z − ℓπ/2)} (z →∞). (45)

Thus, ĥ+ℓ (pr) ∼ e+ipr [ĥ−ℓ (pr) ∼ e−ipr ] is outgoing (incoming) wave.

• Regular solution ϕℓ,p(r): uℓ(r) with eigenmomentum p normalized as

ϕℓ,p(r)

ĵℓ(pr)
→ 1 (r → 0). (46)

Together with ϕℓ,p(r)→ 0 at r = 0, this fixes the normalization (derivative).

• Asymptotic form of ϕℓ,p(r) at r →∞: superposition of Riccati functions because of V = 0

ϕℓ,p(r)→
i

2

[
f
ℓ
(p)ĥ−ℓ (pr)− [f

ℓ
(p)]∗ĥ+ℓ (pr)

]
(r →∞). (47)

Since the radial Schrödinger equation does not contain i and the slope at the origin is real,

ϕℓ,p(r) is real. ⇒ D = C∗（[ĥ±(z)]∗ = ĥ∓(z)）for ϕℓ,p(r) = Cĥ−ℓ (pr) +Dĥ+ℓ (pr)

3The definition of the Neumann function often includes a minus sign, e.g., n0(z) = − cos z/z. In scattering

theory, however, the convention n0(z) = +cos z/z is frequently used [16].

14



• Jost function f
ℓ
(p): coefficient of incoming wave ← Eq. (45)

f
ℓ
(p) = 1 +

2µ

p

∫ ∞

0

dr ĥ+ℓ (pr)V (r)ϕℓ,p(r). (48)

• Outgoing boundary condition = zero of Jost function f
ℓ
(p)

• Jost function is an analytic function of p (∼ having no singularity)4.

• Expansion of f
ℓ
(p) for small p: shown by integral representation (48)

f
ℓ
(p) = 1 + [αℓ + βℓp

2 +O(p4)]︸ ︷︷ ︸
even powers of p

+i [γℓp
2ℓ+1 +O(p2ℓ+3)]︸ ︷︷ ︸
odd powers of p

, αℓ, βℓ, γℓ, · · · ∈ R. (49)

• Complex conjugate of Jost function ← Eq. (49)[
f
ℓ
(p)
]∗

= f
ℓ
(−p∗). (50)

⇒ For physical scattering (p > 0),

ϕℓ,p(r)→
i

2

[
f
ℓ
(p)ĥ−ℓ (pr)− f ℓ(−p)ĥ

+
ℓ (pr)

]
(r →∞). (51)

• s-wave case (ℓ = 0) : ĵ0(pr) = sin(pr), ĥ±0 (pr) = e±ipr

• Solution (17) of square-well potential in §2.3

u0(r)→ C sin(kr) = Ckr +O(r3). (52)

• Normalization of Eq. (46) : from ĵ0(pr) = pr +O(r3)

ϕℓ,p(r) = u0(r)
∣∣∣
C= p

k

(53)

• Jost function of square-well potential

i

2
f well
0

(p) = A−(p)
∣∣∣
C= p

k

f well
0

(p) =
[
cos(kb)− i p

k
sin(kb)

]
eipb. (54)

This expression follows the expansion (49) for small p ⇒ A+(p) = − i
2
f
ℓ
(−p) with C =

p

k
.

4Strictly speaking, region of analyticity in complex p plane is determined by the behavior of V (r) with Eq. (48).
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4 Resonances in scattering theory

4.1 Resonances as poles of scattering amplitude

• Discrete eigenstates of Hamiltonian ← outgoing boundary condition (QM, §2)

• Outgoing boundary condition ← zeros of Jost function f
ℓ
(p) = 0 (scattering theory, §3)

• S-matrix from wave function: amplitude of outgoing wave normalized by the incoming one

uℓ(r)→ ĥ−ℓ (pr)− sℓ(p)ĥ
+
ℓ (pr) (r →∞). (55)

Comparing with Eq. (51), we find,

sℓ(p) =
f
ℓ
(−p)
f
ℓ
(p)

. (56)

⇒ Discrete eigenstates are represented by poles of S-matrix

• Scattering amplitude: from Eq. (35)

fℓ(p) =
sℓ(p)− 1

2ip
=
f
ℓ
(−p)− f

ℓ
(p)

2ipf
ℓ
(p)

. (57)

⇒ Discrete eigenstates are represented by poles of scattering amplitude.

• sℓ(p) and fℓ(p) are meromorphic functions of p (∼ no singularities except for poles).

4.2 Eigenenergies and Riemann sheets

• Analytic continuation of f
ℓ
(p), sℓ(p), fℓ(p) defined in physical region p > 0 to complex plane

• Complex momentum p and complex energy E

p = |p|eiθp , E = |E|eiθE . (58)

• Relation between p and E

E =
p2

2µ
=
|p|2

2µ
e2iθp ⇒ |E| = |p|

2

2µ
, θE = 2θp. (59)

– When θp varies 0→ 2π, θE varies 0→ 4π.

– p and −p (θp and θp + π) are mapped onto the same value of E.

• Meromorphic functions of p [sℓ(p), fℓ(p)] are defined on two-sheeted Riemann surface of E.

0 ≤ θE < 2π: first Riemann sheet of E (upper half-plane of p, 0 ≤ θp < π)

2π ≤ θE < 4π: second Riemann sheet of E (lower half-plane of p, π ≤ θp < 2π)

• Fig. 8: Complex p and E planes

Branch cut along real axis of E plane (branch point at E = 0)
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Figure 8: Poles in the complex plane. (a): p plane, (b): E plane (first Riemann sheet), (c):

E plane (second Riemann sheet). B, V , R, and R̄ represent a bound state, a virtual state, a

resonance, and an anti-resonance, respectively.

4.3 Classification of eigenstates

• Eigenstate of Hamiltonian: zero of Jost function f
ℓ
(p) = 0

• From Eq. (50), if f
ℓ
(p) = 0,

f
ℓ
(−p∗) = [f

ℓ
(p)]∗ = 0. (60)

⇒ If p is a solution, then −p∗ is also a solution.

• Solutions with p = −p∗ (on the imaginary axis)

– Bound state (B): × in Fig. 8

Re pB = 0, Im pB > 0. (61)

Energy EB = p2B/(2µ) is real and negative (first Riemann sheet)

– Virtual state (anti-bound state, V ): ♢

Re pV = 0, Im pV < 0. (62)

The energy EV = p2V /(2µ) is real and negative (second Riemann sheet).

The residue of the pole (∼ norm) is negative [29, 30], non-physical degree of freedom?

• Solutions with p ̸= −p∗ (always appearing in pairs)

– Exist only in lower half-plane of p

← Complex E is allowed only when wave function is not square-integrable.
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– Resonance (R): △

Re pR > 0, Im pR < 0. (63)

Re ER > 0, Im ER < 0 (second Riemann sheet)

– Anti-resonance (R̄): ▽

Re pR̄ < 0, Im pR̄ < 0. (64)

Appears together with resonance

A solution growing in time [31] (“conjugate” of the resonance)

4.4 Resonances and observables

• Only real energies are experimentally accessible.

Effect of a resonance pole at E = ER =MR − iΓR/2 on observables in partial wave ℓ

• fℓ(E) having a pole at E = ER:

fℓ(E) = fℓ,BW(E) + fℓ,BG(E). (65)

Breit-Wigner term fℓ,BW(E): resonance contribution

fℓ,BW(E) =
−ΓR

2p

1

E − ER

=
−ΓR

2p

E −MR − iΓR/2

(E −MR)2 + Γ2
R/4

. (66)

Nonresonant background fℓ,BG(E): analytic at E = ER and slowly varying

• At real E ∼MR, contribution from fℓ,BW(E) increases (in particular, for narrow ΓR).

• When fℓ,BG(E) is assumed to be small and negligible,

fℓ(E) ≈ fℓ,BW(E) (fℓ,BG(E) ≈ 0). (67)

we observe a “resonance” at real energy E =MR:

(i) Re fℓ(E) = 0 and Im fℓ(E) becomes maximal (Fig. 9) ← Eq. (66)

(ii) Cross section σ(E) exhibits a peak ← (i) and the optical theorem (Exercise 2)

(iii) Phase shift δℓ(E) increases rapidly and crosses π/2.

← From Eq. (35), Im sℓ(MR) = 0 when Re fℓ(MR) = 0.

← Except for δℓ = 0 (non-interacting case), we have δℓ = π/2 (modulo π)

• When fℓ,BG(E) is non-negligible, interference term contributes,

|fℓ(E)|2 = |fℓ,BW(E)|2 + |fℓ,BG(E)|2 + 2Re [fℓ,BW(E)f ∗
ℓ,BG(E)]. (68)

Peaks can be generated kinematically without a pole (e.g. threshold cusps) [32],

⇒ Importance of a careful analysis to determine resonance poles
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Figure 9: Schematic illustration of scattering amplitude near the resonance energy MR.

4.5 Effective range expansion

• Low-energy (small p) behavior of scattering amplitude fℓ(p)

fℓ(p) =
sℓ(p)− 1

2ip
=

1

p cot δℓ(p)− ip
=

p2ℓ

p2ℓ+1 cot δℓ(p)− ip2ℓ+1
. (69)

• From Eq. (49), Jost function can be written as,

f
ℓ
(p) = Fℓ(p

2) + ipGℓ(p
2) ⇔ f

ℓ
(−p) = Fℓ(p

2)− ipGℓ(p
2). (70)

Fℓ and Gℓ are functions of p2 and behave as (p→ 0),

Fℓ(p
2) = O(p0), Gℓ(p

2) = O(p2ℓ). (71)

• From Eq. (57)

fℓ(p) =
f
ℓ
(−p)− f

ℓ
(p)

2ipf
ℓ
(p)

=
p2ℓ

−p2ℓFℓ(p2)/Gℓ(p2)− ip2ℓ+1
. (72)

• Comparing Eqs. (69) and (72), we obtain,

p2ℓ+1 cot δℓ(p) = −p2ℓ
Fℓ(p

2)

Gℓ(p2)
. (73)

Right-hand side is a function of p2 with O(p0) as p→ 0, and its Taylor expansion reads

⇒ p2ℓ+1 cot δℓ(p) = −
1

aℓ
+
rℓ
2
p2 +O(p4), (74)

which is called the effective range expansion.

• s-wave case (ℓ = 0)

f0(p) =
1

− 1

a0
+
r0
2
p2 +O(p4)− ip

. (75)
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pole of s-matrix/
scattering amplitude

|sℓ(p) | → ∞

- bound states (E < 0)

- resonances (E ∈ℂ)

Schrödinger eq. + outgoing b.c.
at energy E (p = 2μE)

zero of Jost function

| fℓ(p) | → ∞p = iκ (κ > 0)

p ∈ℂ (Im p < 0)

⇔ ⇔f
`
(p) = 0

<latexit sha1_base64="LwDYLv/3PHA+BN+zK6dqOoSVCKw="></latexit>

Figure 10: Various conditions for resonances. The outgoing boundary condition of the wave

function is related to the poles of the scattering amplitude through the zeros of the Jost function.

– a0 ≡ a: scattering length (opposite sign convention is also used in hadron physics).

– r0: effective range, roughly corresponds to the interaction range, but can be negative.

– Eq. (73) can have poles (CDD poles [33]).

When a CDD pole exists at low energy, Padé approximant is useful [34, 35].

• Low-energy scattering: assuming higher-order terms in p are negligible,

f0(p) ≈
1

−1

a
− ip

(76)

Pole at p =
i

a

– a > 0 : pole in the upper half-plane ⇒ bound state (E = −1/(2µa20) < 0)

– a < 0 : pole in the lower half-plane ⇒ virtual state (E = −1/(2µa20) < 0)

– a→ ±∞ : pole at p = 0 (E = 0, unitary limit)

4.6 Summary of §3 and §4

• Definitions of S-matrix, phase shift, scattering amplitude, etc.

• Correspondence between poles of scattering amplitude and resonance states (Fig. 10)

• Effective range expansion: description of low-energy scattering
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5 Theory of Feshbach resonances

5.1 Introduction

• Feshbach resonance: a resonance in coupled-channel scattering

• Threshold energy Eth and channels at energy E

– Open channels (E > Eth): scattering occurs

– Closed channels (E < Eth): no scattering occurs

• Original work: theory of compound nuclear reactions [36, 37] (Fig. 11, left)

• Cold atoms experiments: control of scattering length by a magnetic field [38] (Fig. 11, right)

ANNALS OF PHYSICS: 6, 357-399 (1958) 

Unified Theory of Nuclear Reactions* 

HERMAN FESHBACH 

Department of Physics and Laboratory for Nuclear Science, Massachusetts Institute of 
Technology, Cambridge, Massachusetts 

A new formulation of the theory of nuclear reactions based on the properties 
of a generalized “optical” potential is presented. The real and imaginary part 
of this potential satisfy a dispersion type relation while its poles give rise to 
resonances in nuclear reactions. A new derivation of the Breit-Wigner formula 
is given in which the concept of channel radius is not employed. This deriva- 
tion is extended to the case of overlapping resonances. These results can then 
be employed to obtain the complex potential well model for pure elastic scatter- 
ing. This potential well is shown to become real as the average width of the 
resonances increases. Reactions as well as elastic scattering are treated. Con- 
sidering the former process in an isolated resonance, we obtain a nonresonant 
term analogous to the familiar potential scattering term of elastic scattering. 
This is just the direct interaction term which thus appears automatically in 
this formalism. Upon performing the appropriate energy averages over res- 
onances, the complex potential well model is generalized so as to include 
inelastic scattering. The effects of the identity of nucleons is investigated. It is 
shown that our formalism is valid as long as the exit channels can at most 
contain one nucleon. 

I. INTRODUCTION 

By this time it has become abundantly clear that many differing aspects of 
the nucleon-nucleus interaction show up in nuclear reactions and scattering. 
There is consequently a multiplicity of descriptions of nuclear reactions which 
are brought to mind by the terms compound nucleus, the statistical hypothesis, 
optical model and direct and surface interaction. Since all the phenomena charac- 
terized by these concepts are general properties of the many body system (1) 
it should be possible to develop a theory of nuclear reactions from which each 
of these phenomena can be abstracted in a natural and straight forward fashion. 
It is the purpose of this paper to present such a formalism. 

