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Introduction

Structure of Λ(1405) resonance

Summary + future

Contents

Y. Kamiya, T. Hyodo, Phys. Rev. C93, 035203 (2016);
Y. Kamiya, T. Hyodo, PTEP2017, 023D02 (2017)

Contents

- Compositeness

N
K̅

or

- Accurate K̅N scattering amplitude

Y. Kamiya, T. Hyodo, Phys. Rev. D97, 054019 (2018)

- Implication from nearby CDD zero

- Structure of “unstable” resonance?
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PDG2018：http://pdg.lbl.gov/

Classification of hadrons
Introduction

All ~ 360 hadrons emerge from single QCD Lagrangian.
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~ 150 baryons ~ 210 mesons

Observed hadrons

Only color singlet states are observed.
—> Color confinement problem

Flavor quantum numbers are described by qqq/qq̄.

Why no qqq̄q̄, qqqqq̄, ... states (exotic hadrons)?
—> Exotic hadron problem, as nontrivial as confinement!
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Tetraquark candidate (Belle)
：Zb(10610), Zb(10650)

Exotic candidates beyond qqq/qq̄
Introduction

Pentaquark candidate (LHCb)
：Pc(4450), Pc(4380)

R. Aaij, et al., Phys. Rev. Lett. 115, 072001 (2015)

higher mass states are 9 and 12 standard deviations,
respectively.
Analysis and results.—We use data corresponding to

1 fb−1 of integrated luminosity acquired by the LHCb
experiment in pp collisions at 7 TeV center-of-mass
energy, and 2 fb−1 at 8 TeV. The LHCb detector [13]
is a single-arm forward spectrometer covering the
pseudorapidity range, 2 < η < 5. The detector includes a
high-precision tracking system consisting of a silicon-strip
vertex detector surrounding the pp interaction region [14],
a large-area silicon-strip detector located upstream of a
dipole magnet with a bending power of about 4 Tm, and
three stations of silicon-strip detectors and straw drift tubes
[15] placed downstream of the magnet. Different types of
charged hadrons are distinguished using information from
two ring-imaging Cherenkov detectors [16]. Muons are
identified by a system composed of alternating layers of
iron and multiwire proportional chambers [17].

Events are triggered by a J=ψ → μþμ− decay, requiring
two identified muons with opposite charge, each with
transverse momentum, pT , greater than 500 MeV. The
dimuon system is required to form a vertex with a fit
χ2 < 16, to be significantly displaced from the nearest pp
interaction vertex, and to have an invariant mass within
120 MeV of the J=ψ mass [12]. After applying these
requirements, there is a large J=ψ signal over a small
background [18]. Only candidates with dimuon invariant
mass between −48 and þ43 MeV relative to the observed
J=ψ mass peak are selected, the asymmetry accounting for
final-state electromagnetic radiation.
Analysis preselection requirements are imposed prior to

using a gradient boosted decision tree, BDTG [19], that
separates the Λ0

b signal from backgrounds. Each track is
required to be of good quality and multiple reconstructions
of the same track are removed. Requirements on the
individual particles include pT > 550 MeV for muons,

 [GeV]pKm
1.4 1.6 1.8 2.0 2.2 2.4

E
ve

nt
s/

(2
0 

M
eV

)

500

1000

1500

2000

2500

3000

LHCb(a)

data

phase space

 [GeV]pψ/Jm
4.0 4.2 4.4 4.6 4.8 5.0

E
ve

nt
s/

(1
5 

M
eV

)

200

400

600

800 LHCb(b)

FIG. 2 (color online). Invariant mass of (a) K−p and (b) J=ψp combinations from Λ0
b → J=ψK−p decays. The solid (red) curve is the

expectation from phase space. The background has been subtracted.
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FIG. 3 (color online). Fit projections for (a)mKp and (b)mJ=ψp for the reduced Λ" model with two Pþ
c states (see Table I). The data are

shown as solid (black) squares, while the solid (red) points show the results of the fit. The solid (red) histogram shows the background
distribution. The (blue) open squares with the shaded histogram represent the Pcð4450Þþ state, and the shaded histogram topped with
(purple) filled squares represents the Pcð4380Þþ state. Each Λ" component is also shown. The error bars on the points showing the fit
results are due to simulation statistics.
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Λb —> K- + Pc 

                               ↳ J/ψ(cc ̄) + p(uud)

Only a few are observed. Why only a few?

Υ(5S) —> π± + Zb 

                                      ↳ Υ(nS)(bb̄) + π∓(ud̄/dū)

where Mmissð!þ !# Þ is the missing mass recoiling

against the !þ !# system calculated as Mmissð!þ !# Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEc:m: # E&

!þ !# Þ2 # p&2
!þ !#

q
, Ec:m: is the center-of-mass

(c.m.) energy, and E&
!þ !# and p&

!þ !# are the energy

and momentum of the !þ !# system measured in the
c.m. frame. Candidate !ð5SÞ ! !ðnSÞ!þ !# events
are selected by requiring jMmissð!þ !# Þ # m!ðnSÞj<
0:05 GeV=c2, where m!ðnSÞ is the mass of an !ðnSÞ state
[7]. Sideband regions are defined as 0:05 GeV=c2 <
jMmissð!þ !# Þ # m!ðnSÞj< 0:10 GeV=c2. To remove
background due to photon conversions in the innermost
parts of the Belle detector we require M2ð!þ !# Þ>
0:20; 0:14; 0:10 GeV=c2 for a final state with an !ð1SÞ,
!ð2SÞ, !ð3SÞ, respectively.

Amplitude analyses of the three-body !ð5SÞ !
!ðnSÞ!þ !# decays reported here are performed by means
of unbinned maximum likelihood fits to two-dimensional
M2½!ðnSÞ!þ ( vs M2½!ðnSÞ!# ( Dalitz distributions.
The fractions of signal events in the signal region are
determined from fits to the corresponding Mmissð!þ !# Þ
spectrum and are found to be 0:937 ) 0:015ðstatÞ, 0:940 )
0:007ðstatÞ, 0:918 ) 0:010ðstatÞ for final states with!ð1SÞ,
!ð2SÞ,!ð3SÞ, respectively. The variation of reconstruction
efficiency across the Dalitz plot is determined from a
GEANT-based MC simulation [8] and is found to be small
except for the higherM½!ðnSÞ!) ( region. The distribution
of background events is determined using events from the
!ðnSÞ sidebands and found to be uniform (after efficiency
correction) across the Dalitz plot.

