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Abstract

Lecture notes of Introduction to Theoretical Nuclear Physics for the 2026 academic year.
Some parts have been updated from the original version used in class, so equation numbers
and other references may differ.
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1.1

1.2

Introduction: hadrons, resonances, and entanglement

Hadrons and QCD

Hadrons: particles that interact via the strong interaction

Fundamental theory of the strong interaction: QCD

1 .
Lacp = =G, G +q(ip — mq)q. (1)

SU(3) color gauge theory of quarks and gluons
Observed hadrons (]

— qqq baryons (p,n, A, ---): about 170 states

— @ mesons (m, K,n,--+): about 210 states

Quarks have three colors: 7, g, b.
All observed hadrons are color singlets (color-neutral states).
No explicit constraint in QCD forbids colored states.

— Problem of color confinement

Quarks have six flavors: u,d, s, ¢, b, t.
Flavor quantum numbers of conventional hadrons are described by qqq or ¢q.
No explicit constraint in QCD forbids multiquark configurations such as qgqqq, gqqqq, - - -.

— Problem of exotic hadrons

Exotic hadrons and resonances

Recent observations of exotic hadron candidates [2, B]
Only ~ 10 candidates out of ~ 380 hadrons

Pentaquark candidates P.(4312), P.(4440), P.(4457) [4, 6] (Fig. [, left)
P. — J/y(ec) + p(uud). (2)

Minimal quark content®: ccuud

e Tetraquark candidate T,. [B, 7] (Fig. O, right)

T.. — D°(uc)D**(dc) — D°D ™. (3)

Minimal quark content: cctid

'In principle, P, could be described by uud, but it is highly unnatural to explain their masses without a éc pair.
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Figure 1: Examples of exotic hadron candidates. Left: spectrum of the pentaquark candidates P,
adapted from R. Aaij et al. (LHCD collaboration), Phys. Rev. Lett. 122, 222001 (2019). Right:
spectrum of the tetraquark candidate T,., adapted from R. Aaij et al. (LHCb collaboration),
Nature Phys. 18, 751 (2022).

Figure 2: Schematic illustration of a multiquark state (left) and a hadronic molecule (right).

e Exotic hadrons are observed in the spectra of decay products,
Pe— J/Y +p, (4)

T, — D"+ D° + 7t (5)

Unstable states — treated as resonances in hadron scattering

In fact, only ~ 20 out of ~ 380 hadrons are stable.

e Various possible internal structures
— Multiquarks: compact color-singlet states
ccud for T,. (Fig. B, left)

— Hadronic molecules: weakly bound states of hadrons
DD** for T,. (Fig. B, right)



1.3

States with the same quantum numbers can mix with each other:
IT..) = ¢ |ccud) + co | D°D*T) + - -

How can we determine the weights ¢;?
Is such a decomposition well-defined?

What is a resonance “state” |T,.)?

Plan of the first half of this lecture

21 April): Resonances <> eigenstates with complex energies
28 April): Definition of the scattering amplitude

12 May): Resonances <« poles of the scattering amplitude

52 (
§8 (
§a (
— 88 (19 May): Feshbach resonances (bound states embedded in the continuum)
§B8 (26 May): Nonrelativistic effective field theory

80 (

9 June): Compositeness and weak-binding relation

Hadron scattering and quantum entanglement

Study of hadron scattering

— Important for extracting resonance information

— Provides basic information on hadronic molecules
Prototype of hadron scattering: nuclear force (nucleon—nucleon scattering)
Nucleons have internal degrees of freedom: spin and isospin

~ Spin S =1/2: [1), |4

— Isospin I =1/2: |p), |n)

Two-nucleon states: combinations of spin and isospin

Many possible scattering channels: [ptp 1), [pTnd), -

Symmetry in QCD: SU(2)4 x SU(2),
The interaction is invariant under independent rotations of spin and isospin.
Some processes are forbidden, and different processes are related to each other.

— Scattering can be described with a small number of independent components.

Low-energy s-wave scattering can be described by only two channels.



- ISO(S:O,Izl)
— 35 (S=1,1=0)

These channels are independent of each other.

e Empirical properties of nuclear forces

— Similar behavior in the S = 0 and S = 1 channels

Spin-flavor SU(4) symmetry [8, 0]

— Large scattering lengths (near the unitary limit)

Nonrelativistic conformal symmetry [I0]

— Suggestive of emergent symmetries beyond QCD

e Quantum entanglement in two-spin systems
— Product state: no correlation between spins
It =M.

— Entangled state (Bell state): correlated spins

[T -
R

Entanglement entropy (EE)

|5 =0) =

A quantitative measure of quantum correlation

Scattering as a quantum operation

The scattering matrix S acts on the initial state:
lout) = S |in) .

S can generate entanglement between nucleons.

Entanglement suppression [I1]
Condition: scattering does not generate entanglement.
— Constraints on scattering amplitudes

— Explanation of emergent symmetries in nuclear forces

Plan of the second half of this lecture

§8 (16 June): Spin-1/2 states



1.4

— §0 (23 June): Entanglement entropy
30 June): Classical and quantum correlations

7 July): Bell’s inequality

S0 (
§IC (
— 8§ (14 July): Entanglement power of the S matrix
§3 (21 July): Nuclear forces and entanglement suppression
3 (

28 July): Generalization to spin and flavor

References

e Resonances in quantum mechanics

Textbook : PIHEF-HA) (2], A. Bohm [I3], N. Moiseyev [I4]
Review article : Ashida-Gong-Ueda [I5]

Scattering theory
Textbook : J.R. Taylor [I6], R.G. Newton [I7], 7K{L- G 18]

Review article : Hyodo-Niiyama [I9]

Exotic hadrons and compositeness

Review article : T. Hyodo [20], Kinugawa-Hyodo [21]]
WIERE2EE | R [27]

BRI R [23)

Quantum information science
Textbook : A¥-/MII-AIH-AFf-HK [24], Nielsen-Chuang [75]

Review article : Robin-Savage [26]



2 Resonances in quantum mechanics

2.1 Overview of resonance states

e Resonance: a quantum-mechanically formed metastable “state” that decays over time

e Decay products are scattering states (continuum). — scattering theory

Example: T,. — D'D** < T,. is a resonance in the DYD** scattering.
e Inelastic scattering and channels
— Elastic scattering: initial state = final state (D°D** — D°D**+ ...

— Inelastic scattering: transitions to different final states (D°D*T — D**D*+ )

— Channels: multi-body states specified by their particle content (D°D** D*D*t ..)
e Various characterizations of resonances: how are they related?

— Peak in cross sections: Fig. B(a)

— 7/2 crossing of the phase shift §(F): Fig. B(b)

— Pole of the scattering amplitude in the complex energy plane: Fig. B(c)
— Eigenstate of the Hamiltonian with complex energy: Fig. B(d)

o(E
7 N

Hly) = Egly), EzeC

(a) (b) (© (d

Figure 3: Schematic characterization of resonances. (a) Peak in the total cross section o(E), (b)

7/2 crossing of the phase shift §(E), (c) pole of the scattering amplitude, (d) complex eigenenergy.

e Shape resonance (potential resonance): Fig. A(b)

— Single-channel scattering

Typical potential: short-range attraction plus a repulsive barrier
— Emergy £ >0

— Unstable due to tunneling



e Feshbach resonance: Fig. A(c)

— Coupled-channel scattering

P: entrance channel, (): closed channel
— Threshold of @ at E = A > 0, threshold of P at £ =0
— A bound state in channel @ at 0 < £ < A

Unstable via the () — P transition

(@) (b) (©)

Figure 4: Illustration of a bound state (a), shape resonance (b), and Feshbach resonance (c).

2.2 Resonances as eigenstates of Hamiltonian

e « decay of atomic nuclei: Gamow introduced a complex eigenenergy [27],

e Time evolution of the wave function (h = 1)
U(t) x exp{—iEt} = exp{—iMgt} exp{—Trt/2}. (11)
Probability decreases exponentially, |¥(¢)|* oc exp{—Tgt}.

e Inconsistent with “expectation value of Hamiltonian H (hermitian operator) is real”?

<+ Space on which the operator acts [domain D(H)] needs to be specified.
— Eigenvalues are real if D(H) is Hilbert space (square-integrable functions L?(R?))
/\‘Il(x)|2da: < . (12)
— Example of a non-square-integrable wave function: plane wave U (z) ~ e*%®

/_oo |\If($)|2da::/_oo 1 dx — oo. (13)

[e.e] e}

e Can we find an eigenstate with complex E7?

7



2.3 Square-well potential

e Schrodinger equation

1 d?
(‘ﬂw + vw) ug(r) = Buo(r), 0<r < oo. (14)
up(r) ~ radial wave function of spherical 3D potential with £ =0 : ;,,(r) = —W(T)Ye’"(ﬁ)
T

e Attractive square-well potential (V4 > 0)

Vo 0<r<b
Vr)= ) (15)
0 b<r

e General solutions (without boundary conditions)

e 0<r<b, k=+2u(E+V)

uo(r) o ‘ : (16)
e b <r, p=+2uF

e Scattering solutions (with boundary condition uy(r — 0) = 0)

C'sin(kr) 0<r<b
up(r) = : 4 ’ (17)
A (p)e " + At (p)e™ b<r

A*(p) = % sin(kb) F ZE cos(kb) | TP’ (18)
p

— Solutions exist for any £ > 0: continuous spectrum

— Scattering solutions are not normalizable (they do not vanish as r — 00).

— Overall normalization C' is arbitrary.
— A*(p) are determined by the continuity of ug and dug/dr at r = b.

— The waves e propagate in the 4 directions.

AT (A7) is the amplitude of the outgoing (incoming) wave.

2.4 Discrete eigenstates
e Discrete eigenstates: obtained by imposing boundary conditions both at » — 0 and r» — oo
e Bound state solution: eigenenrgy E < 0 <> purely imaginary eigenmomentum p = /2uF
p=1ik, Kk >0. (19)
Wave function at » — co behaves as
ug(r) = A™(ir)e™ + At (ik)e ™ (r — o0). (20)

8



Table 1: Numerical solutions for Eq. (E2) with V5 = 10p~ 1072

P [ E=r/Cn) b
Bound state B +3.68: | — 6.78

1st resonance R; | 1.06 — 1.02¢ 0.05 — 1.08:

2nd resonance Ry | 6.29 — 1.41¢ 18.8 — 8.86¢

3rd resonance Rz | 9.90 — 1.692 476 — 16.8

Boundary condition: square integrable ug(r) — eliminate the diverging component e™*"
A~ (ik) = 0. (21)
For p = ik, the incoming wave (e~%") vanishes, leaving only the outgoing wave (e*%").

A~ (p) = 0: Outgoing (Siegert) boundary condition

VD2 + 2uV
tan(/p? +2uVp b) = —iM. (22)

p

Substituting p = ik, the well-known bound-state condition k = —Fk cot(kb) is recovered.

Bound states: solution of Eq. (E2) with pure imaginary p
+» Physical scattering occurs for real and positive p.

= Bound state solution is obtained by analytic continuation of Eq. (E2).
Resonance states: solutions of Eq. (22) with complex p

Attractive square well potential has infinitely many resonance solutions [2R, [14].
Table @: numerical solutions of Eq. (22) with Vo = 10p~ 102
Poles of 1/A~(p) in complex p plane (Fig. B, left)

Imaginary part of eigenmomentum is negative,

p=pr—1r, Pr.pr>0. (23)

Behavior of wave function

uo(r) — AT (p)e?" o ePRT etPIT (24)

oscillation increasing

up(r) diverges with oscillation for » — oo and is not square integrable (Fig. B, right).
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Figure 5: Left: contour plot of 1/|A~(p)| of square well potential (IH) with Vy = 101072, Right:

real part of wave function of the third resonance Rj.