This program has been carried out in part by Thomas (S), Bloch (S) who 
employ a suitably modified form of the Wigner (4) theory of nuclear resonances 
and by Brown and Dominicis (5) who work with the Kapur-Peierls (6) formalism. 
The present paper is based on a new formulation of resonance theory which 
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about 80% of the atoms were lost. This, coupled with the stability
and finite programming speed of the power supplies, limited the
ramp rates to those given above.
The observation of twin resonances separated by 54 ! 1G, with

the weaker one at lower field, exactly matches the theoretically
predicted pattern and thus strongly confirms our interpretation. No
resonance phenomenawere observed in the jmF ¼ " 1〉 state at any
field up to 1,000G, in agreement with theory which predicted
resonances for this state only at much higher fields.

Changing the scattering length
The trap loss measurements easily located the Feshbach resonances.
To measure the variation of the scattering length around these
resonances, we determined the interaction energy of a trapped
condensate. This was done by suddenly switching off the trap,
allowing the stored interaction energy to be converted into the
kinetic energy of a freely expanding condensate and measuring it by
time-of-flight absorption imaging1,2,21. The interaction energy is
proportional to the scattering length and the average density of the
condensate 〈n〉:

EI =N ¼
2p 2

m
a 〈n〉 ð2Þ

where N is the number of condensed atoms of mass m. For a large
condensate the kinetic energy in the trap is negligible (Thomas–
Fermi limit), and EI is equal to the kinetic energy EK of the freely
expanding condensate EK =N ¼ mv2rms=2, where vrms is the root-
mean-square velocity of the atoms. For a three-dimensional har-

monic oscillator potential one finds 〈n〉 # NðNaÞ" 3=5 (ref. 23) (We
note that, for a general power-law potential Sicix

pi
i , one obtains

〈n〉 # NðNaÞk" 1, where k ¼ 1=ð1 þ Si1=piÞ). Thus, the value of the
scattering length scales as:

a #
v5rms

N
ð3Þ

Both vrms andN can be directly evaluated from absorption images of
freely expanding condensates. For a cigar-shaped condensate the
free expansion is predominantly radial, and so the contribution of
the axial dimension to vrms could be neglected. The quantity v5rms/N
(equation (3)), normalized to unity outside the resonance, should
be identical to a/ã (equation (1)). This quantity was measured
around the resonance at 907G and is shown in Fig. 2b together with
the theoretical prediction of a resonance with width ∆ ¼ 1G. The
data clearly displays the predicted dispersive shape and shows
evidence for a variation in the scattering length by more than a
factor of ten.
We nowdiscuss the assumptions for equation (3) and show that it

is approximately valid for our conditions. (1) We assumed that the
condensate remains in equilibrium during the magnetic field ramp.
This is the case if the adiabatic condition ȧ=ap qi holds for the
temporal change of the scattering length16, and a similar condition
for the loss of atoms (the qi are the trapping frequencies). For the
condensate’s fast radial dynamics (qr ! 2p $ 1:5 kHz) this con-
dition is fulfilled, whereas for the slower axial motion
(qz ! 2p $ 0:1 kHz) it breaks down close to or within the reso-
nance. In this case the density would approach the two-dimensional
scaling N(Na)−1/2, but the values for a/ã (Fig. 2b) would differ by at
most 50%. (2) The second assumption was a three-dimensional
harmonic trap. If the axial potential has linear contributions, the
density scales instead like N(Na)−2/3 resulting in at most a 50%
change for a/ã. (3) We assumed that contributions of collective
excitations to the released energy were small. Axial striations were
observed in free expansion for both jmF ¼ þ1〉 and jmF ¼ " 1〉
atoms (probably created by the changing potential during the fast
magnetic field ramp). However, the small scatter of points outside
the resonance in Fig. 2b, which do not show any evidence of
oscillations, suggests that the contribution of excitations to the
released energy is negligible. (4) We assumed a sudden switch-off of
the trap and ballistic expansion. The inhomogeneous bias field
during the first 1–2ms of free expansion accelerated the axial
expansion, but had a negligible effect on the expansion of the
condensate in the radial direction, which was evaluated for Fig. 2b.
None of the corrections (1)–(4) discussed above affect our

conclusion that the scattering length varies dispersively near a
Feshbach resonance. More accurate experiments should be done
with a homogeneous bias field. In addition, an optical trap with
larger volume and lower density would preclude the need to ramp
the field quickly because three-body recombination would be
reduced.
The trap losses observed around the Feshbach resonances merit

further study as they might impose practical limits on the possi-
bilities for varying the scattering length. An increase of the dipolar
relaxation rate near Feshbach resonances has been predicted6,7, but
for atoms in the lowest hyperfine state no such inelastic binary
collisions are possible. Therefore, the observed trap loss is probably
due to three-body collisions. In this case the loss rate is characterized
by the coefficient K3, defined as Ṅ=N ¼ "K3〈n2〉. So far, there is no
theoretical work onK3 near a Feshbach resonance. An analysis based
on Fig. 2 shows that K3 increased on both sides of the resonance,
because the loss rate increased while the density decreased or stayed
constant. In any case, the fact that we observed Feshbach resonances
at high atomic densities ("1015 cm−3) strongly enhanced this loss
process, which can be avoided with a condensate at lower density in
a modified optical trap. Control of the bias field with a precision
better than "10−4 will be necessary to achieve negative or extremely
large values of the scattering length in a stable way.
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Figure 2 Observation of the Feshbach resonance at 907G using time-of-flight

absorption imaging.a, Numberof atoms in the condensate versusmagnetic field.

Field values above the resonance were reached by quickly crossing the

resonance from below and then slowly approaching from above. b, The

normalized scattering length a=ã # v 5
rms=N calculated from the released energy,

together with the predicted shape (equation (1), solid line). The values of the

magnetic field in the upper scan relative to the lower one have an uncertainty of

%0.5G.

Figure 11: Left: H. Feshbach, Ann. Phys. 5, 357 (1958). Right: Control of the scattering length

in cold atoms by a magnetic field, adopted from S. Inouye, Nature (London) 392, 151 (1998).

5.2 Two-channel Hamiltonian

• Two channels P and Q, with the threshold of P set at Eth(P ) = 0 [39]

• Schrödinger equation in matrix form (a set of equations)

Ĥ |ψ⟩ = E |ψ⟩ , (77)

Ĥ =

(
ĤPP ĤPQ

ĤQP ĤQQ

)
=


p̂2

2µP

+ V̂P V̂t

V̂t
p̂2

2µQ

+∆+ V̂Q

 , |ψ⟩ =

(
|P ⟩
|Q⟩

)
. (78)

– V̂P , V̂Q: potentials in each channel (Fig. 4), vanishing at r →∞

– V̂t: channel-transition potential
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– ∆ = Eth(Q)− Eth(P ) > 0 (originating from the Zeeman splitting ∝ magnetic field)

– For 0 < E < ∆, P is open and Q is closed.

• Projection operators

P̂ =

(
1 0

0 0

)
, Q̂ =

(
0 0

0 1

)
, (79)

P̂ 2 = P̂ , Q̂2 = Q̂, P̂ Q̂ = Q̂P̂ = 0, P̂ + Q̂ = Î . (80)

Each component of |ψ⟩ or Ĥ can be written as |X⟩ = X̂ |ψ⟩ and ĤXY = X̂ĤŶ .

• Effective Hamiltonian for channel P ← eliminating |Q⟩
Lower component of Eq. (77)

ĤQP |P ⟩+ ĤQQ |Q⟩ = E |Q⟩

ĤQP |P ⟩ = (E − ĤQQ) |Q⟩

|Q⟩ = (E − ĤQQ)
−1ĤQP |P ⟩ . (81)

Upper component of Eq. (77)

ĤPP |P ⟩+ ĤPQ |Q⟩ = E |P ⟩

ĤPP |P ⟩+ ĤPQ(E − ĤQQ)
−1ĤQP |P ⟩ = E |P ⟩

⇒ Ĥeff(E) |P ⟩ = E |P ⟩ , (82)

Ĥeff(E) = ĤPP + ĤPQ(E − ĤQQ)
−1ĤQP . (83)

Ĥeff(E) effectively incorporates the effect of Q.

– Single-channel (not in matrix form) Schrödinger equation for P

– No approximations ⇒ Solution of Eq. (82) is equivalent to |P ⟩ in Eq. (77).

– Ĥeff(E) is energy dependent → Self-consistent solutions for discrete eigenstates

5.3 Single-resonance approximation

• Eigenstates of ĤQQ without the transition (V̂t = 0, V̂Q ̸= 0, see Fig. 12):

ĤQQ |ϕi⟩ = ϵi |ϕi⟩ (bound states), (84)

ĤQQ |ϕ(ϵ)⟩ = ϵ |ϕ(ϵ)⟩ (continuum states labeled by energy ϵ). (85)
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Figure 12: Schematic illustration of the eigenstates of ĤQQ.

• Spectral decomposition (continuum starts from ϵ = ∆)

Î =
∑
i

|ϕi⟩ ⟨ϕi|+
∫ ∞

∆

dϵ |ϕ(ϵ)⟩ ⟨ϕ(ϵ)| , (86)

Ĥeff(E) =
p̂2

2µP

+ V̂P +
∑
i

ĤPQ |ϕi⟩ ⟨ϕi| ĤQP

E − ϵi
+

∫ ∞

∆

dϵ
ĤPQ |ϕ(ϵ)⟩ ⟨ϕ(ϵ)| ĤQP

E − ϵ+ i0+
. (87)

• Ĥeff(E) acquires an imaginary part for E > ∆,∫
dx

f(x)

x− a+ i0+
= P

∫
dx

f(x)

x− a
− iπf(a) (if a ∈ integration range). (88)

• When |ϵ0| is sufficiently small, the dominant contribution for E ≪ ∆ is,

Ĥeff(E) ≈ p̂2

2µP

+
V̂t |ϕ0⟩ ⟨ϕ0| V̂t

E − ϵ0
. (89)

• ϵ0 is measured from Eth(P ) = 0; binding energy (B.E.) from Eth(Q) = ∆ is,

B.E. = ∆− ϵ0. (90)

B.E. is fixed by ĤQQ ⇒ If ∆ is proportional to magnetic field, ϵ0 can be tuned.

5.4 Scattering amplitude and resonance

• Ĥeff is a single-channel Hamiltonian for P ⇒ Scattering theory in §3 can be applied.

Ĥeff = Ĥ0 + V̂ , Ĥ0 =
p̂2

2µP

, V̂ =
V̂t |ϕ0⟩ ⟨ϕ0| V̂t

E − ϵ0
, Ĥ0 |p⟩ =

p2

2µP

|p⟩ . (91)

• Lippmann–Schwinger (LS) equation for the wave function |P ⟩

|P ⟩ = |p⟩+ ĜV̂ |P ⟩ . (92)

Free Green’s operator (resolvent)

Ĝ(E) = (E − Ĥ0)
−1. (93)
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• T operator and scattering amplitude

T̂ = V̂ + V̂ ĜT̂ = V̂ + V̂ ĜV̂ + V̂ ĜV̂ ĜV̂ + · · · , (94)

⟨p′| T̂ (E + i0+) |p⟩ = t(p′ ← p) = − 1

(2π)2µP

f(E, θ), (95)

• LS equation for the T matrix (integral equation)

t(p′ ← p) = ⟨p′| V̂ |p⟩+
∫
dq ⟨p′| V̂ |q⟩ 1

E − q2/(2µP ) + i0+
t(q ← p). (96)

• The potential V̂ in Eq. (91) is separable (a product of functions of p and p′),

⟨p′| V̂ (E) |p⟩ = ⟨p
′| V̂t |ϕ0⟩ ⟨ϕ0| V̂t |p⟩

E − ϵ0
= λF ∗(p′)F (p), (97)

λ =
1

E − ϵ0
, F (p) = ⟨ϕ0| V̂t |p⟩ (form factor). (98)

In this case, the scattering amplitude can be written in a closed form,

f(E, θ) = −(2π)2µP
F ∗(p′)F (p)

1

λ
−
∫
dq

|F (q)|2

E − q2/(2µP ) + i0+

=
−(2π)2µPF

∗(p′)F (p)

E − ϵ0 − Σ(E)
, (99)

Σ(E) =

∫
dq

|F (q)|2

E − q2/(2µP ) + i0+
(self energy). (100)

• Pole condition:

0 = E − ϵ0 − Σ(E). (101)

• When V̂t = 0 (no channel transition), Σ(E) = 0, and hence

E = ϵ0 ∈ R. (102)

⇒ Bound state by ĤQQ (decoupled from channel P )

• When V̂t ̸= 0, pole is a solution of E − ϵ0 − Σ(E) = 0 in general.

For weak V̂t, a perturbative approximation gives:

E ≈ ϵ0 + Σ(ϵ0) ∈ C for ϵ0 > 0. (103)

⇒ Resonance with a complex eigenenergy in channel P

Bound state of ĤQQ acquires a decay width through coupling to the continuum of P .

5.5 Summary of §5

• Coupled-channel Hamiltonian for P and Q

• Elimination of channel Q to obtain an effective Hamiltonian in P

• A bound state |ϕ0⟩ in Q couples to P and generates a state with complex energy.
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6 Nonrelativistic effective field theory

6.1 Effective field theories

• Microscopic quantum field theory Lmicro

• Λ: ultraviolet cutoff scale (see Fig. 13)

• Effective Field Theory (EFT) LEFT

– describes the same phenomena as Lmicro up to Λ, and

– can be constructed systematically.

energy, (length)-1

Ω

Λ

ℒmicro

ℒEFT

Figure 13: Schematic illustration of effective field theory.