Dalitz distributions of events in the!ð2SÞ sidebands and
signal regions are shown in Figs. 1(a) and 1(b), respec-
tively, where M½!ðnSÞ!(max is the maximum invariant
mass of the two !ðnSÞ! combinations. This is used to
combine !ðnSÞ!þ and !ðnSÞ!# events for visualization
only. Two horizontal bands are evident in the !ð2SÞ!
system near 112:6 GeV2=c4 and 113:3 GeV2=c4, where
the distortion from straight lines is due to interference with
other intermediate states, as demonstrated below. One-
dimensional invariant mass projections for events in the

!ðnSÞ signal regions are shown in Fig. 2, where two peaks
are observed in the !ðnSÞ! system near 10:61 GeV=c2

and 10:65 GeV=c2. In the following we refer to these
structures as Zbð10 610Þ and Zbð10 650Þ, respectively.
We parametrize the !ð5SÞ ! !ðnSÞ!þ !# three-body

decay amplitude by

M ¼ AZ1
þ AZ2

þ Af0 þ Af2 þ Anr; (1)

where AZ1
and AZ2

are amplitudes to account for contribu-
tions from the Zbð10 610Þ and Zbð10 650Þ, respectively.
Here we assume that the dominant contributions come
from amplitudes that preserve the orientation of the spin
of the heavy quarkonium state and, thus, both pions in the
cascade decay !ð5SÞ ! Zb! ! !ðnSÞ!þ !# are emitted
in an Swave with respect to the heavy quarkonium system.
As demonstrated in Ref. [9], angular analyses support this
assumption. Consequently, we parametrize the observed
Zbð10 610Þ and Zbð10 650Þ peaks with an S-wave Breit-

Wigner function BWðs;M;"Þ ¼
ffiffiffiffiffiffi
M"

p

M2# s# iM"
, where we do

not consider possible s dependence of the resonance width.
To account for the possibility of !ð5SÞ decay to both
Zþ
b!

# and Z#
b!

þ , the amplitudes AZ1
and AZ2

are symme-
trized with respect to !þ and !# transposition. Using
isospin symmetry, the resulting amplitude is written as
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FIG. 1. Dalitz plots for !ð2SÞ!þ !# events in the (a) !ð2SÞ
sidebands; (b) !ð2SÞ signal region. Events to the left of the
vertical line are excluded.
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FIG. 2. Comparison of fit results (open histogram) with ex-
perimental data (points with error bars) for events in the !ð1SÞ
(a),(b), !ð2SÞ (c),(d), and !ð3SÞ (e),(f) signal regions. The
hatched histogram shows the background component.

PRL 108, 122001 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

23 MARCH 2012

122001-3

A. Bondar, et al., Phys. Rev. Lett. 108, 122001 (2012)
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superimposed.

to form bound states [29–31]. The masses of the Pc(4312)+ and Pc(4457)+ states are
approximately 5MeV and 2MeV below the ⌃+

c D
0 and ⌃+

c D
⇤0 thresholds, respectively, as

illustrated in Fig. 6, making them excellent candidates for bound states of these systems.
The Pc(4440)+ could be the second ⌃cD⇤ state, with about 20MeV of binding energy, since
two states with JP = 1/2� and 3/2� are possible. In fact, several papers on hidden-charm
states created dynamically by charmed meson-baryon interactions [32–34] were published
well before the first observation of the P+

c structures [1] and some of these predictions
for ⌃+

c D
0 and ⌃+

c D
⇤0 states [29–31] are consistent with the observed narrow P+

c states.
Such an interpretation of the Pc(4312)+ state (implies JP = 1/2�) would point to the
importance of ⇢-meson exchange, since a pion cannot be exchanged in this system [10].

8
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Description of excited baryons

Conventional structure Exotic structures

En
er

gy

internal
excitation

B
M

qq̄ pair creation

multiquark hadronic
molecule

Various hadronic excitations

In QCD, non-qqq structures naturally arise.

- Baryons: superposition of qqq + exotic structures

Introduction

—> How can we disentangle different components?
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Unstable states via strong interaction
Introduction

- stable/unstable via strong interaction
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PDG2018：http://pdg.lbl.gov/Hadon resonances

~ 150 baryons ~ 210 mesons
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Introduction

Relation to unstable nuclei
Stable nuclei (~300), unstable nuclei (~2000)

安定核

…アングルカメラ
　該当番号の解説図の視点を示しています。

中性子数
（横軸は同じ元素）

結合エネルギー

中性子ハロー

ベータ崩壊

中性子スキン

最も安定
（一番低い）

日本初の元素発見

アルファ崩壊

安定の島

ナトリウム 27～32
ヘリウム 8等

ヘリウム 6、リチウム 11、
ベリリウム 11,14、ホウ素 17,19
炭素 19等ヘリウム 6

ヘリウム 4

リチウム 6

陽子数
（元素の種類）

不安定核
未発見の原子核
理研で発見した原子核

鉄56
魔法数 20

ｒ過程、
超新星爆発

魔法数

113番元素
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C h a r t  o f  N u c l i d e s
　皆さんご存知の周期表は
元素を原子番号順に並べた表ですが、
性質の似た元素が縦に揃うよう工夫してあるため、
凹型という不思議な形状をしています。
　一方、核図表は単純に原子番号 (つまり陽子※2 の数 ) を縦軸に、中性
子※3 の数を横軸に並べた原子核の表です。原子核は陽子数と中性子数の
数によっておよそ 1万種類あると言われています。同じ陽子数（元素）で
も様々な中性子数の原子核が存在することがこの表からわかります。同
じ元素で、違った中性子数である元素を「同位元素※4」と言います。
　この表の " 高さ "、というか " 谷の深さ " はそれぞれの原子核の結合
エネルギーを示しています（低い方が強い)。結合力の強い安定核（黒）が、
あたかも谷筋を流れる川のようなので、これを「ハイゼンベルク※5 の
谷」と呼びます。

※ハイゼンベルクの谷の核図表※ハイゼンベルクの谷の核図表

監修：理化学研究所 仁科加速器研究センター
URL：http://www.nishina.riken.jp/
この表は2012年 7月現在のものです。
改訂版などの情報は上記サイトよりご確認ください。

　今から 137 億年前、ビッグバンによって私たちの宇宙は生まれました。でもそ
の時に存在した元素は水素とヘリウムだけ。それから３億年ほど経て星が生まれ
ると、その中で重い元素が創られ始め、星の終焉に起きる超新星爆発では、より重
い元素が一気に創られたと考えられています。私たちの体を含め、宇宙を構成す
る物質は全てこれらの元素から出来ています。一方、元素の本体は陽子と中性子
からなる原子核です。陽子と中性子の微妙なバランスからなる原子核の成り立ち
を調べることは、物質の起源を調べることにほかなりません。ここに示す核図表
は全ての原子核を示した地図であり、元素合成と宇宙の歴史も刻まれています。
原子核は果たしてどのように生まれたのか、またどのようなものなのか、核図表
を一緒に見てみましょう。

「全原子核の地図」核図表とは 私たちの体は星くずでできている原子核の大きさ
　縦軸は陽子数であり、元素の種類でもあります。下から上に向
かって陽子数が増えていくため、周期表の順番と一緒です。横軸は
中性子数で左から右に向かって中性子の数が増えていきます。つま
り横一線では同じ陽子数で、違う中性子数で構成される同位元素に
なります。
　黒い所は安定核※6 といい、天然に存在する原子核です。オレンジ
色の所はこれまでに発見・合成された原子核です。白い所は理論的
に存在するとされる原子核で未発見の原子核です。高さは結合エネ
ルギー※7 を表していて、高いほど原子核が不安定といえます。

