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導入：ハドロン物理と共鳴状態
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観測されているハドロン(2020)
Particle Data Group (PDG) 2020版
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観測されているハドロン(2022)
Particle Data Group (PDG) 2022版

導入：ハドロン物理と共鳴状態
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エキゾチックハドロン

- クォーク組成 ∼ ccūd̄

- で構成できないメソンqq̄

導入：ハドロン物理と共鳴状態

テトラクォーク  の観測Tcc
LHCb collaboration, Nature Phys. 18, 7, 751 (2022); Nature Commun. 13, 1, 3351 (2022) LETTERS NATURE PHYSICS

and background components. The signal component is described 
by the convolution of the detector resolution with a resonant shape, 
which is modelled by a relativistic P-wave two-body Breit–Wigner 
(BW) function modified by a Blatt–Weisskopf form factor with a 
meson radius parameter of 3.5 GeV−1. The use of a P-wave reso-
nance is motivated by the expected JP = 1+ quantum numbers for 
the T+

cc

 state. A two-body decay structure T+
cc

→ AB is assumed with 
m

A

= 2m

D

0

 and m
B

= m

π

+, where m
π

+ stands for the known mass 
of the π+ meson. Several alternative prescriptions are used for the 
evaluation of the systematic uncertainties. Despite its simplicity, the 
model serves well to quantify the existence of the T+

cc

 state and to 
measure its properties, such as the position and the width of the 
resonance. A follow-up study91 investigates the underlying nature 
of the T+

cc

 state, expanding on the modelling of the signal shape and 
the determination of its physical properties. The detector resolution 
is modelled by the sum of two Gaussian functions with a common 
mean, where the additional parameters are taken from simulation 
(Methods) with corrections applied32,92,93. The root mean square of 
the resolution function is around 400 keV c−2. A study of the D0π+ 
mass distribution for D0D0π+ combinations in the region above the 
D*0D+ mass threshold but below 3.9 GeV c−2 shows that approxi-
mately 90% of all random D0D0π+ combinations contain a genuine 
D*+ meson. On the basis of this observation, the background com-
ponent is parameterized by the product of a two-body phase space 
function and a positive second-order polynomial. The resulting 
function is convolved with the detector resolution.

The fit results are shown in Fig. 1, and the parameters of interest, 
namely the signal yield, N, the mass parameter of the BW function rel-
ative to the D*+D0 mass threshold, δm

BW

≡ m

BW

− (m
D

∗+ +m

D

0), 
and the width parameter, ΓBW, are listed in Table 1. The statistical 
significance of the observed T+

cc

D

0

D

0

π

+ signal is estimated using 
Wilks’ theorem to be 22 s.d. The fit suggests that the mass param-
eter of the BW shape is slightly below the D*+D0 mass threshold.  
The statistical significance of the hypothesis δmBW < 0 is estimated 
to be 4.3 s.d.

To validate the presence of the signal component, several addi-
tional cross-checks are performed. The data are categorized accord-
ing to data-taking periods, including the polarity of the LHCb 
dipole magnet and the charge of the T+

cc

 candidates. Instead of 
statistically subtracting the non-D0 background, the mass of each 
D → K−π+ candidate is required to be within a narrow region around 
the known mass of the D0 meson38. The results are found to be con-
sistent among all samples and analysis techniques. Furthermore, 
dedicated studies are performed to ensure that the observed 
signal is not caused by kaon or pion misidentification, doubly 
Cabibbo-suppressed D0 → K+π− decays or D0

D

0 oscillations, decays 
of charm hadrons originating from beauty hadrons or artefacts due 
to the track reconstruction creating duplicate tracks.