• Electromagnetic interaction

– Microscopic theory: QED

Photons (mγ = 0), electrons (me ̸= 0)

– EFT: Euler-Heisenberg theory [40]

Only photons, “heavy” electrons are integrated out (Λ ∼ me)

• Weak interaction

– Microscopic theory: Weinberg-Salam theory

Leptons, neutrinos, W±, Z

– EFT: Fermi theory (Fig. 14)

Only leptons and neutrinos, “heavy” bosons are integrated out (Λ ∼ mW± ,mZ)

W±, Z exchange → Contact four-Fermi interaction (Fig. 14)

Interaction ∝ g2w
q2 −m2

W

= − g2w
m2

W

(
1 +O

(
q2

m2
W

))
. (104)
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Figure 14: Schematic figure of µ− decay. Left: Weinberg–Salam theory; Right: Fermi theory.

• Strong interaction

– Microscopic theory: QCD

Low-energy d.o.f. (hadrons) are different from microscopic d.o.f. (quarks and gluons).

– Weinberg’s “theorem” [41]

The most general LEFT consistent with the symmetries of Lmicro works.

– EFT: chiral perturbation theory ← Chiral symmetry of QCD [42]

Infinitely many terms? → Organized by power counting

LChPT = L(LO) + L(NLO) + · · · . (105)

6.2 Zero-range model

• EFT for nonrelativistic two-body scattering processes

• Rtyp: typical length scale of short-range interaction

– Square well potential: Rtyp = b (well width)

– Yukawa potential V (r) = g
e−κr

r
: Rtyp = 1/κ

– van der Waals potential V (r) = −C6

r6
: Rtyp ∼ ℓvdW =

(
mC6

ℏ2

)1/4

• Zero-range model LZR: s-wave scattering with |a| ≫ Rtyp [43]

f(p) =
1

−1

a
− ip

. (106)

– Nucleons: Yukawa potential due to pion (π) exchange [44]

a(1S0) ≃ −23.76 fm, a(3S1) ≃ 5.42 fm, |a| ≫ Rtyp ∼
1

mπ

≈ 1.43 fm. (107)

– 4He atoms: van der Waals potential due to polarization

a ≃ 200 [Bohr radius] |a| ≫ Rtyp ∼ ℓvdW ∼ 10 [Bohr radius]. (108)
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• At low energies p≪ 1/Rtyp, both systems can be described by the same LZR (universality).

• Lagrangian density of zero-range model

LZR(t,x) = ψ†(t,x)

(
i∂t +

∇2

2m

)
ψ︸ ︷︷ ︸

kinetic term

− λ0
4
[ψ†(t,x)ψ(t,x)]2︸ ︷︷ ︸
interaction term

, (109)

ψ(t,x) : bosonic field, m : boson mass, λ0 : (bare) coupling constant. (110)

(two fermions with an antisymmetric spin wave function ∼ two bosons)

• Quantization: equal-time commutation relations

[ψ(t,x), ψ(t,x′)] = 0, [ψ(t,x), ψ†(t,x′)] = δ3(x− x′). (111)

• Interaction term: four-point contact interaction ∼ 3d δ function potential

−Lint =
λ0
4
(ψ†ψ)2 ∼ Hint ∼ (energy), (112)λ0 > 0 increase energy ⇒ repulsion

λ0 < 0 decrease energy ⇒ attraction
. (113)

• Symmetries: space-time translations, rotations, parity, Galilean boosts, phase symmetry

ψ → eiθψ, N =

∫
dx ψ†ψ (particle number). (114)

⇒ Lint does not change the particle number (a two-body state remains a two-body state).

6.3 Feynman rules

• Calculation of physical quantities in quantum field theory

1. Derive Feynman rules (pieces of Feynman diagrams).

2. Sum over all possible Feynman diagrams (possible in two-body sector of LZR).

2’. Perform perturbation theory (if step 2 is not feasible).

• Propagator: propagation of a particle (Fig. 15, left)

G(ω,k) =
i

ω − k2/(2m) + i0+
. (115)

Only positive-energy component: propagation is forward in time only.

• Vertex: interaction (Fig. 15, middle)
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Figure 15: Feynman rules of the zero-range model (109). Left: boson propagator G; Middle:

vertex −iλ0; Right: four-point function iA.

6.4 Two-boson scattering

• Two-body scattering amplitude ← four-point function iA(E) (2 in, 2 out, Fig. 15, right)

• Write down all diagrams from Feynman rules with fixed initial and final states (Fig. 16).
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Figure 16: Candidates of Feynman diagrams.

• Eventually, the same structure as the Lippmann–Schwinger equation emerges (Fig. 17).
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Figure 17: Possible Feynman diagrams.

• Terms of order (λ0)
n are summed to all orders: nonperturbative scattering amplitude.

• Two-body scattering amplitude A(E)

iA(E) = −iλ0 − iλ0
1

2

∫
dωdq

(2π)4
G(ω, q)G(E − ω,−q)iA(E). (116)
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– 1/2: symmetry factor

– Completeness relation in QFT: 1 =
∫

dq
(2π)3
|q⟩ ⟨q|

– dq integration diverges: introduce cutoff Λ (integral range 0 ≤ q ≤ Λ)

– iA(E) in r.h.s. is not integrated over ∼ Separable interaction in momentum space

• A(E) can be obtained algebraically,

A(E) =
[
− 1

λ0
− m

4π2

(
Λ−
√
−mE − i0+ arctan

Λ√
−mE − i0+

)]−1

. (117)

• Energy E and momentum p

E =
p2

2µ
=
p2

m
← µ =

mm

m+m
=
m

2
. (118)

For physical scattering E > 0, p > 0,

√
−mE − i0+ = −i

√
m|E| = −i

√
p2 = −ip. (119)

• For small momentum p≪ Λ,

arctan

(
Λ

−ip

)
=
π

2
+O

( p
Λ

)
, (120)

then, Eq. (117) is given by,

A(p) =
[
− 1

λ0
− m

4π2

(
Λ + ip

π

2

)]−1

=

[
− 1

λ0
− m

4π2
Λ− ip m

8π

]−1

. (121)

• Scattering amplitude

f(p) =
m

8π
A(p) = 1

−8π

m

(
1

λ0
+

m

4π2
Λ

)
− ip

. (122)

Comparing with Eq. (106), the scattering length is obtained as,

a =
m

8π

(
1

λ0
+

m

4π2
Λ

)−1

. (123)

6.5 Summary of §6

• EFT: a description of low-energy physics

• Zero-range model: nonperturbative, unitary scattering amplitude

f(p) =
1

−1/a− ip
. (124)
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7 Compositeness and weak-binding relation

7.1 Introduction

• Internal structure of hadron resonances: superposition of all possible configurations

|Λ(1405)⟩ = C3q |uds⟩+ C5q |udsq̄q⟩+ CMB |MB⟩+ · · · . (125)

• Ci (weights of each component) can be determined in specific models.

→ Model-dependent result (wave function is not an observable)

• A model-independent relation that connects observables with the internal structure?

7.2 Weak-binding relation

• Compositeness X of a stable bound state (deuteron) [45, 20, 21]

|d⟩ =
√
X |NN⟩+

√
Z |others⟩ , X + Z = 1. (126)

|d⟩: wave function of the deuteron

|NN⟩: two-nucleon (s-wave) component

(labeled by continuous variables, and X is the sum over all components)

|others⟩: all other components

(∼ 6q states, N∆ states, NN (d-wave) states, ...)

Z: elementarity (elementariness)

• (X,Z) ≈ (1, 0): composite-dominant state

(X,Z) ≈ (0, 1): elementary-dominant state

• Weak-binding relation

a = R

{
2X

1 +X
+O

(
Rtyp

R

)}
, R =

1√
2µB

. (127)

a: NN scattering length (3S1 channel)

B: deuteron binding energy, µ =MN/2: NN reduced mass

R: deuteron radius (length scale associated with the binding energy)

Rtyp: typical interaction range

• When B is small (Rtyp/R is negligible), the compositeness X is determined by observables.

• Conditions:

– X is the compositeness in the s-wave scattering channel (not applicable to ℓ ̸= 0).
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Figure 18: Feynman rules for the interaction Hamiltonian (132).

– Stable bound state (no decay width)

• Empirical values: B = 2.22 MeV, a0 = 5.42 fm, Rtyp ∼ 1/mπ = 1.43 fm [46]

X = 1.68+3.18
−0.943 (including finite-range corrections). (128)

By definition, X ≤ 1⇒ 0.74 ≤ X ≤ 1: ∼ 80% of the deuteron is an NN composite.

• No input on the nuclear force or wave function is required.

7.3 Compositeness in effective field theory

• Hamiltonian of EFT [34, 35]

H = Hfree +Hint, (129)

Hfree =

∫
dr

[
1

2M
∇ψ† · ∇ψ +

1

2m
∇ϕ† · ∇ϕ+

1

2M0

∇B†
0 · ∇B0 + ω0B

†
0B0

]
, (130)

Hint =

∫
dr
[
g0

(
B†

0ϕψ + ψ†ϕ†B0

)
+ v0ψ

†ϕ†ϕψ
]
, (131)

ϕ(r),ψ(r), B0(r) : field operators, M,m,M0 : masses, ω0 : bare energy. (132)

Each term in the free Hamiltonian Hfree is equivalent to the kinetic term of Leff in §6.
g0, v0: coupling constants

Hint: contact interactions (Fig. 18), ψϕ↔ ψϕ and ψϕ↔ B0

• Eigenstates of Hfree

Hfree |B0⟩ = ω0 |B0⟩ (discrete state B0, elementary component), (133)

Hfree |p⟩ =
p2

2µ
|p⟩ (ψϕ scattering states with p, composite component), (134)

⟨B0|B0⟩ = 1, ⟨B0|p⟩ = 0, ⟨p′|p⟩ = (2π)3δ3(p′ − p). (135)

• Complete set: (from particle number conservation)

1 = |B0⟩ ⟨B0|+
∫

dp

(2π)3
|p⟩ ⟨p| . (136)
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Figure 19: Feynman diagrams of the ψϕ scattering amplitude.

Relation to Feshbach projection [47] (P̂ + Q̂ = Î)

P̂ =

∫
dp

(2π)3
|p⟩ ⟨p| (projection onto ψϕ scattering states), (137)

Q̂ = |B0⟩ ⟨B0| (projection onto discrete state B0). (138)

Field theory equivalent to the single-resonance approximation of Q channel in §5

• Bound state |B⟩ with binding energy B as an eigenstate of H (physical state)

H |B⟩ = −B |B⟩ . (139)

Compositeness X, elementarity Z

X ≡ ⟨B| P̂ |B⟩ =
∫

dp

(2π)3
| ⟨p|B⟩ |2 ≥ 0 (overlap with scattering states), (140)

Z ≡ ⟨B| Q̂ |B⟩ = | ⟨B0|B⟩ |2 ≥ 0 (overlap with discrete state). (141)

• From the normalization ⟨B|B⟩ = 1 and the completeness relation (136),

Z +X = 1. (142)

X and Z can be interpreted as probabilities ← (140), (141), and (142)

7.4 Weak-binding relation in effective field theory

• ψϕ scattering amplitude (derived as in §6, see Fig. 19)

f(E) = − µ

2π

1

1/v(E)−G(E)
, (143)

v(E) = v0 +
g20

E − ω0

, (144)

G(E) =
1

2π2

∫ Λ

0

dq
q2

E − q2/(2µ) + i0+
. (145)

32



• Cutoff Λ: momentum scale at which the hadron interaction can be regarded as pointlike

⇒ Rtyp =
1

Λ
. (146)

• Expression for the compositeness in terms of the scattering amplitude

X =
G′(E)

G′(E)− [1/v(E)]′

∣∣∣∣
E=−B

, A′(E) =
dA(E)

dE
. (147)

• Expansion of the scattering length in powers of (Rtyp/R)

a = −f(E = 0) =
µ

2π
[1/v(0)−G(0)]−1

= · · · = R

{
2X

1 +X
+O

(
Rtyp

R

)}
, R =

1√
2µB

. (148)

• If O(Rtyp/R) is negligible, compositeness X ← (a,B)

7.5 Generalization to unstable states

• For applications to hadron resonances, a generalization to unstable states is necessary.

• Inclusion of a decay channel (Fig. 20)

Fields: ϕ1, ψ1, ϕ2, ψ2, B0

Four-point contact interactions: ψ1ϕ1 ↔ ψ1ϕ1, ψ1ϕ1 ↔ ψ2ϕ2, ψ2ϕ2 ↔ ψ2ϕ2

Three-point contact interactions: ψ1ϕ1 ↔ B0, ψ2ϕ2 ↔ B0

• When the threshold energy −ν of the additional channel 2 (ψ2ϕ2) is lower than B (§5),

H |R⟩ = Eh |R⟩ , Eh ∈ C. (149)

• Normalization condition for resonances (⟨R|R⟩ diverges)

⟨R̃|R⟩ = 1. (150)

|p⟩
|B0⟩

0
E

−v

|p1⟩

|p2⟩

|B0⟩
0
E

(a) (b)

Figure 20: Spectrum of free Hamiltonian. (a): EFT in Sec. 7.3 and 7.4, (b): EFT in Sec. 7.5.
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⟨R̃| is the left eigenvector with the same complex eigenvalue,

⟨R̃|H = Eh ⟨R̃| . (151)

(Because of the non-hermiticity, left eigenvector is not conjugate of right eigenvector)

• Complete set

1 = P̂ + Q̂, (152)

P̂ =

∫
dp

(2π)3
|p1⟩ ⟨p1| (projection onto ψ1ϕ1 scattering states), (153)

Q̂ = |B0⟩ ⟨B0|+
∫

dp

(2π)3
|p2⟩ ⟨p2| (projection onto B0 and ψ2ϕ2). (154)

• Compositeness X, elementarity Z:

X = ⟨R̃|P |R⟩ =
∫

dp

(2π)3
⟨R̃|p1⟩ ⟨p1|R⟩ ∈ C, (155)

Z = ⟨R̃|Q |R⟩ = ⟨R̃|B0⟩ ⟨B0|R⟩+
∫

dp

(2π)3
⟨R̃|p2⟩ ⟨p2|R⟩ ∈ C. (156)

• WhileX+Z = 1 still holds, each term is complex and cannot be interpreted as a probability.