核図表の見かた

真上からみた立体核図表

（1兆分の1cm）

髪の毛
0.1mmφ

酸素原子核

中性子
陽子

人間地球

（0.1cm） （1億分の1cm）

170cm13.000km

Ỉ⁲

Ỉศ子

酸素原子

原子核
電子

水素原子
酸素原子

䠍ࠥ 䠌䠌䠌୓ศ䛾1 䠍ࠥ୓ศ䛾1

　原子の大きさは約 1000 万分の１mm。最新鋭の顕微鏡でぎりぎり見え
る大きさです。しかし元素の本体は原子の中心にある原子核です。原子核
の大きさは原子のさらに 10 万分の１ですから、まったく見ることは出来
ません。たとえ見えなくても私たちは原子核が陽子 (＋の電気を持つ ) と
中性子 ( 電気を持たない ) という２種類の粒子の塊であることを知ってい
ます。

次世代の恒星ができる
（例えば太陽系）

恒星ができる

宇宙に散らばった
水素・ヘリウムが
重力でだんだん
集まってくる

恒星内で鉄までの元素が作られる

作られた元素が
宇宙にばらまかれる

この瞬間に
ウランまでの元素が
一気に作られる

超新星爆発

星間物質

星の終焉
例えばヘリウム 4では

原子核の表記方法

He4
2

例えば炭素 13では

と表す。（※右の核図表
では陽子数は省略）

C136

元素記号陽子+中性子数
陽子数

宇宙の始まり
137億年前

水素とヘリウムだけ
他の元素はない

ビッグバン

重力で
星間物質が

だんだん集まってくる

宇宙では常に元素合成を繰り返
しています。宇宙誕生時には水
素とヘリウムしかありませんで
した。それから３億年ほどで星
が誕生し、その星の内部や、星の
爆発で原子番号が大きい元素は
作られています。

下記核図表は見やすくするため高さを抑えて
表現してありますが、これくらい深い谷を示します。※1

陽
子
数

中性子数

1

5

6

4

2

3

ヘリウム4
×92
×143

陽子中性子

ウラン235

×2
×2

原子核は陽子と中性子の集合体でできてい

ます。例えばヘリウム 4 は 2 つの陽子と 2

つの中性子からなり、ウラン235は 92個

の陽子と 143 個の中性子からなっていま

す。陽子と中性子の数はそれぞれの原子核

ごとに安定する値があり、そのバランスが

崩れると原子核が壊れて別の原子核へと変

化していきます。

21 原子核＝陽子+中性子

9

8

仁科センターの森田浩介研究員らの

グループは世界でこれまで未確認だった

新しい113番元素の発見に成功しました。

新元素の発見は、目的とする原子核のできる確率が極端に小

さいためとても困難で、世界中でその発見を競っています。

113番元素の場合、亜鉛とビスマスの原子核同士を100兆

回も衝突させる必要がありました。この発見により、日本で初

めて元素の名前を付ける権利を得ることができそうです。

9 日本史上初の元素発見「113番元素」

線形加速器リニアック
（RILAC）からのビーム

入射粒子
原子番号30番

亜鉛
標的核

原子番号83番
ビスマス

励起状態
（高温の複合核）

279[113]*

基底状態の核
（目的核種）
278[113]

目的核種の娘核
274[111]