Systematic uncertainties for the δmBW and ΓBW parameters are 
summarized in Table 2 and described below. The largest systematic 
uncertainty is related to the fit model and is studied using pseudo-
experiments with alternative parameterizations of the D0D0π+ mass 
shape. Several variations in the fit model are considered: changes 
in the signal model due to the imperfect knowledge of the detector 
resolution, an uncertainty in the correction factor for the resolution 
taken from control channels, parameterization of the background 
component and the additional model parameters of the BW func-
tion. The model uncertainty related to the assumption of JP = 1+ 
quantum numbers of the state is estimated and listed separately. 
The results are affected by the overall detector momentum scale, 
which is known to a relative precision of δα = 3 × 10−4 (ref. 94). The 
corresponding uncertainty is estimated using simulated samples 
where the momentum scale is modified by factors of (1± δα). In 
the reconstruction, the momenta of charged tracks are corrected 
for energy loss in the detector material, the amount of which is 
known with a relative uncertainty of 10%. The resulting uncertainty 
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Fig. 1 | The distribution of the D0D0π+ mass. The distribution of the 
D0D0π+ mass after statistical subtraction of the contribution of the non-D0 
background, with the result of the fit with the two-component function 
described in the text. The horizontal bin width is indicated on the vertical 
axis legend. The inset shows a zoomed signal region with a fine binning 
scheme. Uncertainties on the data points are statistical only and represent 
one standard deviation, calculated as a sum in quadrature of the assigned 
weights from the background subtraction procedure.

Table 1 | Parameters obtained from the fit to the D0D0π+ mass 
spectrum: signal yield, N, BW mass relative to the D*+D0 
mass threshold, δmBW, and width, ΓBW. The uncertainties are 
statistical only

Parameter Value

N 117!±!16
δmBW −273!±!61!keV!c−2

ΓBW 410!±!165!keV

Table 2 | Systematic uncertainties for the δmBW and ΓBW 
parameters. The total uncertainty is calculated as the sum 
in quadrature of all components except for those related to 
the assignment of JP quantum numbers, which are handled 
separately

Source σ

δm

BW

(

keV c

−2

)

σΓ
BW

(keV)

Fit model
Resolution model 2 7
Resolution correction factor 1 30
Background model 3 30
Model parameters <1 <1
Momentum scale 3 —
Energy loss corrections 1 —
D*+!−!D0 mass difference 2 —
Total 5 43

JP quantum numbers +11

−14

+18

−38

NATURE PHYSICS | VOL 18 | JULY 2022 | 751–754 | www.nature.com/naturephysics752

LETTERS
https://doi.org/10.1038/s41567-022-01614-y

*A list of authors and their affiliations appears online. 

Conventional, hadronic matter consists of baryons and 
mesons made of three quarks and a quark–antiquark pair, 
respectively1,2. Here, we report the observation of a hadronic 
state containing four quarks in the Large Hadron Collider 
beauty experiment. This so-called tetraquark contains two 
charm quarks, a u  and a d  quark. This exotic state has a mass 
of approximately 3,875!MeV and manifests as a narrow peak 
in the mass spectrum of D0D0π+ mesons just below the D*+D0 
mass threshold. The near-threshold mass together with the 
narrow width reveals the resonance nature of the state.

Quantum chromodynamics, the theory of the strong force, 
describes the interactions of coloured quarks and gluons and the 
formation of hadronic matter, that is, mesons and baryons. While 
quantum chromodynamics makes precise predictions at high ener-
gies, the theory has difficulties describing the interactions of quarks 
in hadrons from first principles due to the highly nonperturba-
tive regime at the corresponding energy scale. Hence, the field of 
hadron spectroscopy is driven by experimental discoveries that are 
sometimes unexpected, which could lead to changes in the research 
landscape. Along with conventional mesons and baryons, made of a 
quark–antiquark pair (q

1

q

2

) and three quarks (q1q2q3), respectively, 
particles with an alternative quark content, known as exotic states, 
have been actively discussed since the birth of the constituent quark 
model1–8. This discussion has been revived by recent observations 
of numerous tetraquark q

1

q

2

q

3

q

4

 and pentaquark q
1

q

2

q

3

q

4

q

5

 candi-
dates9–36. Due to the closeness of their masses to known particle-pair 
thresholds37,38, many of these states are likely to be hadronic mol-
ecules39–42 where colour-singlet hadrons are bound by residual 
nuclear forces similar to the electromagnetic van der Waals forces 
attracting electrically neutral atoms and molecules. An ordinary 
example of a hadronic molecule is the deuteron formed by a proton 
and a neutron. On the other hand, an interpretation of exotic states 
as compact multiquark structures is also possible43.