• Expand the scattering length of channel 1 by (Rtyp/R) (R and a are complex)

a = R

{
2X

1 +X
+O

(∣∣∣∣Rtyp

R

∣∣∣∣)+O

(∣∣∣∣ lR
∣∣∣∣3
)}

, R =
1√
−2µEh

, l =
1√
2µν

. (157)

ν: threshold energy difference, l: corresponding length scale

• If O(Rtyp/R) and O(|l/R|3) are negligible, compositeness X ← (a,Eh)

• Several interpretation of complex X [34, 35, 48, 49, 50, 30], but no consensus is reached.

• Λ(1405) case:

– Channel 1 is K̄N , channel 2 is πΣ

– Inputs: Eh = −10− 26i MeV, a = 1.39− 0.85i fm [51, 52]

– For |R| ∼ 2 fm, Rtyp ∼ 0.25 fm (ρ-meson exchange), l ∼ 1.08 fm (πΣ channel)

Neglecting the correction terms, we obtain,

X = 1.2 + i0.1. (158)

X is close to 1 ⇒ the K̄N molecular component is dominant.
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8 Spin-1/2 states

8.1 State representation

• Pauli spinor (quantum bit, qubit): two-component complex vector

|ψ⟩ =

(
α

β

)
, α, β ∈ C, (159)

⟨ψ| = |ψ⟩† =
(
α∗ β∗

)
. (160)

Four degrees of freedom (Re α, Im α, Re β, Im β without any constraint, |ψ⟩ ∈ H = C2)

• Normalization and phase of the wave function

⟨ψ|ψ⟩ = 1 ⇒ |α|2 + |β|2 = 1. (161)

(In the following, all state vectors are assumed to be normalized)

Phase transformation |ψ⟩ → eiη |ψ⟩ (η ∈ R) does not change expectation values.

→ |ψ⟩ is described by two degrees of freedom.

• Bloch-sphere representation

|θ, ϕ⟩ =

(
cos θ

2

sin θ
2
eiϕ

)
, 0 ≤ θ < π, 0 ≤ ϕ < 2π. (162)

Two real parameters θ, ϕ ∈ R: angular part of three-dimensional polar coordinates

• Fubini–Study measure (generalizable to higher-spin states)

Normalization and phase: equivalence class by complex scalar multiplication

|ψ⟩ ∼ λ |ψ⟩ , λ ∈ C×. (163)

Quotient space C2/ ∼ ≃ CP1 (complex projective space)

|θ1, ν1⟩ =

(
cos θ1

sin θ1e
iν1

)
, 0 ≤ θ1 <

π

2
, 0 ≤ ν1 < 2π. (164)

Two degrees of freedom θ1, ν1

• Spin operator s: represented by Pauli matrices σ

s =
σ

2
, σx =

(
0 1

1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0

0 −1

)
. (165)

(In quantum information science, σx = X, σy = Y , σz = Z)
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• Eigenstates of sz

|↑⟩ =

(
1

0

)
, |↓⟩ =

(
0

1

)
, (166)

sz |↑⟩ t =
1

2
|↑⟩ , sz |↓⟩ = −

1

2
|↓⟩ . (167)

(In quantum information science, |↑⟩ = |0⟩, |↓⟩ = |1⟩)

• Eigenstates of sx and sy

|+⟩ = 1√
2

(
1

1

)
, |−⟩ = 1√

2

(
1

−1

)
, (168)

sx |+⟩ =
1

2
|+⟩ , sx |−⟩ = −

1

2
|−⟩ , (169)

|+i⟩ = 1√
2

(
1

i

)
, |−i⟩ = 1√

2

(
1

−i

)
, (170)

sy |+i⟩ =
1

2
|+i⟩ , sy |−i⟩ = −

1

2
|−i⟩ . (171)

8.2 State transformations (quantum gates)

• Unitary operator U

U †U = UU † = 1, U † = U−1. (172)

All Pauli matrices are Hermitian and unitary

• U transforms a state into another state: a quantum gate acting on a qubit

|ϕ⟩ = U |ψ⟩ . (173)

• Norm (probability) is preserved under a unitary transformation.

⟨ϕ|ϕ⟩ = ⟨ψ|U †U |ψ⟩ = ⟨ψ|ψ⟩ . (174)

The time evolution of a system is described by a unitary operator

• Example: X gate

σx |↑⟩ = |↓⟩ , σx |↓⟩ = |↑⟩ . (175)

Exchanges spin-up and spin-down (swaps 0 and 1: classical NOT gate)
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• Hadamard gate,

H =
σx + σz√

2
=

1√
2

(
1 1

1 −1

)
, (176)

maps the z basis to the x basis (A 180◦ rotation about the axis (1, 0, 1)/
√
2)

H |↑⟩ = |+⟩ , H |↓⟩ = |−⟩ , (177)

H |+⟩ = |↑⟩ , H |−⟩ = |↓⟩ . (178)

• Time reversal (not unitary operator)

T = −iσyK, T

(
α

β

)
=

(
−β∗

α∗

)
. (179)

K: complex cojugate

Under T , r → r, p→ −p, ℓ→ −ℓ: T corresponds to spin flip

T |↑⟩ ∝ |↓⟩ , T |+⟩ ∝ |−⟩ , · · · , T |θ, ϕ⟩ ∝ |π − θ, ϕ+ π⟩ (180)

8.3 Projective measurement

• Finite-dimensional Hilbert space without degeneracy

• Physical observables are represented by Hermitian operators.

• A Hermitian operator O can be diagonalized by a unitary operator U ,

U−1OU =


λ1 0 · · ·
0 λ2 · · ·
...

...
. . .

 , λi ∈ R. (181)

• Spectral decomposition: representation of O in terms of its eigenbasis {|i⟩}

O =
∑
i

λi |i⟩ ⟨i| . (182)

• Complete orthonormal system (CONS) {|i⟩}

⟨i|j⟩ = δij,
∑
i

|i⟩ ⟨i| = 1. (183)

The eigenvectors of a Hermitian operator can always be chosen to form a CONS.

Example: {|↑⟩ , |↓⟩} (computational basis)
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• Projection operator onto the eigenstate with eigenvalue λi

Pi = |i⟩ ⟨i| . (184)

Orthonomality

PiPj = δijPi,
∑
i

Pi = 1. (185)

• Expansion of a state |ψ⟩ in the basis {|i⟩}

|ψ⟩ =
∑
i

|i⟩ ⟨i|ψ⟩ =
∑
i

Ci |i⟩ , Ci = ⟨i|ψ⟩ . (186)

Example:

|+⟩ = 1√
2
|↑⟩+ 1√

2
|↓⟩ , ⟨↑ |+⟩ = 1√

2
, ⟨↓ |+⟩ = 1√

2
, (187)

|ψ⟩ =

(
α

β

)
= α |↑⟩+ β |↓⟩ , ⟨↑ |ψ⟩ = α, ⟨↓ |ψ⟩ = β. (188)

• Born rule: measurement of O → one of {λi} is obtained with probability,

Pr(i) = |Ci|2 = | ⟨i|ψ⟩ |2, (189)

and the state collapses to |i⟩,

|ψ⟩ → |i⟩ = Pi |ψ⟩
∥Pi |ψ⟩ ∥

. (190)

• Example: O = sz, with CONS {|↑⟩ , |↓⟩}

P↑ = |↑⟩ ⟨↑| =

(
1 0

0 0

)
, P↓ = |↓⟩ ⟨↓| =

(
0 0

0 1

)
, (191)

Pr(↑) = | ⟨↑ |ψ⟩ |2. (192)

• Expectation value of O

⟨ψ|O |ψ⟩ = ⟨ψ|

(∑
i

λi |i⟩ ⟨i|

)
|ψ⟩ =

∑
i

Pr(i)λi. (193)

Sum of (probability)×(outcome)
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8.4 Density matrix

• Density matrix (density operator) ρ corresponding to a normalized state |ψ⟩

ρ = |ψ⟩ ⟨ψ| . (194)

Hermiticity: ρ† = ρ → nonnegative eigenvalues

• Trace of an operator O: sum of diagonal matrix elements in any CONS {|i⟩}

Tr [O] =
∑
i

⟨i|O|i⟩ =
∑
i

λi. (195)

Result is independent of the choice of CONS.

• Normalization of the state

Tr [ρ] =
∑
i

⟨i|ψ⟩ ⟨ψ|i⟩ = ⟨ψ|ψ⟩ = 1. (196)

• Probability (by density matrix)

Pr(i) = Tr [Piρ] . (197)

• Expectation value (by density matrix)

⟨ψ|O |ψ⟩ = Tr [Oρ] . (198)

• Example: expectation values of Pauli matrices for the Bloch-sphere state ρ = |θ, ϕ⟩ ⟨θ, ϕ|

Tr [σxρ] = sin θ cosϕ (199)

Tr [σyρ] = sin θ sinϕ (200)

Tr [σzρ] = cos θ. (201)

These correspond to the Cartesian coordinates of a point on the unit sphere.
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9 Two-spin system and entanglement entropy

9.1 Representation of two-spin states

• Composite system of spin A and spin B: H = HA ⊗HB

(in quantum information science, a two-qubit system of Alice and Bob)

• Tensor-product states

|↑↑⟩ = |↑A⟩ ⊗ |↑B⟩ , |↑↓⟩ , |↓↑⟩ , |↓↓⟩ . (202)

• Spin operators for each subsystem

sA = s︸︷︷︸
acts on A

⊗ 1︸︷︷︸
acts on B

, sB = 1⊗ s. (203)

• Action of operators

(sA)z |↑↑⟩ =
1

2
|↑↑⟩ , ... (204)

• Total spin operator S

S = sA + sB. (205)

• Eigenstates of S: labeled by total spin S = 0, 1 and z-component Sz

|S, Sz⟩ = |0, 0⟩︸ ︷︷ ︸
S = 0

, |1, 1⟩ , |1, 0⟩ , |1,−1⟩︸ ︷︷ ︸
S = 1

. (206)

Action of spin operators

Sz |1,−1⟩ = − |1,−1⟩ , S2 |1,−1⟩ = S(S + 1) |1,−1⟩ = 2 |1,−1⟩ , ... (207)

• Kronecker product of states: representation as 4-component vectors

|↑↑⟩ =

(
1

0

)
⊗

(
1

0

)
=


1×

(
1

0

)

0×

(
1

0

)
 =


1

0

0

0

 , (208)

|↑↓⟩ =


0

1

0

0

 , |↓↑⟩ =


0

0

1

0

 , |↓↓⟩ =


0

0

0

1

 . (209)
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• Kronecker product of operators: 4 × 4 matrices

(sA)x = sx ⊗ 1 =
1

2

(
0 1

1 0

)
⊗

(
1 0

0 1

)

=
1

2


0×

(
1 0

0 1

)
1×

(
1 0

0 1

)

1×

(
1 0

0 1

)
0×

(
1 0

0 1

)
 =

1

2


0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

 , (210)

sx ⊗ sx =
1

2

(
0 1

1 0

)
⊗ 1

2

(
0 1

1 0

)

=
1

4


0×

(
0 1

1 0

)
1×

(
0 1

1 0

)

1×

(
0 1

1 0

)
0×

(
0 1

1 0

)
 =

1

4


0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

 . (211)

• Density matrix of a tensor-product state: ρ = ρa ⊗ ρb holds
1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

 = |↑↑⟩ ⟨↑↑| = |↑⟩ ⟨↑|︸ ︷︷ ︸
ρa

⊗ |↑⟩ ⟨↑|︸ ︷︷ ︸
ρb

=

(
1 0

0 0

)
⊗

(
1 0

0 0

)
. (212)

9.2 Complete orthonormal systems

• Computational basis: {|↑↑⟩ , |↑↓⟩ , |↓↑⟩ , |↓↓⟩}

• Bell basis: {|Φ+⟩ , |Φ−⟩ , |Ψ+⟩ , |Ψ−⟩}

|Φ±⟩ = |↑↑⟩ ± |↓↓⟩√
2

(not eigenstates of the total spin S), (213)

|Ψ±⟩ = |↑↓⟩ ± |↓↑⟩√
2

(states with Sz = 0, corresponding to S = 1 and S = 0). (214)

• General two-spin state (vector in C4)

|Ψ⟩ = α |↑↑⟩+ β |↑↓⟩+ γ |↓↑⟩+ δ |↓↓⟩ =


α

β

γ

δ

 , α, β, γ, δ ∈ C. (215)

Normalization

|α|2 + |β|2 + |γ|2 + |δ|2 = 1. (216)
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• General state |Ψ⟩: using CONS {|iA⟩} of HA and {|jB⟩} of HB

|Ψ⟩ =
∑
i,j

αij |iA⟩ ⊗ |jB⟩ , αij ∈ C (sum over i and j). (217)

• Schmidt decomposition: there exist CONS {|i′A⟩} and {|i′B⟩} such that5

|Ψ⟩ =
l∑

i=1

√
pi |i′A⟩ ⊗ |i′B⟩ (sum over a common i),

l∑
i=1

pi = 1. (218)

pi > 0: Schmidt coefficients, l: Schmidt rank

Shown by the singular value decomposition of αij (also valid for dimHA ̸= dimHB)

9.3 Entropy of quantum systems

• von Neumann entropy by the density matrix ρ

S(ρ) = −Tr [ρ log ρ] . (219)

Expanding ρ =
∑

i λi |i⟩ ⟨i| in its eigenbasis {|i⟩},

S(ρ) = −
∑
i

λi log λi. (220)

Shannon entropy of the eigenvalue distribution λi

• Example: canonical ensemble ρ = e−βH/Z

S(ρ) = −Tr
[
ρ log(e−βH/Z)

]
= −Tr [ρ(−βH − logZ)]

= βTr [ρH] + logZ Tr [ρ]

= βE + logZ

= βE − βF,

F = E − TS. (221)

• Entanglement (von Neumann) entropy: quantifies correlations between A and B

(see Sec. 10 for details)

EvN = −TrA [ρA log ρA] . (222)

Information lost by tracing out the system B

5Strictly speaking, these form an orthonormal set (ONS) in the full space; zero singular values are omitted.
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• Reduced density matrix: for the general state in Eq. (215),

ρA = TrB [ρ] =

(
|α|2 + |β|2 αγ∗ + βδ∗

α∗γ + β∗δ |γ|2 + |δ|2

)
. (223)

Partial trace over spin B: gives the density matrix in HA

TrB [ρ] =
∑
i

(1⊗ ⟨iB|) ρ (1⊗ |iB⟩). (224)

If ρ = ρa ⊗ ρb (product state),

TrB [ρa ⊗ ρb] = ρaTrB [ρb] . (225)

• Using the Schmidt decomposition,

ρ = |Ψ⟩ ⟨Ψ| =
∑
i,j

√
pipj |iA⟩ ⟨jA| ⊗ |iB⟩ ⟨jB| , (226)

TrB [ρ] =
∑
i,j,k

√
pipj |iA⟩ ⟨jA| ⊗ ⟨kB|iB⟩ ⟨jB|kB⟩ =

∑
i,j

√
pipj |iA⟩ ⟨jA| δij

=
∑
i

pi |iA⟩ ⟨iA| . (227)

Since TrA [ρ] has the same eigenvalues pi,

EvN = −TrA [ρA log ρA] = −TrB [ρB log ρB] . (228)

9.4 Measures of quantum correlations

• Linear entropy (log ρA = log[1 + (ρA − 1)] = ρA − 1 + · · · )

E = 1− TrA
[
ρ2A
]
. (229)

• Concurrence [53, 54]

∆ = | ⟨Ψ|σy ⊗ σy|Ψ∗⟩ | = 2|αδ − βγ|. (230)

From Eq. (179), ∆ is the inner product with the spin-flipped state.