2.5 Summary of §2
e Discrete eigenstates <— outgoing boundary condition

e Resonances: eigenstates of the Hamiltonian with complex eigenenergy

Analogous to bound states (analytic continuation of eigenmomentum)

e Resonance wave functions diverge as r — oo (complex p).

10



3 Scattering theory primer

3.1 Preliminaries
e Simple setup

— Quantum scattering of distinguishable particles 1, 2 (mass mq, ms)
— Hamiltonian H = Hy + V' (H, : kinetic term, V' : potential)
— Nonrelativistic system in three spatial dimensions
— No internal degrees of freedom (spin, flavor, etc.)
— Elastic scattering (initial state = final state, no coupled channels)
— Rotational symmetry < spherical potential V(r) < [H,L] =0

— Short-range interaction [V (r) vanishes at r — oo sufficiently rapidly]
e Kinematics < relative momentum (Fig. B)

— Initial state: p [in CM frame, particle 1 (2) has momentum p (—p)]

— Final state: p

Elastic scattering — magnitude is unchanged: p = |p| = |p/|
e Two parameters which characterize the scattering process

— Scattering angle 6

p-p
cosf = PR (25)

— Scattering energy F (or momentum p)

2
p

E= 2
24 (26)

with the reduced mass g = myms/(my + my)

e Physical scattering occurs for E > 0, p > 02

e Wave function < time-independent Schrédinger equation for energy E (§2)

2For physical scattering, either E or p can be used. However, for analytic continuation to the complex plane,
the S matrix and the scattering amplitude introduced below should be regarded as meromorphic functions of p.

11



3.2

m

m o)

Figure 6: Schematic illustration of the kinematics of the scattering.

Initial state |p) and final state (p'|: eigenstates of Hy with the normalization

2

(P'lp) =6 —p), Holp) = g_u p) -

With the normalization 1 = [ dr |r) (r|, the wave function is (r|p) = eP"/(2m)3/2.

Angular momentum representation: initial |F, ¢, m), final (E', ¢, m/|

<E,7€,7m,|E7 év m> = 5(El - E)(Sf/ﬂsm’m-

Relation between two vectors:

/ _ L (p/)2 . m (A
W tom) =~ (G~ ) v ).

Scattering amplitude

Scattering operator: transition from initial state to final state

S=0'Q, = lim [efote"] lim [ete— M0,
t——+o0 t——o00

Q. : Mpgller operators

S-matrix element (also called S matrix): s,(F) € C
(E' 0',m!|S|E, 6,m) = §(E" — E)opi0pmsi(E).
Phase shift: 6,(F) € R
s¢(F) = exp{2id,(E)}.
T matrix: t(p' + p) € C

(P'| (S —1)|p) = —2mié(E" — E)t(p’ < p).

12
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e Scattering amplitude: f(E,6) € C (with the present convention)
f(E,0) = —(2n)°ut(p' + p)

(20+ 1) fo(E)Py(cosf) (partial wave decomposition).

NE

T
o

Relation to S matrix

fo(E) = %

® sy, 04, fo are functions of E for each /.

3.3 Unitarity and scattering cross section
e From definition (B0), S operator is unitary (when H is Hermitian),
STS =1.
Norm (probability) is conserved during time evolution
e From the completeness relation 1 = [dE Y-, |E,¢,m) (E,{,m| and definition (E1),
sy (B)se(E) = |se(B)* = 1.
This indicates that phase shift is real (when E > 0),

exp{2i(0,(F) —0;(E)} =1 = Imd(E)=0.
e Scattering cross section
o(B) = [ a0lf(E.0)F = Y an2e+ DIFAB)
¢

Substituting Eq. (B3),

o(E) =) _ou(E),

2m(20+ 1)

E sin? 6,(E).

0'@(E)

e Unitarity bound: Since sin? §,(E) < 1, cross section has an upper bound (Fig. @),

_ 22+

O'g(E) < ,uE

The equality holds when sin §, = £1, namely, J, = g (modulo 7).

e For £ — 0, the upper bound of o,(E) diverges (unitarity limit).

13
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Figure 7: Schematic figure of cross section. Dashed line shows the unitarity bound 27 (2¢+1)/(uFE).

3.4 Jost functions
e Riccati functions
— 3D wave function ¢y, (r) with V =0 (p = /2uE):
Yem(r) = [Aje(pr) + Bny(pr)]Y;"(#) = [Chy (pr) + Db (pr)]Y;" (7). (43)

je(2) [ne(2)]: spherical Bessel (Neumann) function, hi(2): spherical Hankel functions®

— Riccati-Bessel/Neumann function: useful to expand radial wave function wu,(r) o< 79, (7)
Je(2) = 2julz),  e(z) = zne(2). (44)
— Riccati-Hankel functions
hE(z) = zhif(z) — exp{%i(z — (n/2)} (2 = o). (45)
Thus, hy (pr) ~ et [h; (pr) ~ e ] is outgoing (incoming) wave.

e Regular solution ¢y, (r): uy(r) with eigenmomentum p normalized as

Gep(r)
3@(177” )

—1 (r—0). (46)
Together with ¢y ,(r) — 0 at r = 0, this fixes the normalization (derivative).
e Asymptotic form of ¢ ,(r) at r — co: superposition of Riccati functions because of V' =0

bealr) = 5 [0 (o) = o B )] (= ), (47)

Since the radial Schrodinger equation does not contain ¢ and the slope at the origin is real,

dup(r) is real. = D = C* ([h*(2)]* = h¥(2)) for ¢y,(r) = Chy (pr) + Dhf (pr)

3The definition of the Neumann function often includes a minus sign, e.g., ng(z) = —cosz/z. In scattering
theory, however, the convention ng(z) = + cos z/z is frequently used [IH].

14



e Jost function /(p): coefficient of incoming wave <+ Eq. (E3)
2 [ o
Adp) =15 | drhy (pr)V(r)dey(r).
0

e Outgoing boundary condition = zero of Jost function /,(p)
e Jost function is an analytic function of p (~ having no singularity)®.

e Expansion of /;(p) for small p: shown by integral representation (E8)

Sp)=1+ icw + Bep® + O(p4)l+i [yep® T + (’)(p%JF?’)l7 o, Be, Yo, -+ € R.

Vv Vv
even powers of p odd powers of p

e Complex conjugate of Jost function < Eq. (£9)

= For physical scattering (p > 0),
b1s(r) = 5 |/, hE (1) =/ (=p)hE ()| (r = 0).

o s-wave case (£ = 0) : jo(pr) = sin(pr), hi(pr) = e*er
e Solution ([7) of square-well potential in §Z3

ug(r) — C'sin(kr) = Ckr + O(r).

e Normalization of Eq. (B8) : from jo(pr) = pr + O(r®)

G1plr) = uo(r)|

C=

=

e Jost function of square-well potential

LANp) = A7)
/gen(p) = [cos(kb) - z% sin(kb)] e

Bl

This expression follows the expansion (B9) for small p = A*(p) = —%,/;(—p) with C' =

4Strictly speaking, region of analyticity in complex p plane is determined by the behavior of V() with Eq.

15
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4.1

4.2

Resonances in scattering theory

Resonances as poles of scattering amplitude
Discrete eigenstates of Hamiltonian < outgoing boundary condition (QM, §2)
Outgoing boundary condition < zeros of Jost function /,(p) = 0 (scattering theory, §83)

S-matrix from wave function: amplitude of outgoing wave normalized by the incoming one
we(r) = hy (pr) — se(p)hf (pr)  (r — o0). (55)

Comparing with Eq. (B1), we find,

/(=D)

se(p) = : (56)
/4(p)
= Discrete eigenstates are represented by poles of S-matrix
Scattering amplitude: from Eq. (B3)
se(p) — 1 (=p) =/, (p)
iy = 2L AP /) 57

2ip  2ips,(p)
= Discrete eigenstates are represented by poles of scattering amplitude.

s¢(p) and fy(p) are meromorphic functions of p (~ no singularities except for poles).

Eigenenergies and Riemann sheets
Analytic continuation of /,(p), se(p), fi(p) defined in physical region p > 0 to complex plane

Complex momentum p and complex energy F
p=ple”, E=|Ele". (58)

Relation between p and F

2 2 2

P PP s, |

2,LL 2# € | | 2/11 ) E p ( )
— When 0, varies 0 — 27, 0 varies 0 — 4.

— pand —p (6, and 6, + 7) are mapped onto the same value of E.

Meromorphic functions of p [s¢(p), f«(p)] are defined on two-sheeted Riemann surface of E.
0 <0 < 2m: first Riemann sheet of E (upper half-plane of p, 0 < 6, < )
21 < 0p < 4m: second Riemann sheet of E (lower half-plane of p, 7 <6, < 27)

Fig. B: Complex p and E planes
Branch cut along real axis of F plane (branch point at E = 0)

16
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Figure 8: Poles in the complex plane. (a): p plane, (b): E plane (first Riemann sheet), (c):
E plane (second Riemann sheet). B, V, R, and R represent a bound state, a virtual state, a

resonance, and an anti-resonance, respectively.

4.3 Classification of eigenstates

e Eigenstate of Hamiltonian: zero of Jost function /,(p) =0

e From Eq. (BD), if /,(p) = 0,

= If p is a solution, then —p* is also a solution.
e Solutions with p = —p* (on the imaginary axis)
— Bound state (B): x in Fig. B
Re pp =0, Im pp>0. (61)

Energy Ep = p%/(2u) is real and negative (first Riemann sheet)

— Virtual state (anti-bound state, V'):
Re py =0, Im py <O. (62)

The energy Ey = p¥/(2u) is real and negative (second Riemann sheet).

The residue of the pole (~ norm) is negative [29, B0], non-physical degree of freedom?
e Solutions with p # —p* (always appearing in pairs)

— Exist only in lower half-plane of p

< Complex FE is allowed only when wave function is not square-integrable.

17



— Resonance (R): A
Re pr >0, Im pgr <DO. (63)

Re Er > 0, Im Exr < 0 (second Riemann sheet)

— Anti-resonance (R): v/
Re pp <0, Im pyp <DO. (64)

Appears together with resonance

A solution growing in time [B1] (“conjugate” of the resonance)

4.4 Resonances and observables

e Only real energies are experimentally accessible.

Effect of a resonance pole at E = Er = Mg — il'g /2 on observables in partial wave ¢

e fy(F) having a pole at E = FEg:

Je(E) = fesw(E) + frpa(E). (65)
Breit-Wigner term f; pw(£): resonance contribution
-r 1 —I'r E— Mgr—il'g/2
fosw(E) = —=- - r—iln/ (66)

2p E—Er  2p (E— Mg)?+1%/4°
Nonresonant background f;pc(E): analytic at E = Ex and slowly varying

e At real E ~ Mg, contribution from f; gw(F) increases (in particular, for narrow I'g).
e When f;pc(F) is assumed to be small and negligible,

fo(E) =~ fipw(E)  (fesa(E) ~0). (67)

we observe a “resonance” at real energy E = Mg:

(i) Re fi(F) =0 and Im f,(F) becomes maximal (Fig. @) <— Eq. (B8)
(ii) Cross section o(FE) exhibits a peak < (i) and the optical theorem (Exercise 2)

(iii) Phase shift §,(F) increases rapidly and crosses /2.
« From Eq. (B3), Im s,(Mg) = 0 when Re fi/(Mg) = 0.