All exotic hadrons observed so far predominantly decay via 
the strong interaction, and their decay widths vary from a few to 
a few hundred MeV. A discovery of a long-lived exotic state, sta-
ble with respect to the strong interaction, would be intriguing.  
A hadron with two heavy quarks Q and two light antiquarks q , that 
is, Q

1

Q

2

q

1

q

2

, is a prime candidate to form such a state44–49. In the 
limit of a large heavy-quark mass, the two heavy quarks Q1Q2 form 
a point-like, heavy, colour-antitriplet object that behaves similarly 
to an antiquark, and the corresponding state should be bound. It is 
expected that the b quark is heavy enough to sustain the existence 
of a stable bbud  state with a binding energy of about 200 MeV with 
respect to the sum of the masses of the pseudoscalar, B− or B0, and 
vector, B*− or B∗0, beauty mesons, which defines the minimal mass 
for the strong decay to be allowed. In the case of the bcud  and ccud  
systems, there is currently no consensus regarding whether such 
states exist and are narrow enough to be detected experimentally. 

The similarity of the ccud  tetraquark state and the Ξ++
cc

 baryon con-
taining two c quarks and a u quark leads to a relationship between 
the properties of the two states. In particular, the measured mass of 
the Ξ

++
cc

 baryon with quark content ccu50–52 implies that the mass 
of the ccud  tetraquark is close to the sum of the masses of the D0 
and D*+ mesons with quark content of cu  and cd , respectively, as 
suggested in ref. 53. Theoretical predictions for the mass of the ccud  
ground state with spin-parity quantum numbers JP = 1+ and isospin 
I = 0, denoted hereafter as T+

cc

, relative to the D*+D0 mass threshold

δm ≡ m

T

+
cc

− (m
D

∗+ +m

D

0) (1)

lie in the range of −300 < δm < 300 MeV (refs. 53–84), where m
D

∗+ 
and m

D

0 denote the known masses of the D*+ and D0 mesons38. 
Lattice quantum chromodynamics calculations also do not provide 
a definite conclusion on the existence of the T+

cc

 state or its binding 
energy73,85–87. The observation of the Ξ++

cc

 baryon50,51 and of a new 
exotic resonance decaying to a pair of J/ψ mesons29 by the LHCb 
experiment motivates the search for the T+

cc

 state.
In this Letter, the observation of a narrow state in the D0D0π+ 

mass spectrum near the D*+D0 mass threshold compatible with 
being a T+

cc

 tetraquark state is reported. Throughout this Letter, 
charge conjugate decays are implied. The study is based on proton–
proton (pp) collision data collected by the LHCb detector at the 
Large Hadron Collider at the European Organization for Nuclear 
Research at centre-of-mass energies of 7, 8 and 13 TeV, correspond-
ing to integrated luminosity of 9 fb−1. The LHCb detector88,89 is a 
single-arm forward spectrometer covering the pseudorapidity range 
of 2 < η < 5, designed to study particles containing b or c quarks and 
is further described in Methods. The pseudorapidity η is defined 
as − log

(

tan

θ

2

)

, where θ is a polar angle of the track relative to the 
proton beam line.

The D0D0π+ final state is reconstructed by selecting events with 
two D0 mesons and a positively charged pion, all produced at the 
same pp interaction point. Both D0 mesons are reconstructed in the 
D0→K−π+ decay channel. The selection criteria are similar to those 
used in ref. 90. To subtract the background not originating from two 
D0 candidates, an extended, unbinned maximum-likelihood fit to 
the two-dimensional distribution of the masses of the two D0 can-
didates is performed. The corresponding procedure, together with 
the selection criteria, is described in detail in Methods. To improve 
the δm mass resolution and to make the determination insensitive 
to the precision of the D0 meson mass, the mass of the D0D0π+ com-
binations is calculated with the mass of each D0 meson constrained 
to the known value38. The resulting D0D0π+ mass distribution for 
selected D0D0π+ combinations is shown in Fig. 1. A narrow peak 
near the D*+D0 mass threshold is clearly visible.