• Any entanglement measure defined from ρA (by density matrix) can be expressed in terms

of ∆,

EvN = −λ+ log λ+ − λ− log λ−, λ± =
1

2
(1±

√
1−∆2), (231)

E =
1

2
∆2 = 2|αδ − βγ|2. (232)
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Table 2: 状態 (228)の E、EvN、!の ω = 0, π/4, π/2, 3π/4の値。
ω 0 π/4 π/2 3π/4

|ψ→ |↑↓→ |”+→ |↓↑→ ↔ |”→→
E 0 1/2 0 1/2

EvN 0 1 0 1

! 0 1 0 1

10 古典相関と量子相関
10.1 純粋状態と混合状態

• 純粋状態：1つの状態 |ψ→のみを用いて密度行列が表現される
ρ = |ψ→ 〈ψ| (229)

性質（idempotent）
ρ2 = |ψ→ 〈ψ|ψ→︸ ︷︷ ︸

=1

〈ψ| = |ψ→ 〈ψ| = ρ, (230)

Tr
[
ρ2
]
= Tr [ρ] = 1 (231)

• 混合状態：密度行列が実数の重み 0 ≤ pi ≤ 1で和を取られている状況
ρ =

∑

i

pi |φi→ 〈φi| ,
∑

i

pi = 1, 〈φi|φi→ = 1 (232)

|φi→は規格化されているが必ずしも直交していなくても良い確率 piで状態 |φi→を用意した「状態の集まり」（J.J. Sakuraiでは「混合アンサンブル」）
Bell状態のような「状態の重ね合わせ」とは異なる
混合状態の表現は一意的でない（シュレディンガーの混合定理）

• 混合状態は規格化されているが ρ2 ≃= ρ

Tr [ρ] =
∑

i

piTr [|φi→ 〈φi|] =
∑

i

pi = 1, (233)

ρ2 =
∑

i,j

pipj |φi→ 〈φi|φj→ 〈φj| ≃= ρ (234)

• 混合度：混合状態の純粋状態からの「距離」を定量化
µ = 1↔ Tr

[
ρ2
]
, 0︸︷︷︸純粋状態

≤ µ ≤ 1↔ 1

N︸ ︷︷ ︸完全混合
(235)

N はヒルベルト空間の次元
45

Figure 21: Linear entropy E , von Neumann entropy EvN, and concurrence ∆ for the state (241).

• Entanglement of a product state |↑↓⟩

β = 1, α = γ = δ = 0, (233)

∆ = 0, (234)

E = 0, (235)

λ+ = 1, λ− = 0 ⇒ EvN = 0. (236)

All measures vanish: 0

• Entanglement of a Bell state |Ψ+⟩

α = δ = 0, β = γ =
1√
2
, (237)

∆ = 1, (238)

E =
1

2
, (239)

λ+ =
1

2
, λ− =

1

2
⇒ EvN = log 2 = 1. (240)

1 ebit (entanglement bit), the fundamental unit of entanglement6

• General superposition state

|ψ⟩ = cos θ |↑↓⟩+ sin θ |↓↑⟩ . (241)

Fig. 21: comparison of E , EvN, and ∆　
EvN = E = ∆vN = 0 for product states (θ = 0, π/2), while they become maximal for Bell

states (θ = π/4, 3π/4).

6In quantum information, the logarithm is taken with base 2.
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10 Classical and quantum correlations

10.1 Pure and mixed states

• Pure state: density matrix by a single state

ρ = |ψ⟩ ⟨ψ| . (242)

Property (idempotency): ρ is a projection operator

ρ2 = |ψ⟩ ⟨ψ|ψ⟩︸ ︷︷ ︸
=1

⟨ψ| = |ψ⟩ ⟨ψ| = ρ, (243)

Tr
[
ρ2
]
= Tr [ρ] = 1 (pure state). (244)

• Mixed state: density matrix by a weighted sum of states with real coefficients 0 ≤ pi ≤ 1

ρ =
∑
i

pi |i⟩ ⟨i| ,
∑
i

pi = 1. (245)

An ensemble of states prepared with probability pi (“mixed ensemble” in J.J. Sakurai)

Classical probabilistic mixture of states, not a quantum superposition

The decomposition of a mixed state is not unique (Schrödinger’s mixture theorem).

• A mixed state is normalized but does not satisfy ρ2 = ρ:

Tr [ρ] =
∑
i

piTr [|i⟩ ⟨i|] =
∑
i

pi = 1, (246)

ρ2 =
∑
i,j

pipj |i⟩ ⟨i|j⟩ ⟨j| =
∑
i

p2i |i⟩ ⟨i| ̸= ρ. (247)

For 0 ≤ pi ≤ 1,
∑

i p
2
i ≤

∑
i pi, therefore

Tr
[
ρ2
]
≤ 1 (mixed state). (248)

Equality holds for a pure state.

• Purity Tr [ρ2]: distance from a pure state

1︸︷︷︸
pure state

≥ Tr
[
ρ2
]
≥ 1

d︸︷︷︸
maximally mixed state

, d = dimH. (249)

Equalities hold for

{pi} =

{1, 0, . . . , 0} (pure state, rank(ρ) = 1)

{1/d, 1/d, . . . , 1/d} (maximally mixed state, ρ ∝ 1)
. (250)
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• Example: pure states for a single-spin system

|↑⟩ ⟨↑| =

(
1 0

0 0

)
, (251)

|+⟩ ⟨+| =

(
1/2 1/2

1/2 1/2

)
, |+⟩ = 1√

2
|↑⟩+ 1√

2
|↓⟩ . (252)

After diagonalization, Eq. (252) takes the same form as Eq. (251).

• Example: mixed state for a single-spin system

1

2
|↑⟩ ⟨↑|+ 1

2
|↓⟩ ⟨↓| =

(
1/2 0

0 1/2

)
=

1

2
|+⟩ ⟨+|+ 1

2
|−⟩ ⟨−| . (253)

Formally, this is |+⟩ ⟨+| without the off-diagonal elements.

10.2 Correlations between two spins

• Measurement of sz of both spins A and B for a two-spin state |ψ⟩
The probability of obtaining both spins up is,

Pr(↑↑) = | ⟨↑↑ |ψ⟩ |2 = Tr [P↑↑ρ] , P↑↑ = P↑ ⊗ P↑. (254)

• Consider the following density matrices:

ρp = |↑↑⟩ ⟨↑↑| (pure product state), (255)

ρm =
1

2
|↑↑⟩ ⟨↑↑|+ 1

2
|↓↓⟩ ⟨↓↓| (mixed state), (256)

ρe = |Φ+⟩ ⟨Φ+| = |↑↑⟩+ |↓↓⟩√
2

⟨↑↑|+ ⟨↓↓|√
2

(pure Bell state). (257)

Same “correlation” that “if spin A is up, then spin B is also up”?

• Measurement of spins (z axis)

– For ρp: since |ψ⟩ = |↑↑⟩,

Pr(↑↑) = | ⟨↑↑ | ↑↑⟩ |2 = 1, Pr(↑↓) = | ⟨↑↓ | ↑↑⟩ |2 = 0, · · · (258)

– For ρm:

Pr(↑↑) = Tr [P↑↑ρm] = ⟨↑↑|
(
1

2
|↑↑⟩ ⟨↑↑|+ 1

2
|↓↓⟩ ⟨↓↓|

)
|↑↑⟩ = 1

2
, (259)

Pr(↑↓) = Tr [P↑↓ρm] = ⟨↑↓|
(
1

2
|↑↑⟩ ⟨↑↑|+ 1

2
|↓↓⟩ ⟨↓↓|

)
|↑↓⟩ = 0, · · · (260)
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– For ρe: since |ψ⟩ = |Φ+⟩,

Pr(↑↑) = | ⟨↑↑ |Φ+⟩ |2 =
∣∣∣∣ 1√

2

∣∣∣∣2 = 1

2
, Pr(↑↓) = | ⟨↑↓ |Φ+⟩ |2 = 0, · · · (261)

• Measurement of spins (x axis)

– For ρp: from Eq. (187),

|++⟩ =
(
|↑⟩+ |↓⟩√

2

)
⊗
(
|↑⟩+ |↓⟩√

2

)
=

1

2
(|↑↑⟩+ |↑↓⟩+ |↓↑⟩+ |↓↓⟩) , (262)

which gives

Pr(++) = | ⟨++ | ↑↑⟩ |2 =
∣∣∣∣12
∣∣∣∣2 = 1

4
, (263)

Pr(+−) = | ⟨+− | ↑↑⟩ |2 =
∣∣∣∣12
∣∣∣∣2 = 1

4
, · · · (264)

– For ρm:

Pr(++) = Tr [P++ρm] = ⟨++|
(
1

2
|↑↑⟩ ⟨↑↑|+ 1

2
|↓↓⟩ ⟨↓↓|

)
|++⟩

=
1

2

1

2

1

2
+

1

2

1

2

1

2
=

1

4
, · · · (265)

– For ρe:

|Φ+⟩ = |↑↑⟩+ |↓↓⟩√
2

=
1√
2


1

0

0

1

 , (266)

|++⟩+ |−−⟩√
2

=
1√
2


1/
√
2

(
1/
√
2

1/
√
2

)

1/
√
2

(
1/
√
2

1/
√
2

)
+

1√
2


1/
√
2

(
1/
√
2

−1/
√
2

)

−1/
√
2

(
1/
√
2

−1/
√
2

)


=
1√
2


1/2 + 1/2

1/2− 1/2

1/2− 1/2

1/2 + 1/2

 =
1√
2


1

0

0

1

 = |Φ+⟩ . (267)

Namely, |Φ+⟩ is also a Bell state in the x basis. Therefore,

ρe =

(
|++⟩+ |−−⟩√

2

)(
⟨++|+ ⟨−−|√

2

)
. (268)

Replacing (↑, ↓)↔ (+,−), the calculation is identical to that in the z basis:

Pr(++) = Pr(↑↑) = 1

2
, Pr(+−) = Pr(↑↓) = 0, · · · (269)
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Table 2: Probabilities of spin-measurement outcomes for the density matrices ρp, ρm, and ρe.

density matrix ↑↑ ↑↓ ↓↑ ↓↓ ++ +− −+ −−
ρp 1 0 0 0 1/4 1/4 1/4 1/4

ρm 1/2 0 0 1/2 1/4 1/4 1/4 1/4

ρe 1/2 0 0 1/2 1/2 0 0 1/2

• Summary (Table 2)

– ρp: spins aligned only when both are up along the z axis, sx are completely random

– ρm: spins aligned for both up and down along the z axis, sx are completely random

Observing |↑A⟩ determines |↑B⟩, while observing |+A⟩ leaves spin B completely random.

– ρe: spins aligned in all cases, both x and z directions

Observing |↑A⟩ determines |↑B⟩, and observing |+A⟩ determines |+B⟩.

• Difference between ρm and ρe:

ρe =
1

2
|↑↑⟩ ⟨↑↑|+ 1

2
|↑↑⟩ ⟨↓↓|+ 1

2
|↓↓⟩ ⟨↑↑|+ 1

2
|↓↓⟩ ⟨↓↓|

= ρm +
1

2
|↑↑⟩ ⟨↓↓|+ 1

2
|↓↓⟩ ⟨↑↑|︸ ︷︷ ︸

interference terms

. (270)

ρe: a coherent superposition with complex coefficients: quantum correlations.

ρm: a probabilistic mixture of density matrices with real weights: classical correlations

10.3 Entanglement and reduced density matrices

• If ρ is a pure product state, then ρA is also a pure state:

ρ =
(
|ψ⟩ ⊗ |ϕ⟩

)(
⟨ψ| ⊗ ⟨ϕ|

)
= |ψ⟩ ⟨ψ| ⊗ |ϕ⟩ ⟨ϕ| , (271)

ρA = TrB [ρ] = |ψ⟩ ⟨ψ|Tr [|ϕ⟩ ⟨ϕ|] = |ψ⟩ ⟨ψ| . (272)

For ρp = |↑↑⟩ ⟨↑↑| = |↑⟩ ⟨↑| ⊗ |↑⟩ ⟨↑|, substituting α = 1, β = γ = δ = 0 into Eq. (223) gives,

ρA =

(
1 0

0 0

)
= |↑⟩ ⟨↑| . (273)

48



• If ρ is an entangled pure state, then ρA is a mixed state.

For ρe = |Φ+⟩ ⟨Φ+|, substituting α = δ = 1/
√
2, β = γ = 0 into Eq. (223) gives,

ρA =

(
1
2

0

0 1
2

)
=

1

2
|↑⟩ ⟨↑|+ 1

2
|↓⟩ ⟨↓| . (274)

• Even when ρ is in a pure state, ρA can be a mixed state.