<+ Except for §, = 0 (non-interacting case), we have d, = 7/2 (modulo )

e When f;pc(E) is non-negligible, interference term contributes,

|Fe(B)? = | fopw(E)” + | fepa(E)* + 2Re [ fopw (E) fi s (E))- (68)

Peaks can be generated kinematically without a pole (e.g. threshold cusps) [32],

= Importance of a careful analysis to determine resonance poles
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MR Qeﬁ(E)

Figure 9: Schematic illustration of scattering amplitude near the resonance energy Mp.

4.5 Effective range expansion

e Low-energy (small p) behavior of scattering amplitude f;(p)

_ 2
felp) = SZ(ZZp - pcot 5ip) —ip  picot 6?(1?) — ip?tt (©9)
e From Eq. (B9), Jost function can be written as,
Sp)=F*) +ipGe®) & /(=p) = F(p*) — ip Go(p®). (70)
F, and Gy are functions of p* and behave as (p — 0),
F(p*) = 0(), Ge(p?) = O(p*). (71)

e From Eq. (B7)

_ /=P =) p*
MO =500 T PR G — )

e Comparing Egs. (69) and (IZ2), we obtain,

Fy(p?)
Gi(p?)

Right-hand side is a function of p? with O(p") as p — 0, and its Taylor expansion reads

P>t cot §y(p) = —p* (73)

1 r
= p*cot §(p) = ot fpz + O(p*), (74)

which is called the effective range expansion.

e s-wave case (£ =0)

1
folp) = —1—; : (75)
——+ 5P+ O0(p*) —ip
ap 2
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-

atenergy E (p = +/2uE)
- bound states (£ < 0)
p=ik (x>0
- resonances (E € C)

peC (Imp<0)
.

Schrédinger eq. + outgoing b.c.

_

Figure 10: Various conditions for resonances.

zero of Jost function

/() =0

=4

pole of s-matrix/
scattering amplitude

|fAp)| = oo
|sAp)| = o0

The outgoing boundary condition of the wave

function is related to the poles of the scattering amplitude through the zeros of the Jost function.

— ap = a: scattering length (opposite sign convention is also used in hadron physics).

— rq: effective range, roughly corresponds to the interaction range, but can be negative.

— Eq. () can have poles (CDD poles [33]).
When a CDD pole exists at low energy, Padé approximant is useful [34, B5].

e Low-energy scattering: assuming higher-order terms in p are negligible,

7
Pole at p = —
a

— a > 0: pole in the upper half-plane = bound state (

— a < 0: pole in the lower half-plane = virtual state (

— a— +oo: pole at p =0 (F = 0, unitary limit)

4.6 Summary of 8§38 and §4

e Definitions of S-matrix, phase shift, scattering amplitude, etc.

E
E

— —1/(2ua3) < 0)
— —1/(2ua3) < 0)

e Correspondence between poles of scattering amplitude and resonance states (Fig. M)

e Effective range expansion: description of low-energy scattering
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5 Theory of Feshbach resonances

5.1 Introduction

e Feshbach resonance: a resonance in coupled-channel scattering

e Threshold energy Ey, and channels at energy F

— Open channels (E > Ey,): scattering occurs

— Closed channels (F < Ey,): no scattering occurs

e Original work: theory of compound nuclear reactions [36, 37| (Fig. [, left)

e Cold atoms experiments: control of scattering length by a magnetic field [BR] (Fig. [, right)

ANNALS OF PHYsICs: 6, 357-390 (1958)

Unified Theory of Nuclear Reactions™®

HerMAN FESHBACH

Department of Physics and Laboratory for Nuclear Science, Massachusetts Institute of
Technology, Cambridge, Massachusetis

Figure 11: Left: H. Feshbach, Ann. Phys. 5, 357 (1958). Right: Control of the scattering length
in cold atoms by a magnetic field, adopted from S. Inouye, Nature (London) 392, 151 (1998).

5.2 Two-channel Hamiltonian

e Two channels P and @, with the threshold of P set at Ey,(P) = 0 [39]

e Schrodinger equation in matrix form (a set of equations)

Hp) = Ey), (77)
~2
p A~ N
g g R 1 v,
Hop Hqq v, —2p +A+ Vg @)
HQ

— Vp, VQ: potentials in each channel (Fig. @), vanishing at r — oo

— Vj: channel-transition potential
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— A= FEy(Q) — Ew(P) > 0 (originating from the Zeeman splitting oc magnetic field)

— For 0 < E < A, P is open and () is closed.

e Projection operators

(1o . (oo
(o) o)

PP=P, Q=0Q,

Each component of [1)) or H can be written as | X) = X [¢) and Hyy = XHY .

PQ=0P=0,

P+Q=1.

e Effective Hamiltonian for channel P < eliminating |Q)

Lower component of Eq. (IZ2)

Hop |P) + Hoq |Q) = E1Q)
Hop |P) = (E — Hoq) |Q)
Q) = (E — Hqq) 'Hqp |P) .

Upper component of Eq. (IZ7)

Hpp |P)+ Hpq |Q) = E|P)

HPP |P) + I:]PQ(E -

Hqq) 'Hop |P) =
= HYE)|P)=
H(E) =

E|P)
E|P),
lT:IPP + ﬁPQ(E - ﬁQQ)ilﬁQP-

H °f( B) effectively incorporates the effect of Q.

— Single-channel (not in matrix form) Schrédinger equation for P

— No approximations = Solution of Eq. (82) is equivalent to |P) in Eq. (IZ2).

- H f(E) is energy dependent — Self-consistent solutions for discrete eigenstates

5.3 Single-resonance approximation

e Eigenstates of Hgg without the transition (V; = 0, Vi # 0, see Fig. [2):

ﬁQQ |¢z> =& |¢z>
Heq |¢(e)) = €l¢(e))

(bound states),

(continuum states labeled by energy ¢).
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5.4

E4

i ity el £ Eth(Q)

6‘0— ----------

A 4

0 Eth(P )

Figure 12: Schematic illustration of the eigenstates of Heq.

Spectral decomposition (continuum starts from € = A)

=3k ¢Z|+/ de|6(e)) (9(e)].

A2

e = 2 v _f_ZHPQWz)(@’HQP_I_/OodEFIPQW(G)MQS(E”ﬁQE
A

2ip E—¢ E —c+i0*

H °f( ) acquires an imaginary part for £ > A,

/d:p% =P {EL irf(a) (if a € integration range).
When |eg| is sufficiently small, the dominant contribution for £ < A is,
~9 & &
: p” | Vilgo) (do| Vi
HN(E) ~ .
T

€o is measured from Ei,(P) = 0; binding energy (B.E.) from Ey,(Q) = A is,
BE. =A— €0-

B.E. is fixed by I:IQQ = If A is proportional to magnetic field, ¢y can be tuned.

Scattering amplitude and resonance

Hefl ig a single-channel Hamiltonian for P = Scattering theory in §8 can be applied.

ﬁ2 V: ‘z’¢0> <¢0“7t ~ pQ

H — [ V Hy = H. - £
ot © T 2up E—¢ o[P) 2up

p) -
Lippmann—Schwinger (LS) equation for the wave function |P)
|P) = [p) + GV |P).

Free Green’s operator (resolvent)

N

G(E) = (B ~ Hy)™"
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e T operator and scattering amplitude
T=V+VGT =V +VGQV+VGVGV +---,

(P | T(E+i0%) |p) = t(p' + p) = — (E,0),

1
(2m)?pp /
e LS equation for the 7" matrix (integral equation)

t@emszm+/MWWm !

t
E —q%/(2up) +1i07F

(q < p).

e The potential V in Eq. (9) is separable (a product of functions of p and p'),
(p'| Vt ¢0) {¢0] Vi p)

(p'|V(E)|p) = o = A\F*(p))F(p),
—
1 .
A=——  F(p)=(po|Vi|lp) (form factor).
E— €0
In this case, the scattering amplitude can be written in a closed form,
F*(p"F(p —27)upF*(p')F(p
F(E.0) = —(2m) up (P)Ep) _ —@mupF (P F(p)
[y PP e S(E)
A E —q%/(2up) +1i07*
|F(q)|”
Y(F) = 1f )

e Pole condition:
0=FE—¢ —X(F).
e When V; = 0 (no channel transition), 2(FE) = 0, and hence
E=¢ €eR.
= Bound state by fIQQ (decoupled from channel P)

e When V, # 0, pole is a solution of E — ¢y — $(E) = 0 in general.

For weak \z, a perturbative approximation gives:
E =~ ¢ +3(e) € C for eg > 0.

= Resonance with a complex eigenenergy in channel P

Bound state of fIQQ acquires a decay width through coupling to the continuum of P.

5.5 Summary of §5
e Coupled-channel Hamiltonian for P and @)
e Elimination of channel () to obtain an effective Hamiltonian in P

e A bound state |¢g) in @ couples to P and generates a state with complex energy.
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6 Nonrelativistic effective field theory

6.1 Effective field theories
e Microscopic quantum field theory Liicro
e A: ultraviolet cutoff scale (see Fig. [3)

o Effective Field Theory (EFT) Lgpr

— describes the same phenomena as Lo up to A, and

— can be constructed systematically.

micro

»

A energy, (length)-!

Figure 13: Schematic illustration of effective field theory.

e Electromagnetic interaction

— Microscopic theory: QED
Photons (m., = 0), electrons (m,. # 0)
— EFT: Euler-Heisenberg theory [40]

Only photons, “heavy” electrons are integrated out (A ~ m,)
o Weak interaction

— Microscopic theory: Weinberg-Salam theory
Leptons, neutrinos, W+, Z
— EFT: Fermi theory (Fig. [2)
Only leptons and neutrinos, “heavy” bosons are integrated out (A ~ my+, mz)

W+, Z exchange — Contact four-Fermi interaction (Fig. I2)

g2 g2 2
Interaction o 5 W = — ’; (1 + 0O <—2 )) ) (104)
g — My myy myy
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Vi Yy

Figure 14: Schematic figure of p~ decay. Left: Weinberg—Salam theory; Right: Fermi theory.

e Strong interaction
— Microscopic theory: QCD
Low-energy d.o.f. (hadrons) are different from microscopic d.o.f. (quarks and gluons).

— Weinberg’s “theorem” [A1]

The most general Lgpr consistent with the symmetries of £, works.

— EFT: chiral perturbation theory - Chiral symmetry of QCD [47]

Infinitely many terms? — Organized by power counting

Leppr = L8O 4 LOLO) (105)

6.2 Zero-range model
e EFT for nonrelativistic two-body scattering processes

o Ry, typical length scale of short-range interaction

— Square well potential: Ry, = b (well width)
e—ﬁ)'f‘

— Yukawa potential V(r) =g : Ryyp =1/
r

C
— van der Waals potential V(r) = ——66 D Rigp ~ lyaw = (
r

mC 1/4
i)

e Zero-range model Lyg: s-wave scattering with |a| > Ry, [A3]

fp) = 1; (106)
—=—ip

— Nucleons: Yukawa potential due to pion (7) exchange [44]

1
a('Sp) ~ —23.76 fm, a(®S;) ~5.42 fm, |a| > Ry, ~ — ~ 1.43 fn. (107)

™

— “4He atoms: van der Waals potential due to polarization

a ~ 200 [Bohr radius] la| > Ryyp ~ lyaw ~ 10 [Bohr radius]. (108)
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6.3

At low energies p < 1/Ryy,, both systems can be described by the same L£zr (universality).