中性子を放出して冷却

アルファ崩壊核反応

時
間
経
過

原子核の構成要素

中性子

陽子

核図表で最も安定した元素は鉄 56 です。し

たがって鉄は谷の中で最も低い位置にあり

ます。宇宙での元素合成は水素・ヘリウムを

材料としてまずは恒星内の核融合反応に

よって進みます。あたかも山の頂に

あるような水素から鉄までは谷を

下るように合成されるのです。し

かし鉄より先は登りですから、何

らかの力を借りる必要があり、そ

の一つとして超新星爆発の力を借

りて谷を登るように合成されて

いったと考えられています。
（※大きな核図表は紙面の都合で谷の

スケールを低く調整してあり、

一方この核図表は一般的

な「ハイゼンベルクの谷」

を表現しています。）

10 鉄はターニングポイント

鉄56
（最も谷底にあり最も安定）

恒星内で進行した
核融合反応

超新星爆発での
原子核合成

水素

ウラン

↓

↓

10

11

7

原子核には色々な形が存在することがわかって

います。球状だけでなく、バナナ型やミカン型な

ど様々です。特に上記に示した原子核は特徴的

です。中性子スキンは過剰な中性子が原子核の

外にしみ出して中性子だけの皮を作っています。

中性子ハローはしみ出した中性子が大きく広

がってしまい、おぼろげに存在します。

65 塊だけじゃない─色々な原子核

中
性
子
ス
キ
ン

中
性
子
ハ
ロ
ー

※分割断面

周りが中性子で
覆われている 周りに中性子がおぼろげに存在

ウラン235,238
（最も重い安定核）

水素↓

　　本来、超重原子核は非常に不安定ですが、理論的に

このような離れた位置に安定核が存在するかもしれな

いとされています。このあたりに魔法数が存在すると思

われているからです。周りは全て不安定原子核の海のよ

うになっていることから、安定の島と呼ばれています。

8 安定の島

再び安定した原子核が
現れるかもしれない！？

鉄までの原子核は恒星内で生まれました。鉄より重い元素はど

のようにしてできたのでしょうか。これまでの研究でその半分

位は超新星爆発によってできたと考えられています。この時の

爆発的な元素合成の道筋が左図の青色のラインで、ｒ過程と呼

ばれます。超新星爆発の際に発生する大量の中性子を通常の原

子核が沢山取り込み、一気に重たい中性子過剰核へと変貌。途中

から中性子の取り込みと中性子が陽子に変わる反応（ベータ崩

壊）のバランスで複雑なラインを描くことになると考えられて

います。爆発が落ち着き中性子の供給が止まると、ベータ崩壊に

よってまさに谷を下るように安定核へと変化する道筋を緑色の

ラインで示しました。RIBF※8 ではこの中性子過剰核を作り、そ

れを調べる事ができます。

11 不安定核を介して鉄より重い元素が出来る

超新星爆発での
r過程の経路

鉄

中性子過剰になると
安定に向かう

水素

ウラン

↓

原子核はとても固く簡単には壊

せません。しかし不安定核はより

安定な原子核へと自らを変化さ

せます。その際に起きる現象を

「崩壊」と呼びます。崩壊にはアル

ファ (α)、ベータ (β)、ガンマ

(γ) の３種類あります。α崩壊は

左上図のように、原子核からヘリ

ウム原子核（陽子２、中性子２）が

飛び出す現象です。当然軽くなり

原子番号が２つ減ります。また飛

び出たヘリウム原子核をα線と

呼びます。β崩壊は左下図のよう

に、原子核内の中性子が陽子に変

化する反応です。その時、電子と

反ニュートリノを放出します。重さはほぼ変わりませんが、陽子がふえ

ますから、原子番号が１つ増えます。飛び出た電子をβ線と呼びます。

なお崩壊した直後の原子核は興奮して熱くなっています。これが冷え

る時に光を出します、この光をγ線と呼びます。

43 原子核の崩壊─アルファ崩壊、ベータ崩壊

ウラン238
放射性同位体

トリウム234
放射性同位体

α崩壊

α線（ヘリウム4）

ヘリウム6
放射性同位元素

リチウム6
安定同位元素

反ニュートリノ

β崩壊

β線（電子）

中性子→陽子

　　原子核の安定には陽子数と中性子数のバランスが大切

です。それとともに、陽子・中性子が好む数字があり、

これを魔法数と呼びます。今知られているのは

2、8、20、28、50、82、126です。

例えば、カルシウムは陽子数20

ですから魔法数です。そのため

バランスが崩れる程

中性子が多くても、

安定な原子核が

あるのが分かり

ます。

7 魔法数（マジックナンバー）

2
2

20

20

28

28

50

50

82

126

82

8

8

カルシウム

中性子が多くても
安定核が存在

ニッケル

スズ

鉛

酸素
ヘリウム

11

10

8

※断面図

※1「核図表」：誌面中央の核図表は都合で高さの違いが分かりにくいのですが、一般に「ハイゼンベルクの谷」は誌面左
上図のように深い谷で表現します。なお、深い谷にすると内側が見えなくなってしまう．．．というのが都合です。
※2,3「陽子」「中性子」：原子核はほぼ同じ重さの２種類の粒子で出来ています。プラス電荷を持つのが陽子、電荷を持た
ないのが中性子です。通常は原子核は電子で取り囲まれていて、その電子はマイナス電荷を持ち重さは陽子の約 2000 分

の１という軽さです。
※4：「同位元素」：同位体ともいいます。同位元素には放射性崩壊を起こす「放射性同位元素」（RI）と、崩壊しない「安
定同位元素」とがあります。
※5「ハイゼンベルク」：ドイツの理論物理学者、ヴェルナー・カール・ハイゼンベルク。行列力学と不確定性原理によって

量子力学を完成させた一人です。
※6「安定核」：崩壊しない原子核のことを安定核といいます。ただし、ウランなどのように半減期が地球の年齢よりも長
く採掘も可能なものは、この表では安定核としています。
※7「結合エネルギー」：陽子と中性子がバラバラではなく、結合し原子核になったときに失われるエネルギーを結合エネ

ルギーと言います。低い所にある原子核ほど失ったエネルギーが大きく壊れにくい、つまり安定になります。
※8「RIBF」：RI ビームファクトリー。理研仁科加速器研究センターの日本を代表する原子核研究施設の総称。 初
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- clustering, halo nuclei, Efimov effect, …
Structure of unstable nuclei
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Introduction

Difficulty of resonances
Resonance as an “eigenstate” of Hamiltonian
- complex energy

G. Gamow, Z. Phys. 51, 204 (1928)
204 

Zur Quantentheor i e  des  A t o m k e r n e s .  
Von G. G a m o w ~  z. Zt. in GSttingen. 

Mit 5 Abbildungen. (Eingegangen am 2. August 1928.) 

Es wird der Versuch gemacht, die Prozesse der a-Ausstrahlung auf Grund der 
Wellenmeehanik n~her zu untersuchen und den experimentell festgestel]ten Zu- 
sammenhang zwisehen Zerfallskonstante und Energie der a-Partikel theoretisch zu 

erhalCen. 

w 1. Es ist schon ~tters* die Vermutung ausgesproehen worden, 
dal] im Atomkern die nichtcoulombschen Anzlehungskr~fte eine sehr 
wiehtige Rolle spielen, lJber die Natur dieser KrKfte kSnnen wir viele 
ttypothesen macken. 

Es kSnnen die Anziehungen zwisehen den magnetischen Momenten 
der einzelnen Kernbauelemente oder die yon elektriseher und magne- 

U 

E! 

\ 

Fig. 1. 

fischer Polarisation herriihren- 
den Krafte sein. 

Jedenfalls nehmen diese 
Krgfte mit waehsender Ent- 
fernung yore Kern sehr schnell 
ab, und nur in unmittelbarer 
Nahe des Kernes fiberwiegen 
sie den Einflul] der Cou lomb-  
schen Kraft. 

Aus Experimenten fiber 
Zerstreuung der ~-Strahlen 
k~nnen wir schliel]en, dal], far 
sehwere Elemente, die An- 

ziehungskr~fte bis zu einer Entfernung ~ 10 -12 em noch nicht merklich 
sin& So kSnnen wir das auf Fig. 1 gezeichnete Bild far den Verlauf 
der potentiellen Energie annehmen. 

Hier bedeutet ~'" die Entfernung, bis zu weleher experimentell nach- 
gewiesen ist, daft Coulombsche Anziehung allein existiert. Von ~" be- 
ginnen die Abweiehungen ( r '  ist unbekannt und viel]eicht viel klelner 
als r " )  und b e i r  o hat die U-Kurve ein Maximum. Far ~, ~ r o herrschen 
schon die Anziehungskrafte ,:or, in diesem Geblet w~irde das Teilchen 
den Kernrest wie ein Satellit umkreisen. 

* J. Frenkel,  ZS. f. Phys. 87, 243, 1926; E. Rutherford, Phil. Mag. 
4, 580, 1927; D. Enskog, ZS. f. Phys. 45, 852, 1927. 

208 O. Gamow, 

So sehen wir, dab die Amplitude der durchgegangenen Welle um so 
kleiner ist, ie klelner die Gesamtenergie ~ ist, und zwar spielt der 
Faktor : 

~ .  ~ 1/Voo _ E. ~ e - l k t  ~ e h 

in dieser Abhangigkeit die wichtigste Rolle. 
w 3. Jetzt k(innen wit das Problem fiir zwei symmetrische Potential- 

schwellen (Fig. 3) 15sen. Wir werden zwei Liisungen suchen. 
Eine L~sung sell ~ r  positive q gelten und fiir q ~ qo ~- I die 

Welle : 
2t e* 

geben. Die andere L~sung gilt ~iir negative q und gibt lfir q ~ - -  (qo + / )  
die Welle 

21. : ( ~ t  + q" ' -~  

Dann kSnnen wir die beiden L~sungen an der Grenze q - -  0 niehf 
stetig aneinanderfiigen, denn wlr haben bier zwei Grenzbedingungen zu 

~ s  

q( 

// 

~r 

e 

Fig. 3. 

effiillen und nur eine Konstante a zur Ver~gung. Die physikalisehe 
Ursaehe dieser UnmSglichkeit ist, dal~ die aus diesen zwei Liisungen 
konstruierte W-Funktlon dem Erhaltungssatz 

+ (qo +/) 
O---/Oj" _._ _--h 

- -  (qo + l)  
nicht genfigt. 

Um diese Schwierigkeit zu ilberwinden, miissen wir annehmen, dal] 
die Schwingungen ged~mpft sin(t, und E komplex setzen: 

hZ 

we E o die gewShnliche Energie ist und 9[ das D~mpfungsdekrement 
(Zer~allskonstante). ])ann sehen wir aber aus den Relationen (2 a) und (2 b), 

- Complex expectation value (norm, <r2>) —> interpretation?