Conversely, every mixed state can be regarded as ρA of a pure state in a larger Hilbert

space (purification).

• The linear entropy measures the deviation of the purity of ρA from unity (a pure state):

E = 1− Tr
[
ρ2A
]
. (275)
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11 Bell’s inequality

11.1 EPR pair and spin correlation

• EPR (Einstein–Podolsky–Rosen) pair:

|Ψ−⟩ = |↑↓⟩ − |↓↑⟩√
2

. (276)

Bell state with total spin zero

• The probabilities of obtaining |↑⟩ and |↓⟩ by measuring only spin A are equal:

Pr(↑A) = Tr [ |↑⟩ ⟨↑| ρA] =
1

2
, Pr(↓A) = Tr [ |↓⟩ ⟨↓| ρA] =

1

2
. (277)

• If |↑⟩ is observed, the wave function collapses to,

|Ψ−⟩ → |↑↓⟩ , (278)

so the unmeasured spin B is determined to be |↓⟩.

• Measurement fixes the state (a superposition before the measurement as Schrödinger’s cat).

• Quantum correlation is preserved even when spins A and B are spatially separated.

• Einstein–Podolsky–Rosen [55]: counterintuitive?

Locality: an operation at one location cannot influence a distant system.

Physical reality: physical quantities have definite values before measurement.

• Spin correlation function: for unit vectors n and m,

C(n,m) = ⟨Ψ−|n · σ ⊗m · σ|Ψ−⟩ = nimj ⟨Ψ−|σi ⊗ σj|Ψ−⟩ . (279)

Expectation value of measuring spin A along n and spin B along m (Fig. 22, left).

A

n

B

m n′ m′ 

n

m

Figure 22: Left: schematic illustration of the spin correlation function. Right: measurement axes

that maximize the CHSH correlation in Eq. (294).
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n m

n m

n m

Figure 23: Spin correlation function C(n,m) in Eq. (281).

• Since |Ψ−⟩ has total spin zero,

(σi ⊗ 1 + 1⊗ σi) |Ψ−⟩ = 0

σi ⊗ 1 |Ψ−⟩ = −1⊗ σi |Ψ−⟩ . (280)

The correlation function is determined by the angle θ between n and m:

C(n,m) = −nimj ⟨Ψ−|σiσj ⊗ 1|Ψ−⟩

= −nimj ⟨Ψ−|(δij + iϵijkσk)⊗ 1|Ψ−⟩

= −n ·m

= − cos θ. (281)

• C(n,m) = 1 for antiparallel axes, 0 for perpendicular axes, and −1 for parallel axes (Fig. 23).
Since |Ψ−⟩ always consists of antiparallel spins, the correlation is maximal at θ = π.

11.2 Hidden variable theory

• Locally realistic theory with an unknown parameter λ and a probability distribution ρ(λ)

• Expectation value of an observable O is given by

⟨O⟩HV =

∫
dλ ρ(λ)O(λ),

∫
dλ ρ(λ) = 1. (282)

→ ρ(λ) plays a role of the density matrix ρ.

The distribution is chosen so that the expectation value agrees with quantum mechanics:

⟨O⟩HV = Tr [Oρ]︸ ︷︷ ︸
Quantum mechanics

. (283)
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• The measurement outcome is predetermined.

The probabilistic nature ← unknown variable λ

• Spin correlation,

C(n,m)HV =

∫
dλ ρ(λ)N(n, λ)M(m, λ). (284)

N(n, λ) ∈ {1,−1}: outcome of a single measurement (fixed λ) of spin A along the n axis

• With suitable choice of distributions, C(n,m)HV = C(n,m) for two axes {n,m}.

• When n = m, Eq. (281) gives C(n,n) = −1. Therefore,

C(n,n)HV =

∫
dλ ρ(λ)N(n, λ)M(n, λ) = −1. (285)

Since N(n, λ)M(n, λ) = ±1 for every λ, this is possible only if

N(n, λ) = −M(n, λ) (perfectly anticorrelated, c.f., Eq. (280)). (286)

• Bell’s inequality [57]: for correlations involving three or more axes, the predictions of

quantum mechanics and hidden variable theory differ.

(Equivalently, quantum mechanics cannot be described by a single ρ(λ).)

11.3 CHSH inequality

• Extension of Bell’s inequality by Clauser, Horne, Shimony, and Holt (CHSH) [56].

• Choose two measurement axes for each spin:

spin A : n,n′, (287)

spin B : m,m′. (288)

• CHSH correlation: a combination of four spin correlations,

S = C(n,m)− C(n,m′) + C(n′,m) + C(n′,m′). (289)

• CHSH inequality: in a hidden variable theory (local realism),

0 ≤ |S| ≤ 2. (290)

• Let s(λ) be the contribution from a single measurement:

s(λ) = NM −NM ′ +N ′M +N ′M ′

= N(M −M ′) +N ′(M +M ′). (291)

Since each measurement outcome is ±1, there are four possible combinations for M and M ′:
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M M ′ M −M ′ M +M ′ s(λ)

1 1 0 2 2N ′

1 −1 2 0 2N

−1 1 −2 0 −2N
−1 −1 0 −2 −2N ′

Since N and N ′ also take only the values ±1,

s(λ) = ±2. (292)

The maximum and minimum values of a single measurement are +2 and −2.

• Average over all measurements,

S =

∫
dλ ρ(λ) s(λ), (293)

must lie between the maximum and minimum values → Eq. (290).

• In quantum mechanics, choosing the measurement axes as shown in Fig. 22 (right),

S = −(cos θnm − cos θnm′ + cos θn′m + cos θn′m′)

= −
(
cos

π

4
− cos

3π

4
+ cos

π

4
+ cos

π

4

)
= −

(
1√
2
− (− 1√

2
) +

1√
2
+

1√
2

)
= −2

√
2, (294)

which violates the CHSH inequality (290).

11.4 Experimental tests

• Tests using photon pairs [58]

– Photon pairs produced in a Ca cascade decay

– Measure the polarization correlation between the emitted photons.

– Bell’s inequality is violated, in agreement with the prediction of quantum mechanics.

– Several experimental loopholes were identified, leading to continual improvements.

• Tests using proton pairs [59]

– A deuteron (d) beam is incident on a liquid hydrogen (1H) target:

1H(d, 2He)n. (295)
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the effective analyzing powers of EPOL. Since adjacent
data points use overlapping data, they are not statistically
independent. Hence, for a quantitative test against theory
one single choice of ! should be used.

It is very impressive that the experimental data follow
the quantum mechanical prediction faithfully for the entire
angular region and they exceed Bell’s limit over a wide
angular range. We obtained Sexp!!=4" # 2:83$ 0:24stat $
0:07sys, which violates the inequality at a confidence level
of 99.3%. It is to be noted that the entanglement of the spin-
singlet state was retained even when the two protons
traversed through large amounts of material media
(50 cm thick argon% ethane gas in wire chambers, 1 cm
thick plastic scintillators, and up to 5 cm thick graphite
slab). It is indeed remarkable that the strongly interacting
pairs maintain the correlations for distances greater than
1013–1014 times their coherence length, which was esti-
mated to be 10&14 m (the size of a wave packet of two
protons at production).

Can some hidden variable theories reproduce quantum
mechanical-like correlations in our arrangement? There
are two concerns: (a) locality and (b) small analyzing
powers. First, the finite distance of 5–40 cm between the
two protons, though much larger than the short range
strong interactions, does not rule out communications as
they pass through the polarimeter. However, the two inter-
acting protons of an event do not know the experimenter’s
choice of the reference axes since we have ‘‘post selec-
tion’’. If the protons make their own choice to conspire to
mimic a theory, they need to communicate (1) spin orien-
tation with respect to an axis of their choice, (2) scattering
angle ("1 or "2), and (3) energy-dependent analyzing

powers, which render such a scenario unlikely, if not
impossible.

The second concern is the small analyzing power, which
might dilute the correlations. Though it is reassuring that
the experimental correlations deduced from Eq. (1) are in
agreement with quantum mechanics for all choices of
reference axes, we are not able to rule out some remote
possibility that analyzing powers and hidden variables
conspire to yield similar agreement.

In conclusion, we have shown, from an experiment of
high statistics involving strongly interacting hadron pairs
with nuclear spin interactions and employing ‘‘event-ready
detector’’ and ‘‘post selection of reference axes’’, that the
result Sexp!!=4" # 2:83$ 0:24stat $ 0:07sys violates Bell’s
CHSH inequality at 99.3% confidence level.

This work is partially supported by the Mitsubishi Foun-
dation and by the Grants in Aid for Scientific Research
No. 15340071 of the Ministry of Education of Japan.
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FIG. 4 (color). Plot of the spin-correlation function S!!" vs !.
Solid circles are the experimental result Sexp!!" derived from the
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lated. See text for details.
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Figure 24: Spin correlation of a proton pair. Adapted from Ref. [59].

– “2He”: a low-energy pp pair in the spin-singlet state (see Sec. 13).

A smaller relative momentum gives a higher spin-correlation purity.

– The proton spins in the final state are measured through rescattering.

A larger proton momentum improves the polarization analyzing power.

– The reaction (295) produces pp pairs with small relative momentum but large total

momentum (i.e., each proton has a large momentum).

– Result: the experimental data (black dots in Fig. 24) agree well with the quantum-

mechanical prediction (red solid curve in Fig. 24).
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12 Entanglement power of the S matrix

12.1 S matrix and s-wave scattering

• S matrix: operator that transforms initial state into final state in scattering

|out⟩ = S |in⟩ . (296)

• Elastic scattering: characterized by momentum p and scattering angle θ

Partial wave decomposition: scattering is described as a function of p for each ℓ (§3).

• In the following, consider only the s-wave (ℓ = 0), which is dominant at low energies:

s(p) = e2iδ(p). (297)

The scattering phase shift δ is a function of p.

Same S matrix for δ and δ + nπ (n ∈ Z): physically equivalent

• Differential cross section and scattering amplitude:

dσ

dΩ
= |f(p)|2, f(p) =

1

p cot δ − ip
. (298)

The phase shift contains all the information about the scattering.

• Scattering length a: characterizes the low-energy scattering (§4.5):

−1

a
= lim

p→0
[p cot δ]. (299)

Note that δ → 0 as p→ 0, and a can be either positive or negative.

• Low-energy limit of the total cross section:

lim
p→0

σ(p) = 4πa2, σ(p) =

∫
dΩ |f(p)|2. (300)

12.2 Scattering length and symmetry

• The unitarity bound (42) ← unitarity of the S matrix:

σ(p) ≤ 4π

p2
. (301)

As p→ 0, the upper bound of the cross section diverges.

⇒ The magnitude of the scattering length |a0| can take any value from 0 to ∞.

• |a| → ∞: the unitarity bound is saturated in the limit p→ 0 (unitary limit).
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• Feshbach resonance in cold atoms (§5): a is controlled by external magnetic field

• Near the unitary limit, low-energy universality emerges [44, 60].

Ex) when a is large and positive, a shallow bound state exists with (see Eq. (76))

B =
1

2µa2
. (302)

Binding energy B is determined solely by a.

• Much larger |a| than the typical length scale → scale invariance:

a = 0 : noninteracting for p→ 0,

|a| → ∞ : infinitely strong interaction for p→ 0 (unitary limit).

• In nonrelativistic systems, scale invariance → nonrelativistic conformal symmetry [10].

• The largest symmetry of the free Schrödinger equation (spacetime translations, rotations,

Galilean boosts, scale transformations, and special conformal transformations)

12.3 Quantum gates in two-spin system

• State is transformed by an operator (quantum gate) U :

|ϕ⟩ = U |ψ⟩ . (303)

• Controlled-NOT (CNOT) gate:

CNOT = P↑ ⊗ 1 + P↓ ⊗ σx

=

(
1 0

0 0

)
⊗

(
1 0

0 1

)
+

(
0 0

0 1

)
⊗

(
0 1

1 0

)
=


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

 . (304)

Action: spin B (target qubit) is flipped when spin A (control qubit) is |↓⟩

CNOT |↑↑⟩ = |↑↑⟩ , CNOT |↑↓⟩ = |↑↓⟩ , (305)

CNOT |↓ ↑⟩ = |↓↓⟩ , CNOT |↓ ↓⟩ = |↓↑⟩ , (306)

CNOT


α

β

γ

δ

 =


α

β

δ

γ

 . (307)
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• SWAP gate:

SWAP =
1 + σA · σB

2
=

1

2

(
1 +

∑
i

σi ⊗ σi

)
=


1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

 . (308)

Action: exchanges spins A and B

SWAP |↑↑⟩ = |↑↑⟩ , SWAP |↑↓⟩ = |↓↑⟩ , (309)

SWAP |↓↑⟩ = |↑↓⟩ , SWAP |↓↓⟩ = |↓↓⟩ , (310)

SWAP


α

β

γ

δ

 =


α

γ

β

δ

 . (311)

• Representation in terms of CNOT (Fig. 25):

CNOT gate with spin B as the control qubit is,

1⊗ P↑ + σx ⊗ P↓ =


1 0 0 0

0 0 0 1

0 0 1 0

0 1 0 0

 , (312)

and therefore,
1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0



1 0 0 0

0 0 0 1

0 0 1 0

0 1 0 0



1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

 =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0



1 0 0 0

0 0 1 0

0 0 0 1

0 1 0 0



=


1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

 = SWAP. (313)

Any two-qubit gate can be constructed from arbitrary single-qubit gates and CNOT gates

• Change of entanglement:
CNOT |↑↑⟩ = |↑↑⟩ , entanglement remains zero,

CNOT |+ ↑⟩ = |Φ+⟩ , entanglement changes from zero to maximal,

CNOT |Φ+⟩ = |+ ↑⟩ , entanglement changes from maximal to zero.

(314)

Quantum gates can either increase or decrease entanglement.

The change depends on the input state.
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CNOT SWAP

=

Figure 25: Quantum circuit representation of two-qubit gates. Left: controlled-NOT (CNOT)

gate. Right: SWAP gate.