Lagrangian density of zero-range model

Lon(t,@) = 0 (1, 2) (zat i Z2) - —W(t Z)i(t, )], (109)

J/

(.

g

kinetic term 1nteract10n term

Y(t, ) : bosonic field, m : boson mass, A : (bare) coupling constant. (110)
(two fermions with an antisymmetric spin wave function ~ two bosons)

Quantization: equal-time commutation relations
[t ), ot )] =0, [v(t =) ¢'(ta)] = 8 (z - 2'). (111)
Interaction term: four-point contact interaction ~ 3d ¢ function potential

—Line = — (wW) Hing ~ (energy), (112)

Ao > 0 increase energy = repulsion
0 gy p ( 11 3)

Ao < 0 decrease energy = attraction
Symmetries: space-time translations, rotations, parity, Galilean boosts, phase symmetry
v — ey, N= /dzc Yhp  (particle number). (114)

= Ly does not change the particle number (a two-body state remains a two-body state).

Feynman rules

Calculation of physical quantities in quantum field theory

1. Derive Feynman rules (pieces of Feynman diagrams).
2. Sum over all possible Feynman diagrams (possible in two-body sector of Lzg).

2. Perform perturbation theory (if step 2 is not feasible).

Propagator: propagation of a particle (Fig. I3, left)
1
w—k?/(2m) +i0t"

G(w, k) = (115)

Only positive-energy component: propagation is forward in time only.

Vertex: interaction (Fig. [H, middle)

27



- Gk >-< — —ix :@i

Figure 15: Feynman rules of the zero-range model (™). Left: boson propagator G; Middle:

vertex —i\g; Right: four-point function iA.

6.4 Two-boson scattering
e Two-body scattering amplitude <— four-point function i A(E) (2 in, 2 out, Fig. [H, right)

e Write down all diagrams from Feynman rules with fixed initial and final states (Fig. [3).

X propagator going backward

require 1/11;)‘* iyt s )t s

Figure 16: Candidates of Feynman diagrams.

e Eventually, the same structure as the Lippmann—Schwinger equation emerges (Fig. [7).
o SO K
€

Figure 17: Possible Feynman diagrams.

e Terms of order (Ag)" are summed to all orders: nonperturbative scattering amplitude.

e Two-body scattering amplitude A(F)

dwdq
(2m)*

JA(E) = ~ido — ihog / Glw, q)G(E — w, —q)iA(E). (116)
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— 1/2: symmetry factor

Completeness relation in QFT: 1 = [ (Qqu)g lq) (q]

— dq integration diverges: introduce cutoff A (integral range 0 < ¢ < A)

— A(F) in r.hus. is not integrated over ~ Separable interaction in momentum space

e A(FE) can be obtained algebraically,

6.5

1
A(E) = [—)\—0 — % (A — vV —mFE —i0t arctan

Energy E/ and momentum p

2 2
2 m m+m 2

For physical scattering £ > 0, p > 0,
V—mE —i0t = —i\/m|E| = —i\/p?> = —ip.

For small momentum p < A,

arctan (—sz) = g +0 (%) ;

then, Eq. (II7) is given by,

Scattering amplitude

m 1

f(p)=§A(p)= _871' (i+ﬂA) _ip'
)\0 47T2

m

Comparing with Eq. (IT8), the scattering length is obtained as,
m [ 1 m !
=—|—4+-—=A) .
“T 8 (/\0 * 472 )

Summary of §&
EFT: a description of low-energy physics

Zero-range model: nonperturbative, unitary scattering amplitude

1

f(p):m-
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7

7.1

7.2

Compositeness and weak-binding relation

Introduction

Internal structure of hadron resonances: superposition of all possible configurations

|A(1405)) = Cs, Juds) + Cs, |udsqq) + Cyp |MB) + - - - (125)
C; (weights of each component) can be determined in specific models.

— Model-dependent result (wave function is not an observable)

A model-independent relation that connects observables with the internal structure?

Weak-binding relation

Compositeness X of a stable bound state (deuteron) [45, 20, 21|
|d) = VX |NN) + VZ |others), X +Z=1. (126)

|d): wave function of the deuteron
|NN): two-nucleon (s-wave) component

(labeled by continuous variables, and X is the sum over all components)
lothers): all other components

(~ 6q states, NA states, NN (d-wave) states, ...)

Z: elementarity (elementariness)

(X,Z) =~ (1,0): composite-dominant state
(X,Z) = (0,1): elementary-dominant state

e Weak-binding relation

2X Rigp 1
o=r{Zro(f2)) R- (127)

a: NN scattering length (3S; channel)
B: deuteron binding energy, u = My /2: NN reduced mass
R: deuteron radius (length scale associated with the binding energy)

Ry typical interaction range

e When B is small (Ry,/R is negligible), the compositeness X is determined by observables.

e Conditions:

— X is the compositeness in the s-wave scattering channel (not applicable to ¢ # 0).
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7.3

,/ \\ \ /
’ \ 4
By ﬂ + y: By + %
v W (U (]

Figure 18: Feynman rules for the interaction Hamiltonian (C32).
— Stable bound state (no decay width)
Empirical values: B = 2.22 MeV, ap = 5.42 fm, Ry, ~ 1/m, = 1.43 fm [46]
X =1.68"34%, (including finite-range corrections). (128)
By definition, X <1 = 0.74 < X < 1: ~ 80% of the deuteron is an NN composite.

No input on the nuclear force or wave function is required.

Compositeness in effective field theory

Hamiltonian of EFT [34, 35

H = Hgee + Hint> (129)

L o LRV L opi |
Hfree = dr mvw : V?/J + %VQb : V(b + 2—]\40VBO : VB() + (A)()BOBO > (130)
Hu = [ dr g0 (Blov + 676 Bo) + vu'slou] (131)
o(r),0(r), Bo(r) : field operators, M, m, My : masses, wy : bare energy. (132)

Each term in the free Hamiltonian Hy.e is equivalent to the kinetic term of L.g in §B.
Jo, Vo: coupling constants
Hiy: contact interactions (Fig. [¥), 1¢ <> ¢ and ¢ <> By

Eigenstates of Hfee

Hpeo | Bo) = wo |By)  (discrete state By, elementary component), (133)
2

Hpeo |P) = % |p) (Y@ scattering states with p, composite component), (134)
1

(BolBo) =1, (Bolp) =0, (p'[p) = (21)°8*(p' — p). (135)

Complete set: (from particle number conservation)

1= |Bo) (Bo| + / (57’3 D) (2. (136)
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Figure 19: Feynman diagrams of the ¢ scattering amplitude.

Relation to Feshbach projection [47] (P + Q = I)

: d
P= / (2p)3 |p) (p| (projection onto )¢ scattering states),
m

Q = |By) (By| (projection onto discrete state By).
Field theory equivalent to the single-resonance approximation of ) channel in §8
e Bound state |B) with binding energy B as an eigenstate of H (physical state)
H|B) =—-B|B).

Compositeness X, elementarity Z

- d
X =(B|P|B) = /%\ (p|B) > >0 (overlap with scattering states),

Z =(B|Q|B) =|(By|B)|>>0 (overlap with discrete state).

e From the normalization (B|B) = 1 and the completeness relation (I38),
Z+X =1

X and Z can be interpreted as probabilities < (I[20), (I41), and (I42)

7.4 Weak-binding relation in effective field theory

e ¢ scattering amplitude (derived as in §B, see Fig. [J)

I 1
HE) = =52 1/v(E) = G(E)’
v(E) = vy + I3 ing,

1 A q2
E)=— .
G(E) 27r2/0 W) T a0
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Cutoff A: momentum scale at which the hadron interaction can be regarded as pointlike

1
= Rtyp = K (146)

Expression for the compositeness in terms of the scattering amplitude

G'(E)
G'(E) = [1/v(E)]

, A(E) = %g?). (147)

X =

E=-B
e Expansion of the scattering length in powers of (Ryy,/R)

a=—f(E=0)=2=[1/2(0) - G(O)]"

2X R 1
—...=R{Z2 40O yP R= —. 148
{1+X+ (R)}’ V2B (148)

If O(Riyp/R) is negligible, compositeness X <« (a, B)

7.5 Generalization to unstable states

e For applications to hadron resonances, a generalization to unstable states is necessary.

e Inclusion of a decay channel (Fig. £0)

Fields: ¢1, 1, ¢a, 12, By
Four-point contact interactions: ¢y <> Y101, Y101 <> Yada, Yodo <> Yoo
Three-point contact interactions: ¥,¢, <> By, Y9 <> By

e When the threshold energy —v of the additional channel 2 (¢5¢9) is lower than B (§8),

HI|R) = Ey|R), E,e€C. (149)

e Normalization condition for resonances ((R|R) diverges)

(R|R) = 1. (150)
|p) Ipy)
- |By = |By)
Cp ol — ')

(a) (b)

Figure 20: Spectrum of free Hamiltonian. (a): EFT in Sec. =3 and 4, (b): EFT in Sec. [[3.
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(R is the left eigenvector with the same complex eigenvalue,
(R|H = E, (R| . (151)
(Because of the non-hermiticity, left eigenvector is not conjugate of right eigenvector)

Complete set

1=P+Q, (152)
. d

P = / (QTP)g Ip1) (p1| (projection onto 110, scattering states), (153)
A d o

Q = |By) (Bo| + / % |p2) (p2|  (projection onto By and e¢ps). (154)

Compositeness X, elementarity Z:

X = (R PIR) = [ G55 (Fip) ilR) € © (155)
Z = (RIQIR) = (R (5ol + [ 5% (Rlp) tpalF) € . (156)

While X+7 = 1 still holds, each term is complex and cannot be interpreted as a probability.

Expand the scattering length of channel 1 by (Riy,/R) (R and a are complex)

a:R{ 2X +0<‘Rtyp)+o<'%3)}, R:ﬁ, zz\/%. (157)

1+ X R
v: threshold energy difference, [: corresponding length scale

If O(Ryy,/R) and O(|I/R|?) are negligible, compositeness X <« (a, Ej,)
Several interpretation of complex X [34, B5, A8, @9, b, B0], but no consensus is reached.
A(1405) case:

— Channel 1 is KN, channel 2 is 7%
— Inputs: E, = —10 — 267 MeV, a = 1.39 — 0.85¢ fm [51], 52|
— For |R| ~ 2 fm, Ry, ~ 0.25 fm (p-meson exchange), I ~ 1.08 fm (7% channel)

Neglecting the correction terms, we obtain,
X =12+10.1. (158)

X is close to 1 = the KN molecular component is dominant.
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8 Spin-1/2 states

8.1 State representation

e Pauli spinor (quantum bit, qubit): two-component complex vector

) = (g) . a,BeC,

Wl =)= (o= 5°).

(159)

(160)

Four degrees of freedom (Re o, Im a, Re 3, Im 3 without any constraint, |¢)) € H = C?)

e Normalization and phase of the wave function

W) =1 = |a*+ 8" =1.

(In the following, all state vectors are assumed to be normalized)
Phase transformation [1)) — € [+)) (n € R) does not change expectation values.