An extended, unbinned, maximum-likelihood fit to the D0D0π+ 
mass distribution is performed using a model consisting of the signal 

Observation of an exotic narrow doubly charmed 
tetraquark
LHCb Collaboration*

NATURE PHYSICS | VOL 18 | JULY 2022 | 751–754 | www.nature.com/naturephysics 751

- 内部構造は？

に崩壊：不安定状態の内部構造？D0D0π+

c d̄
ūc

D0
D*+

？ ？
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強い相互作用で不安定なハドロン
安定な/不安定なハドロン

導入：ハドロン物理と共鳴状態
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- １チャンネル問題 ( )P

-0.8 0 0.8 1.6 2.4 3.2 4 4.8

-2.5

2.5

導入：ハドロン物理と共鳴状態
共鳴状態の分類

1) 形状（ポテンシャル）共鳴

2) フェッシュバッハ共鳴

- トンネル効果で崩壊

E

- ポテンシャル障壁で E > 0 r

- チャンネル遷移で崩壊
-  の束縛状態だが Q EP > 0

VQ

- チャンネル結合問題 ( )P+Q

E

r

Δ

VP

VP

（束縛状態）

 の状態を実現する方法E > 0

起源が異なる両者を区別する方法？

c d̄
ūc

D0
D*+
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導入：ハドロン物理と共鳴状態
共鳴状態の記述

束縛状態から共鳴状態への遷移

目次

目次

- 量子力学／散乱理論の共鳴状態

J.R. Taylor, Scattering Theory (Wiley, New York, 1972)

N. Moiseyev, Non-Hermitian Quantum Mechanics 
(Cambridge University Press, Cambridge, 2011)

T. Hyodo, PRC90, 055208 (2014)

T. Hyodo, T. Hatsuda, Y. Nishida, PRC89, 032201 (2014)

- 2体束縛状態

- 3体束縛状態

https://inspirehep.net/literature/1305435
https://inspirehep.net/literature/1266095


9

共鳴状態の記述
共鳴状態の特徴づけ

共鳴状態の定義
1) 複素エネルギー固有状態：H |R⟩ = ER |R⟩, ER ∈ ℂ

2) 散乱振幅、S行列の極

- 理論的に不定性のない定義

T. Hyodo and M. Niiyama Progress in Particle and Nuclear Physics 120 (2021) 103868

Fig. 2. Definition of resonances in the Schrödinger equation and in scattering theory. Resonances are identified as the generalized eigenstates with a
complex eigenenergy by solving the Schrödinger equation with the outgoing boundary condition. This procedure is common to usual bound states.
It follows from the asymptotic behavior of the scattering wave function (47) that the outgoing boundary condition is equivalent to the zero of the
Jost function in scattering theory. From Eqs. (49) and (50), this condition gives the pole of the s matrix and the scattering amplitude.

where MR > 0 and �R > 0 are interpreted as the ‘‘mass’’ and ‘‘width’’ of the state (see the effect of the Breit–Wigner
term discussed below).5 Because ER is the eigenenergy of the Hamiltonian, one might wonder why the complex number is
allowed as an eigenvalue. To show the reality of the eigenvalue of an hermitian (strictly speaking, self-adjoint) operator,
one must consider the Hilbert space in a mathematically strict sense, i.e., the complete inner product space. Roughly
speaking, the reality of the eigenenergy is guaranteed for the square integrable wave functions

R
dr|�0,pR (r)| < 1. For

pR 2 C satisfying Eq. (58), the corresponding wave function is

�0,pR (r) ! A+(pR)eiRe[pR]r e�Im[pR]r (60)