12.4 Entanglement power

• Entanglement power (EP): ability of an operator U to generate entanglement [61]

E(U) = E
(
U |product state⟩

)
. (315)

Average over initial product states

• Initial product state:

E
(
|product state⟩

)
= 0, (316)

⇒ E
(
U |product state⟩

)
= the entanglement generated by U. (317)

• Average is taken over all possible initial product states

← state independent definition of EP

• Representation of product states on the Bloch sphere [62]:

|θA, ϕA⟩ ⊗ |θB, ϕB⟩ =

(
cos θA

2

sin θA
2
eiϕA

)
⊗

(
cos θB

2

sin θB
2
eiϕB

)

=


cos θA

2
cos θB

2

cos θA
2
sin θB

2
eiϕB

sin θA
2
cos θB

2
eiϕA

sin θA
2
sin θB

2
ei(ϕA+ϕB)

 . (318)

The directions of spins A and B are specified by (θA, ϕA) and (θB, ϕB), respectively.

• The angles (θ, ϕ) cover the entire solid angle:∫
dΩ =

∫ π

0

sin θ dθ

∫ 2π

0

dϕ =

∫ 1

−1

d(cos θ)

∫ 2π

0

dϕ = 4π. (319)

• Explicit expression for the EP:

E(U) =

∫
dΩA

4π

∫
dΩB

4π
E
(
U |θA, ϕA⟩ ⊗ |θB, ϕB⟩

)
= 1−

∫
dΩA

4π

∫
dΩB

4π
TrA

[
ρ2A
]
, (320)
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where

ρA = TrB
[
U
(
|θA, ϕA⟩ ⊗ |θB, ϕB⟩

)(
⟨θA, ϕA| ⊗ ⟨θB, ϕB|

)
U †] . (321)

For a given U , EP is calculated by this equation.

• If U is the S matrix, the EP depends on the scattering phase shift δ (§13.3).

• Any nonlocal two-spin operator U can be characterized by three parameters βa:

U = exp

{
i
∑
a

βaσa ⊗ σa

}
(a = 1, 2, 3). (322)

← Cartan decomposition of SU(4)/(SU(2)× SU(2)) [62]

• EP of U can be given by βa as,

E(U) =
1

6
− 1

18

∑
a<b

cos(4βa) cos(4βb). (323)
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13 Nuclear force and entanglement suppression

13.1 Two-nucleon wave function

• Nucleon follows SU(2)S × SU(2)I symmetry

– Spin SU(2)S ← Lorentz (Poincaré) symmetry of QCD

– Isospin SU(2)I ← Isospin symmetry of QCD (interchange of the u and d quarks)

• One-nucleon state:

|N⟩ = ψ(r)⊗ |spin⟩ ⊗ |isospin⟩ . (324)

ψ(r) : Spatial wave function

|spin⟩ : Spin wave function (spin-1/2), {|↑⟩ , |↓⟩}

|isospin⟩ : Isospin wave function (isospin-1/2), {|p⟩ , |n⟩}

• Two-nucleon system:

Spatial part : ψ(rA)ψ(rB) = Ψ(R)ϕ(r), R =
rA + rB

2
, r = rA − rB, (325)

Spin and isospin :
1

2
⊗ 1

2
= 0⊕ 1. (326)

• Two-nucleon state (center-of-mass frame):

|NN⟩ = ϕℓ(r)⊗ |Spin⟩ ⊗ |Isospin⟩ . (327)

ϕℓ(r) : Spatial wave function (relative coordinate r, orbital angular momentum ℓ)

|Spin⟩ : Spin wave function: |S, Sz⟩ = |0, 0⟩ , |1,+1⟩ , |1, 0⟩ , |1,−1⟩

|Isospin⟩ : Isospin wave function: |I, Iz⟩ = |0, 0⟩ , |1,+1⟩ , |1, 0⟩ , |1,−1⟩

• In the computational basis and the Bell basis:

|0, 0⟩ = |↑↓⟩ − |↓↑⟩√
2

= |Ψ−⟩ , |1, 0⟩ = |↑↓⟩+ |↓↑⟩√
2

= |Ψ+⟩ , (328)

|1,+1⟩ = |↑↑⟩ = |Φ
+⟩+ |Φ−⟩√

2
, |1,−1⟩ = |↓↓⟩ = |Φ

+⟩ − |Φ−⟩√
2

. (329)

13.2 Symmetries of the nuclear force

• Spatial exchange operator Pr: Exchange of the two nucleons (rA ↔ rB), namely, r → −r.
Using the property of the spherical harmonics,

Prϕℓ(r) = ϕℓ(−r) = (−1)ℓϕℓ(r). (330)

ϕℓ(r) is symmetric (eigenvalue +1) for even ℓ, antisymmetric (eigenvalue −1) for odd ℓ.
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Table 3: Spin and isospin of the s-wave two-nucleon states.

Orbital angular momentum Spin Isospin

ℓ = 0 (symmetric)
S = 0 (antisymmetric) I = 1 (symmetric)

S = 1 (symmetric) I = 0 (antisymmetric)

• Eigenvalues of σA · σB

σA · σB |0, 0⟩ = −3 |0, 0⟩ , σA · σB |1, Sz⟩ = +1 |1, Sz⟩ . (331)

• Spin exchange operator (SWAP gate in Eq. (308)):

Pσ =
1 + σA · σB

2
, (332)

Pσ |0, 0⟩ = − |0, 0⟩ , Pσ |1, Sz⟩ = + |1, Sz⟩ . (333)

This operator exchanges the spins of nucleons A and B.

S = 0 is antisymmetric, S = 1 is symmetric under the exchange.

• Isospin exchange operator:

Pτ =
1 + τA · τB

2
, (334)

Pτ |0, 0⟩ = − |0, 0⟩ , Pτ |1, Iz⟩ = + |1, Iz⟩ . (335)

I = 0 is antisymmetric, I = 1 is symmetric under the exchange.

• Fermi statistics: |NN⟩ must be antisymmetric under

PrPσPτ |NN⟩ = − |NN⟩ . (336)

Allowed states for low-energy (Table 3): I is uniquely determined for a fixed S

• Low-energy s-wave scattering is described by only two channels:

– Spin S = 0, isospin I = 1: 1S0

– Spin S = 1, isospin I = 0: 3S1

Note: under the SU(2)S × SU(2)I symmetry, 1S0 and 3S1 are independent.

• Scattering lengths of the physical nuclear force [44]:

a(S = 0) ≡ a0 ≈ −23.76 fm, a(S = 1) ≡ a1 ≈ 5.42 fm. (337)
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• Typical length scale of the nuclear force:

Rtyp ∼
1

mπ

≈ 1.43 fm. (338)

Range of the one-pion-exchange force, the longest-range interaction between hadrons.

• Scattering lengths ≫ Rtyp

⇒ close to the unitary limit, nonrelativistic conformal symmetry [10]:

|a0| ≫
1

mπ

, |a1| ≫
1

mπ

. (339)

• Both the S = 0 and S = 1 channels are close to the unitary limit:

1

|a0|
∼ 1

|a1|
≪ mπ. (340)

Similarity between S = 0 and S = 1 ⇒ spin-flavor SU(4) symmetry [8, 9].

• One-nucleon states form the fundamental representation of SU(4):

{|p ↑⟩ , |p ↓⟩ , |n ↑⟩ , |n ↓⟩}. (341)

The irreducible decomposition of the two-nucleon states is:

4⊗ 4 = 6⊕ 10. (342)

1S0 (3 isospin states) and 3S1 (3 spin states) together form 6.

• Emergent symmetries cannot be derived directly from QCD.

13.3 Entanglement suppression in the two-nucleon system

• Projection operators onto states with total spin S:

J0 =
1− σA · σB

4
, J1 =

3 + σA · σB

4
. (343)

• pn scattering (isospin is automatically determined from Table 3)

S = e2iδ0J0 + e2iδ1J1 ∝
3 + e−2i(δ1−δ0)

4
+

1− e−2i(δ1−δ0)

4
σA · σB. (344)

δS: phase shift with total spin S.
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• Entanglement power (EP) of a general nonlocal operator U :

E(U) =
1

6
− 1

18

∑
a<b

cos(4βa) cos(4βb). (345)

For β1 = β2 = β3 = β,

E(U) =
1

6
sin2(4β), U ∝ 3 + e−4iβ

4
+

1− e−4iβ

4
σA · σB. (346)

Comparing Eq. (344) with Eq. (346), we obtain 2β = δ1 − δ0.

• EP of pn scattering [11, 62]:

E(S) =
1

6
sin2[2(δ1 − δ0)] ≥ 0. (347)

• The minimum value E(S) = 0 is obtained when sin[2(δ1 − δ0)] = 0:

– Solution 1: |δ1 − δ0| = 0

– Solution 2: |δ1 − δ0| = π/2

• Solution 1: S = 0 and S = 1 have the same phase shift

⇒ spin-flavor SU(4) symmetry.

• If Solution 2 is realized in the low-energy limit (p→ 0):

− 1

a0
= lim

p→0
[p cot δ0], − 1

a1
= lim

p→0
[p cot δ1]. (348)

Using δ1 = δ0 + π/2 and multiplying the two equations,

1

a0

1

a1
= lim

p→0

[
p cot δ0 · p cot(δ0 + π/2)

]
= lim

p→0

[
p2 cot δ0(− tan δ0)

]
= 0. (349)

Either 1/a0 or 1/a1 must vanish, namely, the scattering length diverges.

⇒ nonrelativistic conformal symmetry.

13.4 Interpretation in terms of quantum gates

• Interpretation of the solutions [62]

• Solution 1: setting δ1 = δ0,

S = e2iδ0J0 + e2iδ0J1 = e2iδ0(J0 + J1). (350)

Proportional to the sum of the projection operators
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• Solution 2: setting δ1 = δ0 + π/2,

S = e2iδ0J0 + e2i(δ0+π/2)J1 = e2iδ0J0 + e2iδ0eiπJ1 = −e2iδ0(J1 − J0). (351)

Proportional to the difference of the projection operators.

• Using the projection operators in Eq. (343),

J0 + J1 =
1− σA · σB

4
+

3 + σA · σB

4
= 1, (352)

J1 − J0 =
3 + σA · σB

4
− 1− σA · σB

4
=

1 + σA · σB

2
= SWAP. (353)

Solution 1: S matrix acts as the identity gate (identity operator).

Solution 2: S matrix acts as the SWAP gate (spin exchange operator).

• Identity and SWAP map a product state to another product state:

1 |ψA⟩ ⊗ |ψB⟩ = |ψA⟩ ⊗ |ψB⟩ , (354)

SWAP |ψA⟩ ⊗ |ψB⟩ = |ψB⟩ ⊗ |ψA⟩ . (355)

The output state remains a product state (EE is zero) → EP vanishes

• Only the identity and the SWAP gate give E(S) = 0.

Indeed, the only solutions of Eq. (345) with vanishing EP are [62],
β1 = β2 = β3 = 0 ⇒ U = 1,

β1 = β2 = β3 =
π

4
⇒ U = eiπ/4 × SWAP.

(356)

64



14 Extension to general spin and flavor

14.1 Spin and flavor of baryons

• Single-quark state

|q⟩ = ψ(r)⊗ |color⟩ ⊗ |spin⟩ ⊗ |flavor⟩ . (357)

ψ(r) : Spatial wave function

|color⟩ : Color wave function: 3 of SU(3), {|r⟩ , |g⟩ , |b⟩}

|spin⟩ : Spin wave function: spin-1/2 of SU(2), {|↑⟩ , |↓⟩}

• Flavor wave function |flavor⟩:

{|u⟩ , |d⟩} : Flavor (isospin) SU(2)

{|u⟩ , |d⟩ , |s⟩} : Flavor SU(3)

• Flavor symmetry is an approximate symmetry (p ∼ uud, n ∼ udd, Λ ∼ uds)

mp = 938 MeV, mn = 940 MeV, mΛ = 1116 MeV. (358)

SU(2): valid at the level of a few percent;

SU(3): valid at roughly the 20% level.

• Wave function of a baryon (three-quark state)

|qqq⟩ = ϕℓ(ρ,λ)⊗ |Color⟩ ⊗ |Spin⟩ ⊗ |Flavor⟩ . (359)

Completely antisymmetric under the exchange of any two quarks.

– ϕℓ(ρ,λ): Jacobi coordinates {ρ,λ} and total orbital angular momentum ℓ

– Color wave function |Color⟩:

3⊗ 3⊗ 3 = 1⊕ 8⊕ 8⊕ 10. (360)

The completely antisymmetric 1 (color confinement):

|Color⟩ = |rgb⟩+ |brg⟩+ |gbr⟩ − |grb⟩ − |bgr⟩ − |rbg⟩√
6

. (361)

– Spin wave function |Spin⟩:
1

2
⊗ 1

2
⊗ 1

2
=

1

2
⊕ 1

2
⊕ 3

2
. (362)

– Flavor wave function |Flavor⟩: the same decomposition as Eq. (360)

For the ground state (ℓ = 0), |qqq⟩ is completely antisymmetric if (Fig. 26):

|Spin⟩ ⊗ |Flavor⟩ =

|S = 1/2⟩ ⊗ |8⟩ Spin-1/2 baryon octet

|S = 3/2⟩ ⊗ |10⟩ Spin-3/2 baryon decuplet
. (363)
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Figure 26: Weight diagrams of the ground-state octet (left) and decuplet (right) baryohns.

14.2 Scattering of octet baryons

• Spin and flavor of the two-octet-baryon system

1

2
⊗ 1

2
= 0︸︷︷︸

A

⊕ 1︸︷︷︸
S

, (364)

8⊗ 8 = 1⊕ 8S ⊕ 27︸ ︷︷ ︸
S

⊕8A ⊕ 10⊕ 10︸ ︷︷ ︸
A

. (365)

For the s wave: spin-A ⊗ flavor-S or spin-S ⊗ flavor-A

• S matrix: six independent scattering channels

S = J0(F1e
2iδ0,1 + F8S

e2iδ0,8S + F27e
2iδ0,27)

+ J1(F8A
e2iδ1,8A + F10e

2iδ1,10 + F10e
2iδ1,10). (366)

JS: projector onto the spin-S state in Eq. (343), FR: flavor projector onto R.