— |1) is described by two degrees of freedom.
e Bloch-sphere representation

COS 9

0
|9,¢>:< >, 0<fO<m 0<¢<2m

sin 8¢
Two real parameters 0, ¢ € R: angular part of three-dimensional polar coordinates

e Fubini-Study measure (generalizable to higher-spin states)

Normalization and phase: equivalence class by complex scalar multiplication
) ~Alg), AeC

Quotient space C?/ ~ ~ CP' (complex projective space)

0
|€1,V1>:<COSI)7 0§01<g, 0 <1 <2m.

sin 6, e™
Two degrees of freedom 61,1,

e Spin operator s: represented by Pauli matrices o

o 01 0 —i 1 0
§=—, 0;= , oy =1 . , O, = .
2 10 1 0 0 -1

(In quantum information science, o, = X, 0, =Y, 0, = Z)
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e Eigenstates of s,

sty t=g ), sallh=—2 1)

(In quantum information science, |1) = |0), |{) = 1))

e Eigenstates of s, and s,

8.2 State transformations (quantum gates)

e Unitary operator U
Ulv=uut=1, U'=U"
All Pauli matrices are Hermitian and unitary

e U transforms a state into another state: a quantum gate acting on a qubit
9) =Ul).
e Norm (probability) is preserved under a unitary transformation.

(¢lo) = (W UTU ) = (Y]v).

The time evolution of a system is described by a unitary operator

e Example: X gate

oM =H)s ol =11

Exchanges spin-up and spin-down (swaps 0 and 1: classical NOT gate)
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e Hadamard gate,

8.3

- Or+ 0, 1 1 1
vz oo V21 1)
maps the z basis to the x basis (A 180° rotation about the axis (1,0,1)/v/2)

Hit)y=+), HN)=1[-),
Hl+) =11, Hl[=)=1).

Time reversal (not unitary operator)

T=—io,K, T (O‘) - <_5*> .
g o

K: complex cojugate

Under T, r — r, p — —p, £ — —£: T corresponds to spin flip

T o), THH)oc|=), -, T|0,9)x|r—0,¢+m)

Projective measurement

Finite-dimensional Hilbert space without degeneracy
Physical observables are represented by Hermitian operators.
A Hermitian operator O can be diagonalized by a unitary operator U,

AN O
Utou=10 X ---|, \NeER.

Spectral decomposition: representation of O in terms of its eigenbasis {|i)}
0= ZA,.|¢> (il .

Complete orthonormal system (CONS) {|i)}
() =85 Yl il =1.

The eigenvectors of a Hermitian operator can always be chosen to form a CONS.

Example: {|1),]})} (computational basis)
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Projection operator onto the eigenstate with eigenvalue \;

Orthonomality

PP =6;P, Y Pi=1

Expansion of a state [¢) in the basis {|i)}
= iy Z Cili) (i) .

Example:

1 1 1 1
|+>:E|T>+EN 7 <i|+>:ﬁ,

) = (g) —ay+81), (Tl =a (g =8

>7 <TH—>:

Born rule: measurement of O — one of {\;} is obtained with probability,

Pr(i) = |Ci]> = | (i]y) |,
and the state collapses to |i),

_Ply)

=10 = ET

Example: O = s,, with CONS {|1), |[{)}

PT=|¢><¢|=<; 8) P¢=|¢><¢|=<8 f)

Pr(t) = [ {1 ) [*

Expectation value of O

WlOy) = @DI(ZAI )|¢>=ZPr<z’>AZ

Sum of (probability) x (outcome)

38

(184)

(185)

(186)

(187)

(188)

(189)

(190)

(191)

(192)

(193)



8.4

Density matrix

Density matrix (density operator) p corresponding to a normalized state |)

p =) (Wl (194)
Hermiticity: p’ = p — nonnegative eigenvalues

Trace of an operator O: sum of diagonal matrix elements in any CONS {|i)}

Tr (0] = ) (i|Oli) Z)\ (195)

7

Result is independent of the choice of CONS.

Normalization of the state

Tr(p] =Y (ily) (i) = (o) = 1. (196)

7

Probability (by density matrix)

Pr(i) = Tr [Pp] . (197)

Expectation value (by density matrix)
(WO ) = Tr[Op]. (198)

Example: expectation values of Pauli matrices for the Bloch-sphere state p = |0, ¢) (0, ¢|

Tr [o,p] = sinf cos ¢ (199)
Tr [oyp] = sinfsin ¢ (200)
Tr[o,.p] = cos 0. (201)

These correspond to the Cartesian coordinates of a point on the unit sphere.
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9 Two-spin system and entanglement entropy

9.1 Representation of two-spin states

e Composite system of spin A and spin B: H = H4 ® Hp

(in quantum information science, a two-qubit system of Alice and Bob)

Tensor-product states

M =Pl ts), T, NN, . (202)

Spin operators for each subsystem

sp= 8 ® 1 , sg=1®s. (203)

acts on A acts on B

Action of operators

(sa): 11 = 311 (201

Total spin operator S

S =s,+sg. (205)

Eigenstates of S: labeled by total spin S = 0,1 and z-component S,

|S,S,) =10,0), [1,1), |1,0), |1,—1). (206)
~—— N - v
S=0 S=1

Action of spin operators
S.|L,—1) = —|1,—1), S2[1,—1)=S(S+1)|1,~-1) =21, -1), .. (207)

e Kronecker product of states: representation as 4-component vectors

1 x (1) L
1 1 0 0

1) = <o> ® <o> - [ =0l (208)
0 0
0 0 0
1 0 0

) = ol 1) = 1k ) = 0 (209)
0 0 1
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e Kronecker product of operators: 4 x 4 matrices

1/0 1 10
SA)e =S, ®1 == ®
(54) 2<1 0) 0
1
0 x 0 1x Lo
_1 01 01
S 2 10 10
1 x 0 x
0 1 01
01 1(0 1
Sy Q8 = X =
10 2\1 0
0 1 01
0 x 1 x
1 (1 ()> (1 O) _1
4 01
1 x
10

DN | —

S = O O
_ o O O
o o o =
o O = O

= o O O
o = O O
o O = O
o o O

e Density matrix of a tensor-product state: p = p, ® pp holds

10 10
®
(O O) (O 0

9.2 Complete orthonormal systems

e Computational basis: {[t1), |[1]), 1), 1)}

e Bell basis: {|®T), [®7), [¥T), |[T7)}

o M
’(I) >_ \/§

o T EHID
|\Ij >— \/§

e General two-spin state (vector in C*)

[U) = a[t1) + 8111+ 1) +0[1) =

Normalization
laf® + B + [7* + 16> = 1.
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1000

0000

0000 =t (M=) A1) (1] =
0000 Pa Pb

)

(not eigenstates of the total spin S),

(states with S, = 0, corresponding to S =1 and S = 0).

a, B,v,0 € C.
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(214)

(215)
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e General state |U): using CONS {]ia)} of H4 and {|jg)} of Hp

0 = Zaij lia) ® |jB), «ij € C (sum over ¢ and j). (217)
1,7

e Schmidt decomposition: there exist CONS {[i’,)} and {]i’;)} such that®

. I
W) = Z VDiliy) @ lis)  (sum over a common i), Zpi = 1. (218)
i=1 i=1

p; > 0: Schmidt coefficients, [: Schmidt rank

Shown by the singular value decomposition of «;; (also valid for dim H 4 # dim H )

9.3 Entropy of quantum systems

e von Neumann entropy by the density matrix p

S(p) = —Tr[plogp] . (219)

Expanding p = >, A; |¢) (4| in its eigenbasis {|i)},
S(p) = — Z Ailog A;. (220)

Shannon entropy of the eigenvalue distribution \;

e Example: canonical ensemble p = e ## /Z

S(p) = =Tr [plog(e~" /Z)]
= —Tr[p(—BH — log Z)]
= T [pH] + log Z Tr [p]
= pBE +log Z
= L — BF,
F=E-TS. (221)

e Entanglement (von Neumann) entropy: quantifies correlations between A and B
(see Sec. [ for details)

ng = —TI‘A [pA IOg pA] . (222)

Information lost by tracing out the system B

5Strictly speaking, these form an orthonormal set (ONS) in the full space; zero singular values are omitted.
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e Reduced density matrix: for the general state in Eq. (Z13),

pa=Tos ol - (‘0"2 e 55*) . (223)
a*y+ B0 |y + 167
Partial trace over spin B: gives the density matrix in H 4
Trp [p] = Z(l ® (il) p (1 ® ip)). (224)
If p=p, ® py (product state),
Trp [pa @ po] = paTrp 1] - (225)
e Using the Schmidt decomposition,
P = 9) (4] = 52 VB ial @ ) Gl (226)
Trp[p] = > /bibj lia) (jal © (kplis) (islks) = Z VPiPj lia) (1al i
irjok
= sz‘ i) (ial - (227)
Since Tr4 [p] has the same eigenvalues p;,
Exw = —Tralpalogpal = —Trg[pplogps]. (228)
9.4 Measures of quantum correlations
e Linear entropy (logps =log[l+ (pa—1)]=pa—1+4--+)
E=1—"Tra[ph]. (229)
e Concurrence [53, b4
A = [ (o, ® 0,9} | = 2lab — B, (230)

From Eq. (I79), A is the inner product with the spin-flipped state.

e Any entanglement measure defined from p4 (by density matrix) can be expressed in terms
of A,

1
En=—-AlogA, —A_logA_, Ai= 5(1 +Vv1—A2?), (231)
£= %AZ — 2lad — B> (232)
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Figure 21: Linear entropy £, von Neumann entropy En, and concurrence A for the state (241).

e Entanglement of a produ

— g (@) \'I—‘
)
I
)
I
S

D
I

Ae=1, A =0

+
I

All measures vanish: 0

ct state [1])

e Entanglement of a Bell state |[¥™)

a=0=0, B=1v
A=1,

1
5—5,

1
AL ==, A= —
+ 27

= gVN:10g2:1.

1 ebit (entanglement bit), the fundamental unit of entanglement®

e General superposition state

[¢0) = cosO|T]) +sinf [11).

Fig. E0: comparison of &,

&N, and A

(233)
(234)
(235)
(236)

(237)
(238)
(239)

(240)

(241)

& = & = Ay = 0 for product states (0 = 0,7/2), while they become maximal for Bell

states (0 = 7/4,37/4).

5Tn quantum information, the logarithm is taken with base 2.



10 Classical and quantum correlations

10.1 Pure and mixed states

e Pure state: density matrix by a single state

p =) (¥l (242)

Property (idempotency): p is a projection operator

Pt = 1) (W) (Wl = ) (W] = p, (243)
e
Tr [p*] =Tr[p] =1 (pure state). (244)

e Mixed state: density matrix by a weighted sum of states with real coefficients 0 < p; <1
p=> _pli)(l, Y pi=1 (245)

An ensemble of states prepared with probability p; (“mixed ensemble” in J.J. Sakurai)
Classical probabilistic mixture of states, not a quantum superposition

The decomposition of a mixed state is not unique (Schrédinger’s mixture theorem).

e A mixed state is normalized but does not satisfy p? = p:
Tr[p] = ZpiTr [12) (il] = Zpi =1, (246)
PP = pip; |0) Gil3) (G =D p? 1) (il # p. (247)
V) i
For 0 <p; <1, >, p? <>, pi, therefore
Tr[p’] <1 (mixed state). (248)

Equality holds for a pure state.

e Purity Tr[p?]: distance from a pure state

1
2 .

1, >Tr[p?] > y , d=dimH. (249)

pure state ~~
maximally mixed state
Equalities hold for
{1,0,...,0} (pure state, rank(p) = 1)

{pi} = : (250)

{1/d,1/d,...,1/d} (maximally mixed state, p o 1)
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e Example: pure states for a single-spin system

10
1) (1] = (0 0>,

1/2 1/2 1
+) (+] = ===
[+ 0+ (1/2 1/2) [+ = i+ = .
After diagonalization, Eq. (252) takes the same form as Eq. (230).

e Example: mixed state for a single-spin system

310 €+ 5 143 4] = (162 132):§|+><+|+§|—><—|.

Formally, this is |+) (+| without the off-diagonal elements.