This function is square integrable for Im [pR] > 0, and therefore no complex energy state can appear in the upper half
plane of p. In fact, only bound state solutions are allowed for Im [pR] > 0, which are Re[pR] = 0 and Im[pR] =  . On
the other hand, in the lower half plane (Im [pR] < 0), the wave function is not square integrable, and therefore complex
eigenenergy is allowed. Therefore, the resonance solutions found in this region can be understood as the eigenstates of
the Hamiltonian, just as in the case of the bound state solutions. At the same time, we have to keep in mind that the
resonance wave functions (whose amplitude increases at large distance) does not fit in the ordinary Hilbert space, so the
resonances may be called ‘‘generalized’’ eigenstates.

Because A�(p) is the amplitude of the incoming wave, Eq. (58) is referred to as the outgoing boundary condition. This
reminds us of the zero of the Jost function (51) discussed in the previous section. In fact, by comparing the normalization
of the wave functions, we find the relation of A�(p) and the Jost function f 0(p) as

f 0(p) = A�(p)
��
C=

2p

i
p

p2+2µV0

=

"
cos(b

p
p2 + 2µV0) � i

p
p
p2 + 2µV0

sin(b
p
p2 + 2µV0)

#
eipb (61)

Thus, Eq. (58) is equivalent to the vanishing of the Jost function (51). As a consequence, the S matrix and the scattering
amplitude diverge at pR. In other words, the resonance eigenstate is expressed by the pole of the S matrix/scattering
amplitude. These relations are schematically summarized in Fig. 2.

We have shown that the theoretically well-defined characterization of resonances is to determine the pole position
of the scattering amplitude in the complex energy plane. On the other hand, physical scattering occurs only for real and
positive energies, and therefore the pole at the complex energy is not directly accessible in experiments. Whereas the
pole position is in principle uniquely determined, it is practically useful to show the characteristic behavior of observable
quantities. Suppose that there is a resonance at E = ER = MR � i�R/2 in the `th partial wave. The scattering amplitude,
having a pole at E = ER, can be expressed by the Laurent series around ER as

f`(E) = f`,BW(E) + f`,BG(E), (62)

where f`,BW(E) is the Breit–Wigner term containing the pole contribution

f`,BW(E) =
ZR

E � ER
=

ZR(E � MR �
i
2�R)

(E � MR)2 +
1
4�

2
R

, (63)

5 From the analytic properties of the Jost function, one can show that the existence of a pole at p = pR indicates another pole at p = �p⇤

R . This
means that there should be a pair of poles at E = ER and E = E⇤

R in the complex energy plane. In other words, there is a pole with Im [ER] > 0 as
well as the one with Im [ER] < 0 shown in Eq. (59). Recalling the time dependence of the wave function  E (t) / e�iEt , one finds that the pole with
Im [ER] < 0 represents the state with decreasing probability | ER (t)|

2
/ e��Rt , while the other one denotes the state with increasing probability.

These solutions are interpreted as the decaying resonance state and its time reversal, respectively.

12

T. Hyodo, M. Niiyama, Prog. Part. Nucl. Phys. 120, 103868 (2021)

- 1) と 2) はヨスト関数を介して等価
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共鳴状態の記述
ガモフ理論

- 複素エネルギー
G. Gamow, Z. Phys. 51, 204 (1928)204 

Zur Quantentheor i e  des  A t o m k e r n e s .  
Von G. G a m o w ~  z. Zt. in GSttingen. 

Mit 5 Abbildungen. (Eingegangen am 2. August 1928.) 

Es wird der Versuch gemacht, die Prozesse der a-Ausstrahlung auf Grund der 
Wellenmeehanik n~her zu untersuchen und den experimentell festgestel]ten Zu- 
sammenhang zwisehen Zerfallskonstante und Energie der a-Partikel theoretisch zu 

erhalCen. 

w 1. Es ist schon ~tters* die Vermutung ausgesproehen worden, 
dal] im Atomkern die nichtcoulombschen Anzlehungskr~fte eine sehr 
wiehtige Rolle spielen, lJber die Natur dieser KrKfte kSnnen wir viele 
ttypothesen macken. 