• Charge Q and strangeness S conservations: independent scattering in each (Q,S) sector

Example: (Q,S) = (+1, 0): nuclear force (pn scattering), δ0,27 (1S0) and δ1,10 (3S1)

• Sector with the largest number of coupled channels: (Q,S) = (0,−2)

Σ+Σ−, Σ0Σ0, ΛΣ0, Ξ−p, Ξ0n, ΛΛ. (367)

Consequences of entanglement suppression [63]:

S ∝ 1 : Spin-flavor SU(16) symmetry, (368)

S ∝ SWAP : Flavor SU(8) and NR conformal symmetries. (369)

Enlarged flavor space → enlarged symmetry

Symmetries of other sectors (e.g. nuclear force) are contained as subgroup symmetries:

SU(16) ⊃ SU(4). (370)
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• Spin-flavor SU(16): symmetry of baryons (16 = 8 × 2)

{|p ↑⟩ , |p ↓⟩ , |n ↑⟩ , |n ↓⟩ , |Λ ↑⟩ , |Λ ↓⟩ , · · · }. (371)

c.f.) In the large-Nc limit, spin-flavor SU(6): symmetry of quarks (6 = 3 × 2):

{|u ↑⟩ , |u ↓⟩ , |d ↑⟩ , |d ↓⟩ , |s ↑⟩ , |s ↓⟩}. (372)

⇒ Entanglement suppression imposes a stronger constraint than the large-Nc limit [11].

Lattice QCD indicates evidence for approximate SU(16) symmetry [64].

• In the two-flavor case, both quarks {u, d} and baryons {p, n} belong to spin-1/2.

⇒ The spin-flavor symmetry is SU(4) for both quarks and baryons.

14.3 Spin-3/2 states

• Spin-3/2 state (4-dimensional qudit): a complex four-component vector

|ψ4⟩ =


a

b

c

d

 , a, b, c, d ∈ C. (373)

Without any constraints, there are eight degrees of freedom (H = C4).

Normalization and phase d.o.f. → |ψ4⟩ is described by six degrees of freedom.

• Fubini–Study measure on the projective space C4/∼= CP3:

|ψ4⟩ =


cos θ1 sin θ2 sin θ3

sin θ1 sin θ2 sin θ3e
iν1

cos θ2 sin θ3e
iν2

cos θ3e
iν3

 , (374)

dω4 =
3!

π3

3∏
i=1

dθidνi cos θi sin
2i−1 θi,

∫
dω4 = 1. (375)

Six degrees of freedom are θi, νi (i = 1, 2, 3).
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• Spin operators s: 4× 4 complex matrices

sx =


0

√
3/2 0 0

√
3/2 0 1 0

0 1 0
√
3/2

0 0
√
3/2 0

 , sy =


0 −i

√
3/2 0 0

i
√
3/2 0 −i 0

0 i 0 −i
√
3/2

0 0 i
√
3/2 0

 ,

(376)

sz =


3/2 0 0 0

0 1/2 0 0

0 0 −1/2 0

0 0 0 −3/2

 . (377)

• Eigenstates of sz

|⇑⟩ =


1

0

0

0

 , |↑⟩ =


0

1

0

0

 , |↓⟩ =


0

0

1

0

 , |⇓⟩ =


0

0

0

1

 , (378)

sz |⇑⟩ =
3

2
|⇑⟩ , sz |↑⟩ =

1

2
|↑⟩ , sz |↓⟩ = −

1

2
|↓⟩ , sz |⇓⟩ = −

3

2
|⇓⟩ . (379)

14.4 Scattering of decuplet baryons

• Spin and flavor of the two-decuplet-baryon system

3

2
⊗ 3

2
= 0⊕ 2︸ ︷︷ ︸

A

⊕ 1⊕ 3︸ ︷︷ ︸
S

, (380)

10⊗ 10 = 27⊕ 28︸ ︷︷ ︸
S

⊕10⊕ 35︸ ︷︷ ︸
A

. (381)

For the s wave: spin-A ⊗ flavor-S or spin-S ⊗ flavor-A

• S matrix: eight independent scattering channels

S = J0(F27e
2iδ0,27 + F28e

2iδ0,28) + J1(F10e
2iδ1,10 + F35e

2iδ1,35)

+ J2(F27e
2iδ2,27 + F28e

2iδ2,28) + J3(F10e
2iδ3,10 + F35e

2iδ3,35). (382)

• Projection operators for spin-3/2: linear combinations of the quadratic Casimir operator

J0 =
33

128
+

31

96
(sA ·sB)−

5

72
(sA ·sB)2 −

1

18
(sA ·sB)3 , · · · (383)
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• (Q,S) conservation: the largest number of coupled channels in (Q,S) = (0,−2)

∆+Ξ∗−, ∆0Ξ∗0, Σ∗0Σ∗0, Σ∗+Σ∗−. (384)

Consequences of entanglement suppression [65]:

S ∝ 1 : Spin-flavor SU(40) symmetry, (385)

S ∝ SWAP : Spin SU(4), flavor SU(10), and NR conformal symmetry.

(386)

• Phenomenological application: ΩΩ scattering in the (Q,S) = (−2,−6) sector
Identical particles with no flavor d.o.f.: only antisymmetric S = 0 and S = 2 states

• Lattice QCD indicates that the S = 0 channel is close to the unitary limit [66].

• Entanglement suppression in ΩΩ scattering [65] (with proper normalization):

S ∝ 1A : Spin SU(4) symmetry, (387)

S ∝ SWAPA : NR conformal symmetry. (388)

⇒ Spin-2 channel is either at the unitary limit (S ∝ 1A) or weakly interacting (S ∝ SWAPA).
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Number: Name:

Exercise 1 (deadline: April 28, 2026)

1) Consider one-dimensional quantum mechanics defined on x ∈ [0, L]. For E > 0, find the

eigenfunctions ϕn(x) that satisfy the free Schrödinger equation with boundary conditions ϕ(0) =

ϕ(L) = 0, and express them using an integer n:

− 1

2µ

d2

dx2
ϕ(x) = Eϕ(x).

2) For the eigenfunctions {ϕn}, show that the momentum operator p = −i d/dx is Hermitian,

namely,∫ L

0

ϕ∗
n(x)pϕm(x)dx =

∫ L

0

[pϕn(x)]
∗ϕm(x)dx.

3) For the eigenfunctions {ϕn}, examine whether the operator p3 is Hermitian (pay attention to

boundary terms).



Number: Name:

Exercise 2 (deadline: May 12, 2026)

1) Derive the partial wave cross section σl(E) in Eq. (41) by expressing the scattering amplitude

fℓ(E) in terms of the phase shift δℓ(E).

2) Prove the following optical theorem:

Im f(E, θ = 0) =
p

4π
σ(E).



Number: Name:

Exercise 3 (deadline: May 26, 10:30 am, 2026)

1) Consider a perturbative solution of the pole condition (101). Let E(n) denote the nth-order

contribution in V̂t (or equivalently in F (q)) to the eigenenergy E, and expand the eigenenergy as

E = E(0) + E(2) + E(4) + · · · .

From Eq. (102), we have

E(0) = ϵ0.

Because V̂t is off-diagonal, there are no odd-order contributions to the energy E. Substituting this

expansion into the self-energy Σ(E), show that E(2) = Σ(ϵ0).

2) For F (q) = F (q2) (i.e., spherically symmetric, depending only on q2) and ϵ0 > 0, evaluate

the imaginary part of E in the perturbative approximation E = ϵ0 + Σ(ϵ0). Assume that F (q2)

vanishes sufficiently rapidly as |q2| → ∞.



Number: Name:

Exercise 4 (no submission required)

1) Derive the expression for the scattering amiplitude in Eq. (117) from the Lippmann-Schwinger

equation (116).



Number: Name:

Exercise 5 (deadline: June 23, 10:30 am, 2026)

1) Show the action of the Hadamard gate in Eq. (178).

2) Verify |↑⟩ ⟨+|+ |↓⟩ ⟨−| = H using the matrix representation.

3) Express H |+i⟩ in terms of |−i⟩.



Number: Name:

Exercise 6 (deadline: June 30, 10:30 am, 2026)

1) Derive the expression for the reduced density matrix in Eq. (223).

2) Derive the expression for the concurrence in Eq. (230). Here, |Ψ∗⟩ = K |Ψ⟩ denotes the column

vector whose components are the complex conjugates of those of |Ψ⟩.
3) Derive the expression for the von Neumann entropy in Eq. (231).

4) Derive the expressions for the linear entropy in Eq. (232).



Number: Name:

Exercise 7 (no submission required)

1) Show that the equalities in the purity inequality (249) are satisfied for the probability distri-

butions given in Eq. (250).

2) Show that the Bell state in the y basis,

|+i+ i⟩+ |−i− i⟩√
2

=
|+i⟩ ⊗ |+i⟩+ |−i⟩ ⊗ |−i⟩√

2

is identical to |Φ−⟩.



Number: Name:

Exercise 8 (no submission required)

1) We would like to reproduce the quantum-mechanical result in Eq. (281) using a hidden variable

theory. Assume that the hidden variable is discrete, i = 1, 2, 3, 4, and define the probability

distribution and the expectation value by

pi = ρ(i),
4∑

i=1

pi = 1, C(n,m)HV = −
4∑

i=1

piN(n, i)N(m, i),

where the relation in Eq. (286) has been used. For each value of i, let

N(n, 1) = +1, N(m, 1) = +1, N(n, 2) = +1, N(m, 2) = −1,

N(n, 3) = −1, N(m, 3) = +1, N(n, 4) = −1, N(m, 4) = −1.

This assignment satisfies the marginal distribution condition (277). Give one example of {pi} that
reproduces Eq. (281).

2) Consider a continuous hidden variable λ ∈ [0, 1] with a uniform distribution, ρ(λ) = 1. Choose

N(n, λ) =

+1, 0 ≤ λ < 1
2
,

−1, 1
2
≤ λ ≤ 1.

This choice satisfies the marginal distribution condition (277). Give one example of N(m, λ) that

reproduces

C(n,m)HV = −
∫
dλ ρ(λ)N(n, λ)N(m, λ) = − cos θ.



Number: Name:

Exercise 9 (deadline: July 21, 10:30 am, 2026)

1) Express σA · σB in terms of Kronecker products and derive the matrix representation in

Eq. (308).

2) Using the matrix representation of σA · σB, show that

σA · σB |Ψ−⟩ = −3 |Ψ−⟩ , σA · σB |Ψ+⟩ = +1 |Ψ+⟩ .

3) Derive the actions of CNOT in Eq. (314).



Number: Name:

Exercise 10 (no submission required)

1) Derive the expression for the S-matrix in Eq. (344).

2) Derive the expressions for E(U) and U in Eq. (346) with β1 = β2 = β3 = β.



Number: Name:

Exercise 11 (no submission required)

1) Derive the expressions for sx and sy for a spin-3/2 particle given in Eq. (376). Recall the

properties of the ladder operators

s± = sx ± isy, s± |s,m⟩ =
√
s(s+ 1)−m(m± 1) |s,m± 1⟩ ,

with

|⇑⟩ = |3/2, 3/2⟩ , |↑⟩ = |3/2, 1/2⟩ , |↓⟩ = |3/2,−1/2⟩ , |⇓⟩ = |3/2,−3/2⟩ .

2) Derive the projection operator J0 in Eq. (383) using the following procedure. The operator

X = sA · sB

for two spin-3/2 particles has the eigenvalues

xS =
1

2

[
S(S + 1)− 15

2

]
,

for the total-spin states with S = 0, 1, 2, 3. Since X has four distinct eigenvalues, it satisfies the

minimal polynomial

(X − x0)(X − x1)(X − x2)(X − x3) = 0.

Hence every power Xn with n ≥ 4 can be reduced to a linear combination of 1, X,X2, and X3.

Therefore, each projection operator can be written as a cubic polynomial in X:

J0 = a+ bX + cX2 + dX3,

Determine the coefficients a, b, c, and d.


	Introduction: hadrons, resonances, and entanglement
	Hadrons and QCD
	Exotic hadrons and resonances
	Hadron scattering and quantum entanglement
	References

	Resonances in quantum mechanics
	Overview of resonance states
	Resonances as eigenstates of Hamiltonian
	Square-well potential
	Discrete eigenstates
	Summary of §2

	Scattering theory primer
	Preliminaries
	Scattering amplitude
	Unitarity and scattering cross section
	Jost functions

	Resonances in scattering theory
	Resonances as poles of scattering amplitude
	Eigenenergies and Riemann sheets
	Classification of eigenstates
	Resonances and observables
	Effective range expansion
	Summary of §3 and §4

	Theory of Feshbach resonances
	Introduction
	Two-channel Hamiltonian
	Single-resonance approximation
	Scattering amplitude and resonance
	Summary of §5

	Nonrelativistic effective field theory
	Effective field theories
	Zero-range model
	Feynman rules
	Two-boson scattering
	Summary of §6

	Compositeness and weak-binding relation
	Introduction
	Weak-binding relation
	Compositeness in effective field theory
	Weak-binding relation in effective field theory
	Generalization to unstable states

	Spin-1/2 states
	State representation
	State transformations (quantum gates)
	Projective measurement
	Density matrix

	Two-spin system and entanglement entropy
	Representation of two-spin states
	Complete orthonormal systems
	Entropy of quantum systems
	Measures of quantum correlations

	Classical and quantum correlations
	Pure and mixed states
	Correlations between two spins
	Entanglement and reduced density matrices

	Bell's inequality
	EPR pair and spin correlation
	Hidden variable theory
	CHSH inequality
	Experimental tests

	Entanglement power of the S matrix
	S matrix and s-wave scattering
	Scattering length and symmetry
	Quantum gates in two-spin system
	Entanglement power

	Nuclear force and entanglement suppression
	Two-nucleon wave function
	Symmetries of the nuclear force
	Entanglement suppression in the two-nucleon system
	Interpretation in terms of quantum gates

	Extension to general spin and flavor
	Spin and flavor of baryons
	Scattering of octet baryons
	Spin-3/2 states
	Scattering of decuplet baryons