10.2 Correlations between two spins

e Measurement of s, of both spins A and B for a two-spin state |t)

The probability of obtaining both spins up is,
Pr(11) = [{t1 [¢) [P = Tx [Pryp], Py =P P
e Consider the following density matrices:

= |TT> (11 (pure product state),

!w (H+ 5 |¢¢> (1| (mixed state),

|TT> + ) 1l +
V2 V2

Same “correlation” that “if spin A is up, then spin B is also up”?

pe = |®F) (D] = (pure Bell state).

e Measurement of spins (z axis)

— For p,: since [¢) = [11),

Pr(tt) = [ (1T [0 [P =1, Pr(r) = [{1L[ D) [* =0,

— For pp,:

Pr(11) = Tr [Pﬁpm]zm( 1) 1+ 5 1) w) ) = 2

PE(14) = Tt [Pup] = (141 (3 11 11+ 5 1443 (441 110) =0
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— For pe: since [¢p) = |DT),

Pt = (11 07} = |-

e Measurement of spins (z axis)

— For p,: from Eq. ([7),

2

=2 P =[{1 e P =0,

V2

) = (|T>+|¢>)®

V2

which gives

Pr(++) = [{++ M) =

Pr+—) = [(+ - =

— For p,,:

B+ 1
() = S+ 1 + o)+ L),

Pr(44) = T [Prspn] = (4] (5 11 014 3 1 (41 1+4)

111

111 1

222
— For p,:

|@7)

_ M+ 1

V2 V2

222 4’

_ o O =

[
~
&

1/v2

(i)

1/2+1/2
1/2-1/2| 1
1/2-1/2| V2
1/2+1/2

13 (1/\/§> (_11//5§ >
_|_
1/v2
~1/v/2 (_1/\@)

5l

—_ o o m
|
s
=

Namely, |®T) is also a Bell state in the = basis. Therefore,

() =)
Pe= ( V2

Pr(++) = Pr(1t) = 5

) (1)

Replacing (1,]) <> (4, —), the calculation is identical to that in the z basis:

. Pr(+-) =Pi(t]) =0,
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Table 2: Probabilities of spin-measurement outcomes for the density matrices p,, pm, and pe.

density matrix | ™ T It | ++ +— —+ ——
Pp 1 0 0 0 |1/4 1/4 1/4 1/4
Pm /2 0 0 1/2(1/4 1/4 1/4 1/4
Pe /2 0 0 1/2|1/2 0 0 1/2

e Summary (Table B)

— pp: spins aligned only when both are up along the z axis, s, are completely random

—  pm: spins aligned for both up and down along the z axis, s, are completely random

Observing [14) determines |T5), while observing |+ 4) leaves spin B completely random.

— pe: spins aligned in all cases, both x and z directions

Observing |14) determines |15), and observing |+ 4) determines |+ p).

e Difference between p,, and p,:

ITT> (TT|+ |TT) (¢¢|+
|TT> <¢¢|+ ) <TT|

1ntcrforcncc terms

D) M+ 5 M) (W]

=+ (270)

pe: a coherent superposition with complex coefficients: quantum correlations.

Pm: a probabilistic mixture of density matrices with real weights: classical correlations

10.3 Entanglement and reduced density matrices

e If p is a pure product state, then p4 is also a pure state:

= (v @ 1e)) ((wl 2 (8]) = [4) Wl @ |6) (@l (271)
pa = Trp [p] = [¥) (] Tx 16) (6] = ) (] (272)
For p, = 1) (11] = [1) (1] @ [1) (1], substituting o = 1, § =y = & = 0 into Eq. (223) gives,

(273)
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e If p is an entangled pure state, then p, is a mixed state.
For p, = |®*) (®*|, substituting a = 6 = 1/v/2, 8 = v = 0 into Eq. (Z23) gives,

pA:<O

e Even when p is in a pure state, p4 can be a mixed state.

N[
]

) = I+ . (274)

D=

Conversely, every mixed state can be regarded as ps of a pure state in a larger Hilbert

space (purification).
e The linear entropy measures the deviation of the purity of p from unity (a pure state):

E=1-Tr[p4]. (275)

49



11 Bell’s inequality

11.1 EPR pair and spin correlation
e EPR (Einstein-Podolsky—Rosen) pair:

)

™) 5 (276)
Bell state with total spin zero
e The probabilities of obtaining |1) and |]) by measuring only spin A are equal:
Pr(ta) = Tr[ 1) {flpal = 5, Pr(ba) = Te[ 1) (4 pa] = 5. 277)
e If |1) is observed, the wave function collapses to,
vT) = 11, (278)

so the unmeasured spin B is determined to be ||).
e Measurement fixes the state (a superposition before the measurement as Schrodinger’s cat).
e Quantum correlation is preserved even when spins A and B are spatially separated.

e Einstein—Podolsky—Rosen [b5]: counterintuitive?
Locality: an operation at one location cannot influence a distant system.

Physical reality: physical quantities have definite values before measurement.

e Spin correlation function: for unit vectors n and m,
Clnm)=U"|n-c@m- oV )=nm;(V |o;®0;/V7). (279)

Expectation value of measuring spin A along m and spin B along m (Fig. 22, left).

-t

Figure 22: Left: schematic illustration of the spin correlation function. Right: measurement axes
that maximize the CHSH correlation in Eq. (294).
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Figure 23: Spin correlation function C(n,m) in Eq. (251).

e Since |¥™) has total spin zero,

The correlation function is determined by the angle # between n and m:
C(n,m)=—nm; (¥ |o;0; ® 1|T7)
= —n;m; <\I’_’(6l] + ieijko—k) ® 1’\I’_>
=-n-m

= —cosf. (281)

e ((n,m) = 1 for antiparallel axes, 0 for perpendicular axes, and —1 for parallel axes (Fig. 23).

Since |U~) always consists of antiparallel spins, the correlation is maximal at § = 7.

11.2 Hidden variable theory
e Locally realistic theory with an unknown parameter A and a probability distribution p(\)
e Expectation value of an observable O is given by
O =[x0N, [ dxp(n) =1 (282)

— p(A) plays a role of the density matrix p.

The distribution is chosen so that the expectation value agrees with quantum mechanics:

Oy = Tr[Og] (283)
——

Quantum mechanics
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The measurement outcome is predetermined.

The probabilistic nature <— unknown variable A
Spin correlation,

Cn,m)uy = / A (V)N (n, \)M(m, ). (284)
N(n, ) € {1, —1}: outcome of a single measurement (fixed \) of spin A along the n axis
With suitable choice of distributions, C'(n, m)gy = C(n,m) for two axes {n, m}.

When n = m, Eq. (281) gives C(n,n) = —1. Therefore,

C(n,n)py = /d/\ p(AMN(n,\)M(n,\) = —1. (285)

Since N(n,A\)M(n,\) = £1 for every A, this is possible only if

N(n,\) =—M(n,\) (perfectly anticorrelated, c.f., Eq. (220)). (286)

Bell’s inequality [67]: for correlations involving three or more axes, the predictions of
quantum mechanics and hidden variable theory differ.

(Equivalently, quantum mechanics cannot be described by a single p(\).)

11.3 CHSH inequality

Extension of Bell’s inequality by Clauser, Horne, Shimony, and Holt (CHSH) [56].

Choose two measurement axes for each spin:

spin A : n,n/, (287)
spin B:m,m/'. (288)

CHSH correlation: a combination of four spin correlations,
S=C(n,m)—C(n,m')+C(n',m)+C(n',m). (289)
CHSH inequality: in a hidden variable theory (local realism),
0< S| <2 (290)

Let s(A) be the contribution from a single measurement:

s(A\)=NM — NM'+ N'M + N'M'
=N(M - M)+ N (M+ M. (291)

Since each measurement outcome is +1, there are four possible combinations for M and M’:
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M | M| M—M | M+M | s\
1 |1 2 2N’
1 | -1 0 2N
~1]1 | -2 0 —2N
—1|-110 —2 —2N'

Since N and N’ also take only the values +1,
s(A\) = £2. (292)
The maximum and minimum values of a single measurement are +2 and —2.
e Average over all measurements,
S = /d)\p()\) s(N), (293)
must lie between the maximum and minimum values — Eq. (290).

e In quantum mechanics, choosing the measurement axes as shown in Fig. P2 (right),

S = —(co8 Opm — €08 Oy + €08 Oy, + €OS Oy )
T 3 n T n T
= — | cos — — cos — + cos — + cos —
4 4 4 4

_ (L_(_i)_{_i_{_i)
B NG V2© V2 V2
= —2V/2, (294)

which violates the CHSH inequality (290).

11.4 Experimental tests
e Tests using photon pairs [568]

— Photon pairs produced in a Ca cascade decay
— Measure the polarization correlation between the emitted photons.
— Bell’s inequality is violated, in agreement with the prediction of quantum mechanics.

— Several experimental loopholes were identified, leading to continual improvements.

e Tests using proton pairs [hJ]
— A deuteron (d) beam is incident on a liquid hydrogen ('H) target:
'H(d, 2He)n. (295)
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Bell's limit

quantum mechanics
eeeee cxperiment

Figure 24: Spin correlation of a proton pair. Adapted from Ref. [59].

“?He”: a low-energy pp pair in the spin-singlet state (see Sec. [L3).

A smaller relative momentum gives a higher spin-correlation purity.

The proton spins in the final state are measured through rescattering.

A larger proton momentum improves the polarization analyzing power.

The reaction (293) produces pp pairs with small relative momentum but large total

momentum (i.e., each proton has a large momentum).

Result: the experimental data (black dots in Fig. P4) agree well with the quantum-

mechanical prediction (red solid curve in Fig. P4).
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12 Entanglement power of the S matrix

12.1 S matrix and s-wave scattering

e S matrix: operator that transforms initial state into final state in scattering
lout) = S'|in) . (296)
e Elastic scattering: characterized by momentum p and scattering angle 6
Partial wave decomposition: scattering is described as a function of p for each ¢ (§3).
e In the following, consider only the s-wave (¢ = 0), which is dominant at low energies:
s(p) = ¥, (297)

The scattering phase shift ¢ is a function of p.
Same S matrix for ¢ and § +n7m (n € Z): physically equivalent

e Differential cross section and scattering amplitude:

do 1

1 = F®F. o) (298)

- pcotd —ip
The phase shift contains all the information about the scattering.

e Scattering length a: characterizes the low-energy scattering (§4=3):

1
—— =i td]. 299
~ = lim[pcot o (299)

Note that 6 — 0 as p — 0, and a can be either positive or negative.

e Low-energy limit of the total cross section:

liyo(p) = 4re?, o(p) = [ A1) (300)

p—0

12.2 Scattering length and symmetry

e The unitarity bound (B2) < unitarity of the S matrix:

o(p) < —. (301)

As p — 0, the upper bound of the cross section diverges.

= The magnitude of the scattering length |ag| can take any value from 0 to oco.

e |a| — oo: the unitarity bound is saturated in the limit p — 0 (unitary limit).
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Feshbach resonance in cold atoms (§8): a is controlled by external magnetic field
Near the unitary limit, low-energy universality emerges [44, 60].
Ex) when « is large and positive, a shallow bound state exists with (see Eq. (IZG))

1
-~ 2ua?’

B (302)

Binding energy B is determined solely by a.

Much larger |a| than the typical length scale — scale invariance:

a=0 : noninteracting for p — 0,

la| — oo infinitely strong interaction for p — 0 (unitary limit).
In nonrelativistic systems, scale invariance — nonrelativistic conformal symmetry [I0].