Es kSnnen die Anziehungen zwisehen den magnetischen Momenten 
der einzelnen Kernbauelemente oder die yon elektriseher und magne- 

U 

E! 

\ 

Fig. 1. 

fischer Polarisation herriihren- 
den Krafte sein. 

Jedenfalls nehmen diese 
Krgfte mit waehsender Ent- 
fernung yore Kern sehr schnell 
ab, und nur in unmittelbarer 
Nahe des Kernes fiberwiegen 
sie den Einflul] der Cou lomb-  
schen Kraft. 

Aus Experimenten fiber 
Zerstreuung der ~-Strahlen 
k~nnen wir schliel]en, dal], far 
sehwere Elemente, die An- 

ziehungskr~fte bis zu einer Entfernung ~ 10 -12 em noch nicht merklich 
sin& So kSnnen wir das auf Fig. 1 gezeichnete Bild far den Verlauf 
der potentiellen Energie annehmen. 

Hier bedeutet ~'" die Entfernung, bis zu weleher experimentell nach- 
gewiesen ist, daft Coulombsche Anziehung allein existiert. Von ~" be- 
ginnen die Abweiehungen ( r '  ist unbekannt und viel]eicht viel klelner 
als r " )  und b e i r  o hat die U-Kurve ein Maximum. Far ~, ~ r o herrschen 
schon die Anziehungskrafte ,:or, in diesem Geblet w~irde das Teilchen 
den Kernrest wie ein Satellit umkreisen. 

* J. Frenkel,  ZS. f. Phys. 87, 243, 1926; E. Rutherford, Phil. Mag. 
4, 580, 1927; D. Enskog, ZS. f. Phys. 45, 852, 1927. 

208 O. Gamow, 

So sehen wir, dab die Amplitude der durchgegangenen Welle um so 
kleiner ist, ie klelner die Gesamtenergie ~ ist, und zwar spielt der 
Faktor : 

~ .  ~ 1/Voo _ E. ~ e - l k t  ~ e h 

in dieser Abhangigkeit die wichtigste Rolle. 
w 3. Jetzt k(innen wit das Problem fiir zwei symmetrische Potential- 

schwellen (Fig. 3) 15sen. Wir werden zwei Liisungen suchen. 
Eine L~sung sell ~ r  positive q gelten und fiir q ~ qo ~- I die 

Welle : 
2t e* 

geben. Die andere L~sung gilt ~iir negative q und gibt lfir q ~ - -  (qo + / )  
die Welle 

21. : ( ~ t  + q" ' -~  

Dann kSnnen wir die beiden L~sungen an der Grenze q - -  0 niehf 
stetig aneinanderfiigen, denn wlr haben bier zwei Grenzbedingungen zu 

~ s  

q( 

// 

~r 

e 

Fig. 3. 

effiillen und nur eine Konstante a zur Ver~gung. Die physikalisehe 
Ursaehe dieser UnmSglichkeit ist, dal~ die aus diesen zwei Liisungen 
konstruierte W-Funktlon dem Erhaltungssatz 

+ (qo +/) 
O---/Oj" _._ _--h 

- -  (qo + l)  
nicht genfigt. 

Um diese Schwierigkeit zu ilberwinden, miissen wir annehmen, dal] 
die Schwingungen ged~mpft sin(t, und E komplex setzen: 

hZ 

we E o die gewShnliche Energie ist und 9[ das D~mpfungsdekrement 
(Zer~allskonstante). ])ann sehen wir aber aus den Relationen (2 a) und (2 b), 

ハミルトニアンの“固有状態”としての共鳴状態

- 時間依存性：存在確率が時間とともに減少

206 6. Gamow, 

hSher die zu tiberwindende Potentialschwelle ist. Um diese Tatsache 
zu erl~utern, wollen wir ein einfaches Beispiel untersuchen. 