Bi-orthogonal basis (Gamow vectors): normalizable!
N. Hokkyo, Prog. Theor. Phys. 33, 1116 (1965)
T. Berggren, Nucl. Phys. A 109, 265 (1968)

| R̃ i = |R⇤ i, |h R̃ |R i| =
����
Z

dr[ R(r)]
2

���� < 1

- diverging wave function (Im k < 0)
hR |R i =

Z
dr| R(r)|2 ⇠

Z 1

0
dre�2Im[k]r ! 1

3.0

2.5

2.0

1.5

1.0

0.5

0.0

-0.5

R
e 
ψ

 [b
-1

/2
]

86420
x [b]



- 1 channel (P)

r

V

P

P

Q
V

r

- coupled-channel (P+Q)
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Introduction

Classification of resonances
1) Potential (shape) resonance

2) Feshbach resonance

- potential barrier : E>0
- unstable via tunneling

- bound state of Q: EQ<0, EP>0
- unstable via transition

tunneling

channel 
transition

- (composite of P-channel)

- (“elementary”: other than P)

N
K̅
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Structure of unstable resonances

Methods to distinguish the structure by

Accurate scattering amplitude is needed.

Strategy
Introduction

- on-shell scattering amplitude (a0, re, …)

- its analytic continuation (pole, zero, …)

- observables (cross section, …)

- wave function
- off-shell amplitude
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Λ(1405) and K̅N scattering
Accurate K̅N scattering amplitude

Λ(1405) does not fit in standard picture —> exotic candidate

: experiment

Λ(1405)

: theory

N. Isgur and G. Karl, Phys. Rev. D18, 4187 (1978)

Resonance in coupled-channel scattering

Detailed analysis of K̅N-πΣ scattering is necessary.

K̅N threshold

en
er

gy Λ(1405)

πΣ threshold
N

K̅

- coupling to MB states

Σ
π

u d
s
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Construction of the realistic amplitude
Accurate K̅N scattering amplitude

Chiral coupled-channel approach with systematic χ2 fitting

= +

TW model

Chiral perturbation theory

TWB model NLO model

T V TV

Y. Ikeda, T. Hyodo, W. Weise, PLB 706, 63 (2011); NPA 881 98 (2012)

O(p2)O(p)

O(p)

2) Born terms1) TW term 3) NLO terms

7 LECs6 cutoffs
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Accurate K̅N scattering amplitude

Accurate description of all existing data (χ2/d.o.f. ~ 1)

cr
os

s 
se
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Y. Ikeda, T. Hyodo, W. Weise, PLB 706, 63 (2011); NPA 881 98 (2012)

TW TWB NLO Experiment

�E [eV] 373 377 306 283± 36± 6 [10]

� [eV] 495 514 591 541± 89± 22 [10]

� 2.36 2.36 2.37 2.36± 0.04 [11]

Rn 0.20 0.19 0.19 0.189± 0.015 [11]

Rc 0.66 0.66 0.66 0.664± 0.011 [11]

�2/d.o.f 1.12 1.15 0.96

pole positions 1422� 16i 1421� 17i 1424� 26i

[MeV] 1384� 90i 1385� 105i 1381� 81i

Table 1
Results of the systematic �2 analysis using leading order (TW) plus Born terms (TWB) and full NLO
schemes. Shown are the energy shift and width of the 1s state of the kaonic hydrogen (�E and �),
threshold branching ratios (�, Rn and Rc), �2/d.o.f of the fit, and the pole positions of the isospin I = 0
amplitude in the K̄N -⇡⌃ region.

the subtraction constants ai in Eq. (7), especially those in the ⇡⇤ and ⌘⌃ channels,
exceed their expected “natural” values ⇠ 10�2 by more than an order of magnitude [14].
This clearly indicates the necessity of including higher order terms in the interaction
kernel Vij . It also emphasizes the important role of the accurate kaonic hydrogen data in
providing sensitive constraints.

The additional inclusion of direct and crossed meson-baryon Born terms does not
change �E and �2/d.o.f. in any significant way. It nonetheless improves the situation
considerably since the subtraction constants ai now come down to their expected “nat-
ural” sizes.

The best fit (with �2/d.o.f. = 0.96) is achieved when incorporating NLO terms in the
calculations. The inputs used are: the decay constants f⇡ = 92.4 MeV, fK = 110.0 MeV,
f⌘ = 118.8 MeV, and axial vector couplings D = 0.80, F = 0.46 (i.e. gA = D+F = 1.26);
subtraction constants at a renormalization scale µ = 1 GeV (all in units of 10�3): a1 =
a2 = �2.38, a3 = �16.57, a4 = a5 = a6 = 4.35, a7 = �0.01, a8 = 1.90, a9 = a10 =
15.83; and NLO parameters (in units of 10�1 GeV�1): b̄0 = �0.48, b̄D = 0.05, b̄F =
0.40, d1 = 0.86, d2 = �1.06, d3 = 0.92, d4 = 0.64. Within the set of altogether
“natural”-sized constants ai the relative importance of the K⌅ channels involving double-
strangeness exchange is worth mentioning.

As seen in Table 1, the results are in excellent agreement with threshold data. The
same input reproduces the whole set of K�p cross section measurements as shown in
Fig. 2 (Coulomb interaction e↵ects are included in the diagonal K�p ! K�p channel
as in Ref. [6]). A systematic uncertainty analysis has been performed by varying the
parameters obtained from �2 fits within the range permitted by the uncertainty measures
of the kaonic hydrogen experimental data. Since the shift and width of kaonic hydrogen
are rather insensitive to the I = 1 scattering amplitudes, the total cross section of
K�p ! ⇡0⇤ reaction is also used for the uncertainty analysis. We find that all cross
sections are well reproduced with the constraint from the kaonic hydrogen measurement
as shown by the shaded areas in Fig. 2. A detailed description of this analysis will be
given in a longer forthcoming paper [15].

Equipped with the best fit to the observables at K�p threshold and above, an opti-

5

Fit to experiments: NLO chiral SU(3) dynamics
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Subthreshold extrapolation
Accurate K̅N scattering amplitude

SIDDHARTA is essential for subthreshold extrapolation.

Uncertainty of K̅N —> K̅N (I=0) amplitude below threshold

Y. Kamiya, K. Miyahara, S. Ohnishi, Y. Ikeda, T. Hyodo, E. Oset, W. Weise, 
NPA 954, 41 (2016)
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Figure 5.13: Real (left panel) and imaginary part (right panel) of the I = 0 K̄N and
πΣ amplitudes in the full approach. The best fit is represented by the solid lines while
the bands comprise all fits in the 1σ region. The πΣ and K̄N thresholds are indicated
by the dotted vertical lines.

R. Nissler, Doctoral Thesis (2007)

SIDDHARTA Λ(1405)
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Extrapolation to complex energy: two poles
Accurate K̅N scattering amplitude

J.A. Oller, U.G. Meissner, PLB 500, 263 (2001);
D. Jido, J.A. Oller, E. Oset, A. Ramos, U.G. Meissner, NPA 723, 205 (2003);

Two poles: superposition of two eigenstates

!"##!"$#!""#!"%#
&$#
&"#
&%#
&'##($

#("

#(%

#('
#($

#("

#(%

#('

�!"#$%&

!"#$%&#'"(%

)*#$%&#'"(%

+,+&#-.'"(%

NLO analysis confirms the two-pole structure.
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Now tabulated in PDG

Citation: M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98, 030001 (2018)

Λ(1405) 1/2− I (JP ) = 0(1
2
−) Status: ∗∗∗∗

In the 1998 Note on the Λ(1405) in PDG 98, R.H. Dalitz discussed
the S-shaped cusp behavior of the intensity at the N-K threshold ob-
served in THOMAS 73 and HEMINGWAY 85. He commented that
this behavior ”is characteristic of S-wave coupling; the other below
threshold hyperon, the Σ (1385), has no such threshold distortion
because its N-K coupling is P-wave. For Λ(1405) this asymmetry is

the sole direct evidence that JP = 1/2−.”