The largest symmetry of the free Schrodinger equation (spacetime translations, rotations,

Galilean boosts, scale transformations, and special conformal transformations)

12.3 Quantum gates in two-spin system

e State is transformed by an operator (quantum gate) U:
9) = Ul¢). (303)
e Controlled-NOT (CNOT) gate:

CNOT:PT®1+P¢®O'I

1 0 00
:<1 0)@(1 0>+<o o)@(o 1)2 0100 (304)
0 0 0 1 01 10 0001
0010
Action: spin B (target qubit) is flipped when spin A (control qubit) is |J)
CNOT[M) = [11), ONOT [t1) = [11), (305)
CNOT[41) = [14), CNOT[L4) = 1), (306)
a a
evor |7 = |7 (307)
v )
) Y
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e SWAP gate:

SWAP =

Action: exchanges spins A and B

1+0’A'0'B
2

SWAP [11) = [11) ,
T,

SWAP[1) =

o

SWAP p
N
)

%<1+Zai®0i> =

SWAP[11) = [11).
SWAP [11) = 1)

e Representation in terms of CNOT (Fig. E3):
CNOT gate with spin B as the control qubit is,

1®P¢+O'x®P¢:

and therefore,

10

= o O O
o = O O

0 1
0 0
0 0

o O O

_ o O O

o O O

o = O O

= o O O

o O = O

0

oS = O

0

o O =

o O O

o O = O

= o O O

S = O O

o o O

o O =

o O O

o = O O

_ o O O O = O

o O = O

= o O O

S = O

_ o O O

_ o O O O = O O

o o o
_ o O O
o O = O

= SWAP.

(308)

(309)
(310)

(311)

(312)

o = O O

(313)

Any two-qubit gate can be constructed from arbitrary single-qubit gates and CNOT gates

e Change of entanglement:

CNOT|[t1) = [11),

CNOT [+ 4) = [@+)
CNOT [+) = |+ 1)

entanglement remains zero,

entanglement changes from zero to maximal,

entanglement changes from maximal to zero.

Quantum gates can either increase or decrease entanglement.

The change depends on the input state.
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CNOT SWAP

Figure 25: Quantum circuit representation of two-qubit gates. Left: controlled-NOT (CNOT)
gate. Right: SWAP gate.

12.4 Entanglement power

e Entanglement power (EP): ability of an operator U to generate entanglement [51]

E(U) = (U |product state)). (315)
Average over initial product states
e Initial product state:

& (|product state)) = 0, (316)
= &(U |product state)) = the entanglement generated by U. (317)

e Average is taken over all possible initial product states

+ state independent definition of EP

e Representation of product states on the Bloch sphere [62]:

0a 23
04, 64) ® 05, 05) = [ 0 2 )@ ( ) )

sin %Ae“f’A sin %Be“ﬁB

0a (23
cos % cos %
cos %A sin %Be"z’B

= ‘ . (318)
sin %’“ CcoSs %Bezm

sin & sin 22¢i(¢a+0n)
The directions of spins A and B are specified by (04, ¢4) and (05, ¢p), respectively.

e The angles (6, ¢) cover the entire solid angle:

™ 2m 1 2m
/dQ :/ sin@d@/ dp = d(cos «9)/ do = 4. (319)
0 0 -1 0

e Explicit expression for the EP:

/dQA/dQB (U104, 0a) ® |05, 65))
L /dQA /dQBTIA 20

o8




where

pa="Trp [U(|04,04) ® |05, ¢5)) ({04, ¢4l @ (05, 05])UT] . (321)

For a given U, EP is calculated by this equation.
e If U is the S matrix, the EP depends on the scattering phase shift ¢ (§L333).

e Any nonlocal two-spin operator U can be characterized by three parameters [,:

U = exp {iZﬁaaa ® aa} (a=1,2,3). (322)

< Cartan decomposition of SU(4)/(SU(2) x SU(2)) [62]

e EP of U can be given by 3, as,

B(U) = é - 1—18 S cos(46,) cos(44y). (323)

a<b
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13 Nuclear force and entanglement suppression
13.1 Two-nucleon wave function
e Nucleon follows SU(2)4 x SU(2), symmetry

— Spin SU(2)4 <« Lorentz (Poincaré) symmetry of QCD
— Isospin SU(2), < Isospin symmetry of QCD (interchange of the u and d quarks)

One-nucleon state:

|IN) = ¢(r) ® |spin) ® |isospin) . (324)
Y(r) : Spatial wave function
|spin) : Spin wave function (spin-1/2), {|1),[{)}

|lisospin) : Isospin wave function (isospin-1/2), {|p),|n)}

Two-nucleon system:

Spatial part : ¥(ra)(rg) = V(R)p(r), R= 4 —; TB, r=ry—Tpg, (325)

Spin and isospin : % ® % =0 1. (326)
e Two-nucleon state (center-of-mass frame):

INN) = ¢y(r) ® |Spin) ® |Isospin) . (327)

¢¢(r) : Spatial wave function (relative coordinate 7, orbital angular momentum /)
|Spin) : Spin wave function: |S,S.) =10,0),|1,+1),[1,0),|1,—1)
|Isospin) : Isospin wave function: |/, I.) =10,0),|1,+1),]1,0),|1,—1)

In the computational basis and the Bell basis:

0.0 = M2 a0y = R oy, (328)
1) = iy = L gy gy R, (329

13.2 Symmetries of the nuclear force

e Spatial exchange operator P,: Exchange of the two nucleons (74 <> rg), namely, r — —r.

Using the property of the spherical harmonics,

Poo(r) = do(—7) = (=1) (7). (330)

¢o(r) is symmetric (eigenvalue +1) for even ¢, antisymmetric (eigenvalue —1) for odd /.
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Table 3: Spin and isospin of the s-wave two-nucleon states.

Orbital angular momentum Spin [sospin

, S =0 (antisymmetric) | [ =1 (symmetric)
¢ =0 (symmetric)

S =1 (symmetric) |/ =0 (antisymmetric)

e Eigenvalues of o4 - op

oA 050,00 =—-3|0,0), oa-o5|l,S.)=+1|1,5.). (331)

e Spin exchange operator (SWAP gate in Eq. (BOR)):

]_ .
P, = #7 (332)
P, 10,0) = —[0,0), P,[1,5.) = +|1,5.). (333)

This operator exchanges the spins of nucleons A and B.
S =0 is antisymmetric, S = 1 is symmetric under the exchange.
e [sospin exchange operator:
1 .
P, = #7 (334)
P.|0,0) = —10,0), Pr|1,L)=+]|1,1,). (335)

I =0 is antisymmetric, [ = 1 is symmetric under the exchange.
e Fermi statistics: |[VN) must be antisymmetric under
P.P,P,|[NN) = —|NN). (336)
Allowed states for low-energy (Table B): I is uniquely determined for a fixed S

e Low-energy s-wave scattering is described by only two channels:

— Spin S =0, isospin I = 1: 1S
— Spin S =1, isospin I = 0: 35,

Note: under the SU(2)4 x SU(2), symmetry, 'Sy and *S; are independent.

e Scattering lengths of the physical nuclear force [44]:

a(S=0)=ayp~—23.76 fm, a(S=1)=a; ~ 542 fm. (337)
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e Typical length scale of the nuclear force:

1

™

Range of the one-pion-exchange force, the longest-range interaction between hadrons.

e Scattering lengths > Ry,

= close to the unitary limit, nonrelativistic conformal symmetry [I0]:

1 1
|CL0| > m—, |CL1‘ > —. (339)

™ ™

e Both the S =0 and S = 1 channels are close to the unitary limit:

1 1
— o~ — &K My (340)
|ag| |as |

Similarity between S =0 and S = 1 = spin-flavor SU(4) symmetry [, 9].

e One-nucleon states form the fundamental representation of SU(4):

{lp 1) lpd)sInt),In 1)} (341)

The irreducible decomposition of the two-nucleon states is:
4®4=6@10. (342)

S0 (3 isospin states) and 3S; (3 spin states) together form 6.

e Emergent symmetries cannot be derived directly from QCD.

13.3 Entanglement suppression in the two-nucleon system

e Projection operators onto states with total spin S:

l—0s-03 _3+0oa-0p

— L) = 343
t70 4 ) jl 4 ( )
e pn scattering (isospin is automatically determined from Table B)
) ) 3 —2i(61—00) 1 — —2i(61—00)
5262160%+62161j1 0.8 te + ‘ Op-O0pB. (344)

4 4
0g: phase shift with total spin S.
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e Entanglement power (EP) of a general nonlocal operator U:

1 1

EU) = 5 18 cos(4,) cos(45).

a<b

For 81 = 3y = 33 = 3,

1 3 —4i83 1— —4i83
B(U) = ¢ sin(48), U x +Z b o

Comparing Eq. (844) with Eq. (B48), we obtain 25 = d; — dy.

e EP of pn scattering [T, 62[:

E(S) = ésinQ[Q((Sl — )] > 0.

e The minimum value E(S) = 0 is obtained when sin[2(d; — d¢)] = 0:
— Solution 1: [6; — §y| =0

— Solution 2: |0y — dp| = 7/2

e Solution 1: S =0 and S = 1 have the same phase shift
= spin-flavor SU(4) symmetry.

e If Solution 2 is realized in the low-energy limit (p — 0):

1 1
—— =1 td, —— =1 t 1.
” lim[p cot 6o o lim[p cot. 4]

Using §; = &g + 7/2 and multiplying the two equations,

11
—— = lim [p cot dg - p cot(dg + 7r/2)] = lim [p2 cot dp(—tandp)| = 0.
Qg aq p—0 p—0

Either 1/ag or 1/a; must vanish, namely, the scattering length diverges.

= nonrelativistic conformal symmetry.

13.4 Interpretation in terms of quantum gates

e Interpretation of the solutions [62]

e Solution 1: setting d; = dy,
S — eziéojo + eziéojl _ 62i60(jo + \71).

Proportional to the sum of the projection operators
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Solution 2: setting d; = dp + 7/2,
S = 62i50% + eZi(5o+7r/2)jl _ €2i50j0 + €2i5oei7rjl — _62i50 (\71 o %)
Proportional to the difference of the projection operators.

Using the projection operators in Eq. (843),

l—-0c4-0p 3+04-0p

s7()+\71: 4 + 1 :1a
3 . 1 —oy- 1 )
T —To= +sz 5 _ U;f B _ +"5‘ 95 _ QWAP.

Solution 1: S matrix acts as the identity gate (identity operator).
Solution 2: S matrix acts as the SWAP gate (spin exchange operator).

Identity and SWAP map a product state to another product state:

1 [¢ha) ® [¢p) = [1a) @ [¢p)
SWAP |04) ® |[Vp) = [¥B) ® [1ha) .

The output state remains a product state (EE is zero) — EP vanishes

Only the identity and the SWAP gate give E(S) = 0.
Indeed, the only solutions of Eq. (843) with vanishing EP are [62],

fr=P03=0=0 =U=1,

/81252:63:

[

i U = /4 x SWAP.
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14 Extension to general spin and flavor

14.1 Spin and flavor of baryons

e Single-quark state
|a) = 9(7) @ |color) @ [spin) @ [flavor) . (357)
Y (r) : Spatial wave function
|color) : Color wave function: 3 of SU(3), {|r),|g),|b)}
|spin) : Spin wave function: spin-1/2 of SU(2), {|1),[{)}

e Flavor wave function |flavor):
{Ju) ,|d)} : Flavor (isospin) SU(2)
{|u), |d) ,|s)} : Flavor SU(3)
e Flavor symmetry is an approximate symmetry (p ~ uud, n ~ udd, A ~ uds)
m, = 938 MeV, m, =940 MeV, my = 1116 MeV. (358)

SU(2): valid at the level of a few percent;
SU(3): valid at roughly the 20% level.

e Wave function of a baryon (three-quark state)
lqqq) = ¢¢(p, X) ® |Color) ® |Spin) @ |Flavor) . (359)

Completely antisymmetric under the exchange of any two quarks.