Wir haben eine rechteckige Potentialschwelle und wit wollen die 
LSsung der Sch rSd inge r schen  Gleichung linden, welche den Durchgang 
der Partikel yon rechts nach links darstellt. Ftir die Energie E schreiben 
wir die Wellenfunktion $ in der folgenden Form: 

= ~ ( q ) .  e+ ~-~, 
wo ~ (q) der Amplitudengleichung : 

O '~ *; 8 a: 2 m 
O q' + ---fV- ( E -  U) ~ ~--- 0 (1) 

geniigt. 
Fiir das Gebiet I haben wir die L(isung 

~ - -  A cos  (k q + ~), 

wo .4. und a zwei beliebige Konstanten sind und 

k _--  2 ~ ~ /2 -~   9 1 / E  (2 a) 
h 

bedeutet. In dem Gebiet I I  lantet die LSsung 
~t-rlI _.7_ Ble-k 'q  + B~e+k'q, 

WO 

ist. 
h 

An der Grenze q ----- 0 gelten die Bedingungen: 

la~'T] [o~,q 
~PI(O) ~ ~w(O) und [ - ~ q  3 q = o ~  [ Oq Jq=o'  

woraus wir leicht 
A A 

B1 - -  2 s i n g S i n ( a + # ) ;  B 2 - -  2 sin @ Sin (u - -  #) 

erhalten, wo 
1 

sin # ~ - -  
1 + \ k ' /  

is~. 
Die Liisung im Gebie~ l [  lautet daher: 

A 
~lrlI - -  2 sin ~ [sin (c~ + #) .  e -  k, q _ sin (e, - -  #) e+ k, q]. 

In I I I  haben wir wieder: 

(2 b) 

W m  ~ C cos (k q +/~).  

∝ e+2πiE0t/he−(λ/2)t, |ψ |2 ∝ e−λt
e−λt

t

|ψ |2

- 定義域を拡張すると複素固有値を持つことができる

- 固有値が実数なのはヒルベルト空間（～2乗可積分な関数空間）
エルミート演算子の固有値は実数では？

∫ |ψ (r) |2 d3r < ∞
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散乱波動関数
共鳴状態の記述

球対称短距離力ポテンシャル  のシュレディンガー方程式V(r)

[−
∇2

2μ
+ V(r)] ψℓ,m(r) = Eψℓ,m(r), ψℓ,m(r) =

uℓ(r)
r

Ym
ℓ ( ̂r)

- 内向き波の振幅：ヨスト関数
Jℓ(p) = 1 +

2μ
p ∫

∞

0
dr ĥ+

ℓ(pr)V(r)uℓ(r; p)

E

r
V(r)

uℓ(r; p)
r→∞

i
2

[Jℓ(p)ĥ−
ℓ(pr) − Jℓ(−p)ĥ+

ℓ(pr)], p = 2μE

- 散乱波動関数（ 、連続固有値）の  での漸近形E > 0 r → ∞

∼
i
2

[Jℓ(p)e−ipr − Jℓ(−p)e+ipr]
Jℓ(−p)e+ipr

Jℓ(p)e−ipr

内向き波 外向き波
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束縛状態
共鳴状態の記述

p = iκ, κ = 2μ |E | > 0

束縛解（ 、離散固有値）E < 0

- 運動量  は純虚数p = 2μE
e+κr

r

e−κr

r
- 波動関数の  での漸近形r → ∞

uℓ(r; iκ) ∼
i
2

[Jℓ(iκ)e+κr − Jℓ(−iκ)e−κr]

—> ：外向き境界条件（内向き波が消える）Jℓ(iκ) = 0

- 波動関数が2乗可積分：境界条件 u(r → ∞) = 0

物理的な散乱の運動量  は実数p

—> 束縛状態は  を純虚数に解析接続したヨスト関数のゼロ点p
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共鳴状態
共鳴状態の記述

共鳴解：運動量  を複素数に解析接続した解p

� � ��

-�

-�

�

�

� B

R1

R2 R3

Re p [b−1]