A recent measurement by the CLAS collaboration, MORIYA 14,

definitively established the long-assumed JP = 1/2− spin-parity
assignment of the Λ(1405). The experiment produced the
Λ(1405) spin-polarized in the photoproduction process γp →

K+Λ(1405) and measured the decay of the Λ(1405)(polarized) →

Σ+ (polarized)π−. The observed isotropic decay of Λ(1405) is
consistent with spin J = 1/2. The polarization transfer to the

Σ+(polarized) direction revealed negative parity, and thus estab-

lished JP = 1/2−.

See the related review(s):
Pole Structure of the Λ(1405) Region

Λ(1405) REGION POLE POSITIONSΛ(1405) REGION POLE POSITIONSΛ(1405) REGION POLE POSITIONSΛ(1405) REGION POLE POSITIONS

REAL PARTREAL PARTREAL PARTREAL PART
VALUE (MeV) DOCUMENT ID TECN

• • • We do not use the following data for averages, fits, limits, etc. • • •

1429+ 8
− 7

1 MAI 15 DPWA

1325+15
−15

2 MAI 15 DPWA

1434+ 2
− 2

3 MAI 15 DPWA

1330+ 4
− 5

4 MAI 15 DPWA

1421+ 3
− 2

5 GUO 13 DPWA

1388± 9 6 GUO 13 DPWA

1424+ 7
−23

7 IKEDA 12 DPWA

1381+18
− 6

8 IKEDA 12 DPWA

1High-mass pole, solution number 4.
2 Low-mass pole, solution number 4.
3High-mass pole, solution number 2.
4 Low-mass pole, solution number 2.
5High-mass pole, fit II
6 Low-mass pole, fit II.
7High-mass pole
8 Low-mass pole

HTTP://PDG.LBL.GOV Page 1 Created: 6/5/2018 18:59

M. Tanabashi, et al., PRD 98, 030001 (2018), http://pdg.lbl.gov/
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Find a measure to distinguish the structure

Weak binding relation for stable bound states

Effective field theory —> description of low-
energy scattering amplitude, generalization to 
unstable resonances

Compositeness X “Elementariness” Z
other contributionsthreshold channel

Compositeness of hadrons

S. Weinberg, Phys. Rev. 137, B672 (1965)

observables (a0,B)

or

 ↑

Compositeness
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a0: scattering length, re: effective range
R = (2μB)-1/2: radius of wave function
Rtyp: length scale of interaction

Compositeness X of s-wave weakly bound state (R ≫ Rtyp)
S. Weinberg, Phys. Rev. 137, B672 (1965);
T. Hyodo, Int. J. Mod. Phys. A 28, 1330045 (2013)

Weak binding relation for stable states

Problem: applicable only for stable states.

Compositeness

- Deuteron is NN composite (a0 ~ R ≫ re) —> X ~ 1
- Internal structure from observable

|d⟩ = X |NN⟩ + 1 − X |others⟩

a0 = R { 2X
1 + X

+ 𝒪 ( Rtyp

R )}, re = R { X − 1
X

+ 𝒪 ( Rtyp

R )}
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Low-energy scattering with near-threshold bound state

Effective field theory

D.B. Kaplan, Nucl. Phys. B494, 471 (1997)
E. Braaten, M. Kusunoki, D. Zhang, Annals Phys. 323, 1770 (2008)

- Nonrelativistic EFT with contact interaction

Hfree =

Z
dr


1

2M
r † ·r +

1

2m
r�† ·r�+

1

2M0
rB

†
0 ·rB0 + ⌫0B

†
0B0

�
,

Hint =

Z
dr

h
g0

⇣
B

†
0� +  

†
�
†
B0

⌘
+ v0 

†
�
†
� 

i

- cutoff：Λ ~ 1/Rtyp (interaction range of microscopic theory)
- At low energy p ≪ Λ, interaction ~ contact

B0

 

�

g0 + B0

 

�

g0 +

 

�

 

�

v0

 �

B0

Compositeness
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Eigenstates

Z, X: real and nonnegative —> interpreted as probability

“elementariness” compositeness

Compositeness and “elementariness”

- normalization of |B> + completeness relation
hB |B i = 1, 1 = |B0 ihB0 |+

Z
dp

(2⇡)3
|p ihp |

Compositeness

(Hfree +Hint)|B i = �B|B i

- projections onto free eigenstates
1 = Z +X, Z ⌘ |hB0 |B i|2, X ⌘

Z
dp

(2⇡)3
|hp |B i|2

Hfree|B0 i = ⌫0|B0 i, Hfree|p i = p
2

2µ
|p i free (discrete + continuum)

full (bound state)
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ΨΦ scattering amplitude (exact result)

Weak binding relation

f(E) = � µ

2⇡

1

[v(E)]�1 �G(E)

v(E) = v0 +
g20

E � ⌫0
, G(E) =

1

2⇡2

Z ⇤

0
dp

p2

E � p2/(2µ) + i0+

Compositeness X <— v(E), G(E)

X =
G0(�B)

G0(�B)� [1/v(�B)]0
<latexit sha1_base64="bix4lqbrJPgZeB2lTAWqSgn6LZM="></latexit><latexit sha1_base64="bix4lqbrJPgZeB2lTAWqSgn6LZM="></latexit><latexit sha1_base64="bix4lqbrJPgZeB2lTAWqSgn6LZM="></latexit><latexit sha1_base64="bix4lqbrJPgZeB2lTAWqSgn6LZM="></latexit><latexit sha1_base64="bix4lqbrJPgZeB2lTAWqSgn6LZM="></latexit>

 

�

 

�

= v0 +
⌫0

g0g0 + v0 +
⌫0

g0 g0

If R ≫ Rtyp, correction terms neglected: X <— (B, a0) 
renormalization independent

Compositeness

1/R=(2μB)1/2 expansion: leading term <— X

a0 = �f(E = 0) = R

⇢
2X

1 +X
+O

⇣
Rtyp

R

⌘� renormalization dependent
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Introduce decay channel

Introduction of decay channel

H
0
free =

Z
dr


1

2M 0r 
0† ·r 0 � ⌫  

0†
 
0 +

1

2m0r�
0† ·r�0 � ⌫��

0†
�
0
�
,

H
0
int =

Z
dr


g
0
0

⇣
B

†
0�

0
 
0 +  

0†
�
0†
B0

⌘
+ v

0
0 

0†
�
0†
�
0
 
0 + v

t
0( 

†
�
†
�
0
 
0 +  

0†
�
0†
� )

�
,

Quasi-bound state: complex eigenvalue

H|QB i = EQB |QB i, EQB 2 C

H = Hfree +H
0
free +Hint +H

0
int

ν
μ

μ’

 �

B0

 0�0

Compositeness

If |R| ≫ (Rtyp, l) correction terms neglected: X <— (EQB, a0)

Generalized relation: correction term <— threshold difference

Y. Kamiya, T. Hyodo, Phys. Rev. C93, 035203 (2016)
c.f. V. Baru, et al., Phys. Lett. B586, 53 (2004),…

a0 = R

(
2X

1 +X
+O

⇣���Rtyp

R

���
⌘
+O

⇣�� l
R

��3
⌘)

, R =
1p

�2µEQB
2 C, l ⌘

1
p
2µ⌫
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Complex compositeness
Compositeness

- Probabilistic interpretation?