— ¢u(p, A): Jacobi coordinates {p, A} and total orbital angular momentum ¢

— Color wave function |Color):
3033=10808a 10. (360)

The completely antisymmetric 1 (color confinement):
_ |rgb) + |brg) + |gbr) — |grb) — |bgr) — [rbg)

|Color) 7 :

(361)

— Spin wave function |Spin):
lolel_lglygs (362)
27272 27272

— Flavor wave function |Flavor): the same decomposition as Eq. (B60)

For the ground state (¢ = 0), |qqq) is completely antisymmetric if (Fig. PG):
|IS=1/2)®|8) Spin-1/2 baryon octet

|Spin) ® |Flavor) = . (363)
|S =3/2) ® |10) Spin-3/2 baryon decuplet
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Figure 26: Weight diagrams of the ground-state octet (left) and decuplet (right) baryohns.

14.2 Scattering of octet baryons

e Spin and flavor of the two-octet-baryon system

Lol o 1 364
A S
828=108;027©8,010®10. (365)
s A

For the s wave: spin-A ® flavor-S or spin-S ® flavor-A

e S matrix: six independent scattering channels

S = ‘.70(./_"162%0’1 + ./_"85621'50’83 + f2762i50,27>
+ u71(~/—'-8A62i61’8A + F1062i61,10 _{_]_-ﬁeml’ﬁ). (366)

Js: projector onto the spin-S state in Eq. (843), Fg: flavor projector onto R.

e Charge () and strangeness S conservations: independent scattering in each (@Q,.S) sector
Example: (Q,S) = (+1,0): nuclear force (pn scattering), do.27 (*So) and 6, 15 (*S1)

e Sector with the largest number of coupled channels: (Q,S) = (0, —2)
YEYT, X080 AYY) =p, =%, AA. (367)
Consequences of entanglement suppression [63]:

Sol: Spin-flavor SU(16) symmetry, (368)
S o« SWAP : Flavor SU(8) and NR conformal symmetries. (369)

Enlarged flavor space — enlarged symmetry

Symmetries of other sectors (e.g. nuclear force) are contained as subgroup symmetries:

SU(16) > SU4). (370)
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e Spin-flavor SU(16): symmetry of baryons (16 = 8 x 2)

{|pT>’|p~L>7|nT>7|n¢>’|AT>’|A\L>a} (371)

c.f.) In the large- N, limit, spin-flavor SU(6): symmetry of quarks (6 = 3 x 2):

{lu ) Jud) |d 1), 1d L), [s 1) s [s 1)} (372)

= Entanglement suppression imposes a stronger constraint than the large- /N, limit [[T].

Lattice QCD indicates evidence for approximate SU(16) symmetry [64].

e In the two-flavor case, both quarks {u, d} and baryons {p,n} belong to spin-1/2.
= The spin-flavor symmetry is SU(4) for both quarks and baryons.

14.3 Spin-3/2 states

e Spin-3/2 state (4-dimensional qudit): a complex four-component vector

S

[1hg) = . a,bcdecC. (373)
c

Without any constraints, there are eight degrees of freedom (H = C*).

Normalization and phase d.o.f. — |i4) is described by six degrees of freedom.
e Fubini-Study measure on the projective space C*/~ = CP*:

cos 1 sin 6, sin 05

sin 6, sin 05 sin f5e™

= , ) 374
[a) cos 65 sin G2 (374)
cos fse's
3l
_ 2 .21 _
dwg = s 11 df;dv; cos 0; sin”* " 0;, /dw4 =1. (375)

Six degrees of freedom are 6;,v; (i =1,2,3).
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e Spin operators s: 4 X 4 complex matrices

0 V3/2 0 0 0 —iv3/2 0 0
VB2 0 1 0 | iv3)/2 0 —i 0
o 1 o vBel T o i 0 —iv3/2|’
0 0 V3/2 0 0 0 iv/3/2 0
(376)

32 0 0 0
0 1/2 0 0

s, = / : (377)
0 0 -1/2 0

0 0 0 —3/2

e Figenstates of s,

1 0 0 0
0 1 0 0
p— y pr— 5 pr— 5 pr— y 378
m={, [ m={[ wm=[] w=], (378)
0 0 0 1
3 1 1 3
s: M =51, s:AN=5M, s:l=—35, s:bh=—5. (379)
2 2 2 2
14.4 Scattering of decuplet baryons
e Spin and flavor of the two-decuplet-baryon system
3 3
- R=-=0020103, (380)
2 2 = =
A S
1010 =27®28310¢ 35. (381)
T T
For the s wave: spin-A ® flavor-S or spin-S ® flavor-A
e S matrix: eight independent scattering channels
S = j()(./_"2762i60’27 -+ f23€2i60’28) -+ jl (Fﬁezwlﬂﬁ -+ ./—"35622'51’35>
+ ‘72(./—"27621'62’27 + ./_"28622'62’28) -+ %(Fﬁ@zié‘%*ﬁ + F3562i63’35). (382)

e Projection operators for spin-3/2: linear combinations of the quadratic Casimir operator

3331 5 , 1 ;
Jo =155 T gg (84788) — 75 (sa788)" — (5 (sa788)", (383)
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e (@,S) conservation: the largest number of coupled channels in (@, S) = (0, —2)
ATE, AOEO, 050 mrt e (384)
Consequences of entanglement suppression [B5]:

Sol: Spin-flavor SU(40) symmetry, (385)

S o« SWAP: Spin SU(4), flavor SU(10), and NR conformal symmetry.
(386)

e Phenomenological application: € scattering in the (@, S) = (—2, —6) sector

Identical particles with no flavor d.o.f.: only antisymmetric S = 0 and S = 2 states
e Lattice QCD indicates that the S = 0 channel is close to the unitary limit [G6].

e Entanglement suppression in Q€ scattering [65] (with proper normalization):

Socly: Spin SU(4) symmetry, (387)
S o« SWAP 4 : NR conformal symmetry. (388)

= Spin-2 channel is either at the unitary limit (S oc 14) or weakly interacting (S o« SWAP 4).
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Exercise 1 (deadline: April 28, 2026)

1) Consider one-dimensional quantum mechanics defined on =z € [0,L]. For E > 0, find the
eigenfunctions ¢, (x) that satisfy the free Schrédinger equation with boundary conditions ¢(0) =

(L) = 0, and express them using an integer n:

1 d?
" de? (z) = E¢(x).
2) For the eigenfunctions {¢,}, show that the momentum operator p = —id/dx is Hermitian,

namely,

/0 ¢Z($)p¢m($)daj:/o ()] b (z)d.

3) For the eigenfunctions {¢,}, examine whether the operator p® is Hermitian (pay attention to

boundary terms).
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Exercise 2 (deadline: May 12, 2026)

1) Derive the partial wave cross section o;(E) in Eq. (EI) by expressing the scattering amplitude
fe(E) in terms of the phase shift §,(F).
2) Prove the following optical theorem:

Im f(E,0 = 0) = o (E).




Number: Name:

Exercise 3 (deadline: May 26, 10:30 am, 2026)

1) Consider a perturbative solution of the pole condition (III). Let E(™ denote the nth-order

contribution in V, (or equivalently in F'(q)) to the eigenenergy F, and expand the eigenenergy as
E=EFE9O_ 4L @ L p@W ...

From Eq. (I2), we have
E(O) = €p.

Because V; is off-diagonal, there are no odd-order contributions to the energy E. Substituting this
expansion into the self-energy ¥(E), show that E? = ¥(e).

2) For F(q) = F(¢*) (i.e., spherically symmetric, depending only on ¢*) and ¢y > 0, evaluate
the imaginary part of F in the perturbative approximation E = ¢y + X(¢). Assume that F(q?)

vanishes sufficiently rapidly as |¢*| — oo.




Number: Name:

Exercise 4 (no submission required)

1) Derive the expression for the scattering amiplitude in Eq. (IT7) from the Lippmann-Schwinger
equation ([I8).




Number: Name:

Exercise 5 (deadline: June 23, 10:30 am, 2026)

1) Show the action of the Hadamard gate in Eq. (I73).
2) Verity |1) (+| + |}) (=] = H using the matrix representation.
3) Express H |+i) in terms of |—i).




Number: Name:

Exercise 6 (deadline: June 30, 10:30 am, 2026)

1) Derive the expression for the reduced density matrix in Eq. (E23).

2) Derive the expression for the concurrence in Eq. (230). Here, |¥*) = K |¥) denotes the column
vector whose components are the complex conjugates of those of |U).

3) Derive the expression for the von Neumann entropy in Eq. (23T).

4) Derive the expressions for the linear entropy in Eq. (232).




Number: Name:

Exercise 7 (no submission required)

1) Show that the equalities in the purity inequality (E49) are satisfied for the probability distri-
butions given in Eq. (250).
2) Show that the Bell state in the y basis,

[+i+i) +|—i—d)  |+i) @ |+i) + |—i) ® |—i)

V2 V2

is identical to |®~).




Number: Name:

Exercise 8 (no submission required)

1) We would like to reproduce the quantum-mechanical result in Eq. (281) using a hidden variable
theory. Assume that the hidden variable is discrete, i = 1,2,3,4, and define the probability

distribution and the expectation value by

This assignment satisfies the marginal distribution condition (272). Give one example of {p;} that
reproduces Eq. (25T).

2) Consider a continuous hidden variable A € [0, 1] with a uniform distribution, p(A) = 1. Choose

+1,
-1,

| /\

A
N(n,\) =
A

N |
IA
IN A
)—l t\’)l)—l

This choice satisfies the marginal distribution condition (274). Give one example of N(m, \) that

reproduces

Cln,m)uy = — / A p(V)N (n, A)N (m, A) = — cos 6.
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Exercise 9 (deadline: July 21, 10:30 am, 2026)

1) Express o4 - op in terms of Kronecker products and derive the matrix representation in
Eq. (BO8).

2) Using the matrix representation of o4 - o5, show that
o op|UT)==3[07), o4-0p|¥")=+1|0T).

3) Derive the actions of CNOT in Eq. (BI2).




Number: Name:

Exercise 10 (no submission required)

1) Derive the expression for the S-matrix in Eq. (844).
2) Derive the expressions for E(U) and U in Eq. (B48) with ) = 82 = 3 = f.




Number: Name:

Exercise 11 (no submission required)

1) Derive the expressions for s, and s, for a spin-3/2 particle given in Eq. (B76). Recall the

properties of the ladder operators

51 =5, £is,, sil|s,m)=+/s(s+1)—m(m+1)|s,m+1),

with
M =13/2,3/2), 1) =13/2,1/2), ) =13/2,-1/2), [)=13/2,-3/2).

2) Derive the projection operator Jy in Eq. (B83) using the following procedure. The operator
X =84-8p

for two spin-3/2 particles has the eigenvalues

1 15

for the total-spin states with S = 0,1,2,3. Since X has four distinct eigenvalues, it satisfies the

minimal polynomial

Hence every power X" with n > 4 can be reduced to a linear combination of 1, X, X2, and X3.

Therefore, each projection operator can be written as a cubic polynomial in X:
Jo=a+bX +cX?*+dX3,

Determine the coefficients a, b, ¢, and d.
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