New definition

- interpreted as probabilities
- reduces to Z and X in the bound state limit

Z̃ + X̃ = 1, Z̃, X̃ 2 [0, 1]

Z̃ =
1� |X|+ |Z|

2
, X̃ =

1� |Z|+ |X|
2

U/2: uncertainty of interpretation
U = |Z|+ |X|� 1

- Sensible interpretation only for small U/2 case

c.f. T. Berggren, Phys. Lett. 33B, 547 (1970)

Unstable states —> complex Z and X
Z +X = 1, Z,X 2 C

PTEP 2017, 023D02 Y. Kamiya and T. Hyodo

Fig. 1. Geometric illustration of X̃ , Z̃ , and U defined in Eq. (82).

of the interpretation, we introduce the quantity U , which satisfies the following conditions:

Condition (3) When there is no cancelation in X + Z , then U = 0, X̃ = X , and Z̃ = Z ;
Condition (4) U increases as the cancelation in X + Z becomes large.

We define these three quantities as

X̃ ≡ 1 − |Z | + |X |
2

, Z̃ ≡ 1 − |X | + |Z |
2

, U ≡ |Z | + |X | − 1, (82)

which can be calculated from X and Z .3 From the triangle inequalities |X |+ |Z | ≥ 1, |X |+ 1 ≥ |Z |,
and |Z | + 1 ≥ |X |, we can verify that the quantities X̃ , Z̃ , and U satisfy the four conditions. A
geometric illustration of the definition of these quantities is given in Fig. 1. The relation X + Z = 1
can be expressed in the complex plane as (Re X , Im X ) + (Re Z , Im Z) = (1, 0). In this figure, we
can regard U as the difference between |X | and 1 − |Z | on the real axis. The quantity X̃ = 1 − Z̃ is
defined by taking the middle point of (|X |, 0) and (1− |Z |, 0). From this observation, it is reasonable
to consider ±U/2 as the uncertainty of the probability X̃ . We emphasize that this uncertainty comes
from the complex nature of the expectation values of the unstable particle. We thus call U/2 the
uncertainty of the interpretation. We show these quantities for the examples of X in Table 1. For
case (I), U is small enough to regard the value of X̃ = 0.8 as a probability, which implies the
structure is dominated by the composite state. For the other cases, U/2 is larger than 1/2 and the
large uncertainty prevents us from employing the probabilistic interpretation. In this way, we can
quantitatively discuss the structure of the unstable states by this interpretation with X̃ and U .

We note that Eq. (82) is not the only definition to satisfy the above four conditions. For example,
another definition is proposed in Ref. [32].4 As shown in Ref. [32], the difference between the
definitions should be small when U is small. When U is small the other interpretations of the complex
compositeness, |X | and Re X , also give a similar result to X̃ . In fact, the differences between these
expressions reduce to

∣∣∣|X | − X̃
∣∣∣ = U

2
, (83)

3 In Ref. [31], the probability of an uncertain identification of the state cn is defined with complex overlap
of the wave function pn . We define U motivated by this prescription.

4 A nice feature of the definition in Ref. [32] is that it is generalizable to a system with multiple scattering
channels. We note, however, that the only quantity we can model-independently determine is the compositeness
of the nearest channel to the pole. Thus the present formulation is sufficient to interpret the model-independently
determined compositeness.

15/36
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Evaluation of compositeness
Compositeness

Λ(1405) : K̅N composite dominance <— observables

Generalized weak-binding relation

(EQB, a0) determinations by several groups
PTEP 2017 , 023D02 Y. Kamiya and T. Hyodo

Table 2. Properties and results for the higher-energy pole of !(1405) quoted from Ref. [7]: shown are the
eigenenergy Eh , the K̄N (I = 0) scattering length a0, the K̄N compositeness XK̄N and X̃K̄N , and the uncertainty
of the interpretation U .

Eh [MeV] a0 [fm] XK̄N X̃K̄N U/2

Set 1 [35] −10 − i26 1.39 − i0.85 1.2 + i0.1 1.0 0.3
Set 2 [36] − 4 − i 8 1.81 − i0.92 0.6 + i0.1 0.6 0.0
Set 3 [37] −13 − i20 1.30 − i0.85 0.9 − i0.2 0.9 0.1
Set 4 [38] 2 − i10 1.21 − i1.47 0.6 + i0.0 0.6 0.0
Set 5 [38] − 3 − i12 1.52 − i1.85 1.0 + i0.5 0.8 0.3

the K̄N threshold energy, we can study the K̄N compositeness of !(1405) with the generalized
weak-binding relation for quasibound states. To evaluate the compositeness using the weak-binding
relation, we need the I = 0 scattering length of the K̄N channel and the eigenenergy of !(1405).
These quantities can be obtained by detailed fitting analysis of the experimental data in the K̄N
threshold energy region. The most systematic analysis in the previous studies is performed by chiral
SU(3) dynamics [34– 38]. In these studies, !(1405) is described by two resonance poles of the
scattering amplitude in the complex energy plane. We consider the K̄N compositeness of the state
represented by the pole at higher energy because this can be regarded as the weakly bound state.7

In Table 2, we show the sets of the scattering length a0 and the eigenenergy of the higher pole state
Eh , based on Refs. [34– 38].8 Because of the isospin symmetry breaking, the threshold energies and
the reduced masses of the K̄0nchannel and the K−pchannel are slightly different. We define the
scattering length for the isospin I = 0 channel as a0 = (f0,K−p(E = 0) + f0,K̄0n(E = 0))/2, where
f0,K−p and f0,K̄0n are the scattering amplitudes of K−p → K−p and K̄0n → K̄0n, respectively,
and the threshold energy E = 0 is specified below for each set. The scattering length of set 1 is
calculated from the NLO amplitude of Refs. [34,35] by using the isospin-averaged hadron masses
at the isospin-averaged K̄N threshold energy. Therefore we use the isospin-averaged mass of K̄ and
N to determine the threshold energy and the reduced mass. Set 3 is based on Fit II of Ref. [37] with
the same isospin-averaging procedure. In the other analyses, the scattering length is calculated at the
K−pthreshold energy, so we use the threshold energy and reduced mass of the K−pchannel. Sets 2,
4, and 5 are based on Ref. [36], solution #2 of Ref. [38], and solution #4 of Ref. [38], respectively. In
Table 2, the scattering length a0 and the eigenenergy Eh do not converge quantitatively even though
the available data is reproduced at the level of χ2/d.o.f ∼1 in all the analyses. We therefore employ
the results of all the analyses to estimate the systematic error.

We first estimate the magnitude of the higher-order terms in the weak-binding relation. Using the
eigenenergies in Table 2, we find that the value of R satisfies |R| ! 1.5 fm. The typical range scale
of the hadron interaction can be estimated from the meson exchange mechanism. The longest range
hadronic interaction is mediated by the lightest meson π , which cannot be exchanged between K̄ and
N because the three-point vertex of the pseudoscalar mesons is prohibited by parity conservation.
We therefore estimate the typical range scale of the K̄N interaction from the ρ meson exchange
interaction to obtain Rtyp = 1/mρ ∼0.25 fm.9 To estimate the length scale l = 1/

√
2µω, we use

7 We do not consider the compositeness of the state associated with the lower-energy pole, because the
weak-binding relation is derived for the closest pole to the threshold.

8 We thank Jose Antonio Oller and Maxim Mai for correspondences.
9 We do not use the σ exchange to estimate the interaction range because the σ meson has the broad width [1].
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- neglecting correction terms:

- In all cases, X~1 with small U/2 (complex nature)

a0 = R
2X

1 + X
+ 𝒪 (

Rtyp

R ) + 𝒪 ( l
R

3

) , R =
1

−2μEQB

, l ≡
1
2μν



a0 = R
2X

1 + X
+ 𝒪 (

Rtyp

R ) + 𝒪 ( l
R

3

) , R =
1

−2μEQB

, l ≡
1
2μν
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Uncertainty estimation
Compositeness

K̅N composite dominance holds even with correction terms.

Estimation of correction terms :

- ρ meson exchange picture : 
- energy difference from πΣ : 

Rtyp ∼ 0.25 fm

l ∼ 1.08 fm

|R | ∼ 2 fm

PTEP 2017, 023D02 Y. Kamiya and T. Hyodo

Fig. 9. The results of error evaluation of the compositeness X̃K̄N of !(1405). The lines denote the central
values and the shaded areas indicate the uncertainty bands.

Fig. 10. I = 0 scattering amplitudes in the K̄N → K̄N (right panel) and π# → π# (left panel) channels
based on Ref. [35] with the isospin-averaged hadron masses. The solid line denotes the real part and the dashed
line denotes the imaginary part.

the π# amplitude has a CDD pole at this energy.10 Thus the ERE description of the π# amplitude
around its threshold will not reach the K̄N threshold because of the CDD pole. The existence of
the CDD pole near the resonance pole in the π# amplitude may be an indication of the non-π#
dominance of !(1405).

In Refs. [20,21,39,40], the compositeness of !(1405) is also calculated in various models by
evaluating the expression in Eq. (89) at the pole position. The results are summarized in Table 4.
In Refs. [39] and [20], the scattering amplitude is calculated from the chiral unitary approach of
Refs. [3] and [35], respectively. In the analysis of Ref. [40], the SU(6) model in Ref. [41] is used.
In Ref. [21], the scattering amplitude based on the unitary chiral perturbation theory in Ref. [37] is
used. We summarize the results in Table 4, specifying the prescription to interpret the compositeness.
We see that these studies give a consistent result for K̄N dominance over the other components. This
is also in good agreement with our model-independent results by the weak-binding relation.

In these studies, Refs. [20] and [21] use the scattering amplitude in Refs. [35] and [37], respectively.
Although Ref. [21] uses a different prescription |X | to determine the compositeness, small U = 0.1 in
set 3 indicates the difference between the prescriptions should be small, as we discussed in Sect. 3.5.

10 In the coupled-channel scattering, each component can have a CDD pole individually. This is in contrast to
the pole of the amplitude representing the eigenstate, which is determined by det F−1 = 0 and the divergence
appears in all the components of Fij.
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Analytic structure of scattering amplitude
Implication from nearby CDD zero

Distance between pole and zero <—> origin of the state

CDD (Castillejo-Dalitz-Dyson) zero

- pole of inverse amplitude, zero of amplitude f(ECDD)=0
L. Castillejo, R.H. Dalitz, F.J. Dyson, Phys. Rev. 124, 264 (1961)

V. Baru, et al., Eur. Phys. J. A 44, 93 (2010),
C. Hanhart, et al., Eur. Phys. J. A 47, 101 (2011),
Z.H. Guo, J.A. Oller, Phys. Rev. D93, 054014 (2016)

- role of CDD zero in hadron scattering, resonances, etc.

Pole of scattering amplitude f(Epole)=∞

- represents (complex) eigenvalue of Hamiltonian

J.R. Taylor, Scattering theory (Wiley, New York, 1972)
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Fate of pole in zero coupling limit
Zero coupling limit (ZCL): switching off the channel coupling

Implication from nearby CDD zero

- pole exists in all components at the same position for x≠0
- pole exists only in channel i with Vii origin at x=0

- channel 1 origin : pole remains in 11 amplitude  
- channel 2, … origin : pole decouples from 11 amplitude

Pole behavior in 11 amplitude toward ZCL (x -> 0)

How can a pole decouple from an amplitude?

R.J. Eden, J.R. Taylor, Phys. Rev. 133, B1575 (1964)

H = lim
x→0

T11 + V11 xV12 ⋯
xV21 T22 + V22 ⋯

⋮ ⋮ ⋱
=

T11 + V11 0 ⋯
0 T22 + V22 ⋯
⋮ ⋮ ⋱
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General discussion
Scattering amplitude f(E) is meromorphic in energy

Implication from nearby CDD zero

Y. Kamiya, T. Hyodo, Phys. Rev. D97, 054019 (2018)

- nZ (nP) : number of zeros (poles) in contour C
- Topological invariant of 

Pole cannot decouple without merging with CDD zero
—> existence of nearby CDD zero indicates “elementary” 
      (origin is in other channel).

nC = -1 nC = 0 nC = 0

1
2π ∮C

dz
d arg f(z)

dz
= nZ − nP ≡ nC

π1(U(1)) ≅ ℤ
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Example: Λ(1405)
Poles and zeros in the K̅N and πΣ amplitudes

Implication from nearby CDD zero

Low- (high-)mass pole is not K̅N (πΣ) composite.

- In πΣ amplitude, CDD zero exists near the high-mass pole, 
  and merges with it to decouple in the ZCL.

- In K̅N amplitude, CDD zero exists near the low-mass pole, 
  and merges with it to decouple in the ZCL.
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Summary
Summary + future

Structure of Λ(1405) from scattering amplitude

- Compositeness from weak binding relation

- CDD zero analysis

Y. Kamiya, T. Hyodo, Phys. Rev. C93, 035203 (2016);
Y. Kamiya, T. Hyodo, PTEP2017, 023D02 (2017)

Y. Kamiya, T. Hyodo, Phys. Rev. D97, 054019 (2018)
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Resonances (unstable quantum states)

Future
Summary + future

- theoretical foundation

- important for future hadron-nuclear physics

- many unknowns

- non-hermitian quantum mechanics

- breaking of time reversal symmetry?

- structure?
- complex expectation values?