Im
p

[b
−1

]

p = pR − ipI, pR, pI > 0

- 複素  平面の下半面（ ）に存在p Im p < 0

波動関数が2乗可積分でないので複素固有値が許される

��� ��� ��� ��� ��� ���

���

���

���

	��

Re
χ(

r)
[b

−1
/2

]

r [b]

- 波動関数の振る舞い

uℓ(r; p) → −
iJℓ(p)

2
eipr ∝ eipRre+pIr

振動 増大

—>  で振動しながら発散する
　　通常の規格化ができない

r → ∞

引力井戸型ポテンシャルの例
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散乱理論の共鳴状態
部分波  のS行列とヨスト関数ℓ

sℓ(p) =
Jℓ(−p)
Jℓ(p) ～ 内向き振幅で規格化した外向き振幅

共鳴状態の記述

離散固有状態の条件：ヨスト関数のゼロ点 Jℓ(p) = 0

-  はS行列、散乱振幅の極p

|sℓ(p) | =
Jℓ(−p)
Jℓ(p)

→ ∞, | fℓ(p) | =
Jℓ(−p) − Jℓ(p)

2ipJℓ(p)
→ ∞

- 散乱無し（素通り）の場合 sℓ(p) = 1

fℓ(p) =
sℓ(p) − 1

2ip
=

Jℓ(−p) − Jℓ(p)
2ipJℓ(p)

散乱振幅：正味の散乱の情報
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共鳴状態の特徴づけ（束縛状態の自然な拡張）

ここまでのまとめ
共鳴状態の記述

- 散乱振幅、S行列の極
- 複素エネルギー固有状態

T. Hyodo and M. Niiyama Progress in Particle and Nuclear Physics 120 (2021) 103868

Fig. 2. Definition of resonances in the Schrödinger equation and in scattering theory. Resonances are identified as the generalized eigenstates with a
complex eigenenergy by solving the Schrödinger equation with the outgoing boundary condition. This procedure is common to usual bound states.
It follows from the asymptotic behavior of the scattering wave function (47) that the outgoing boundary condition is equivalent to the zero of the
Jost function in scattering theory. From Eqs. (49) and (50), this condition gives the pole of the s matrix and the scattering amplitude.

where MR > 0 and �R > 0 are interpreted as the ‘‘mass’’ and ‘‘width’’ of the state (see the effect of the Breit–Wigner
term discussed below).5 Because ER is the eigenenergy of the Hamiltonian, one might wonder why the complex number is
allowed as an eigenvalue. To show the reality of the eigenvalue of an hermitian (strictly speaking, self-adjoint) operator,
one must consider the Hilbert space in a mathematically strict sense, i.e., the complete inner product space. Roughly
speaking, the reality of the eigenenergy is guaranteed for the square integrable wave functions

R
dr|�0,pR (r)| < 1. For

pR 2 C satisfying Eq. (58), the corresponding wave function is

�0,pR (r) ! A+(pR)eiRe[pR]r e�Im[pR]r (60)

This function is square integrable for Im [pR] > 0, and therefore no complex energy state can appear in the upper half
plane of p. In fact, only bound state solutions are allowed for Im [pR] > 0, which are Re[pR] = 0 and Im[pR] =  . On
the other hand, in the lower half plane (Im [pR] < 0), the wave function is not square integrable, and therefore complex
eigenenergy is allowed. Therefore, the resonance solutions found in this region can be understood as the eigenstates of
the Hamiltonian, just as in the case of the bound state solutions. At the same time, we have to keep in mind that the
resonance wave functions (whose amplitude increases at large distance) does not fit in the ordinary Hilbert space, so the
resonances may be called ‘‘generalized’’ eigenstates.

Because A�(p) is the amplitude of the incoming wave, Eq. (58) is referred to as the outgoing boundary condition. This
reminds us of the zero of the Jost function (51) discussed in the previous section. In fact, by comparing the normalization
of the wave functions, we find the relation of A�(p) and the Jost function f 0(p) as

f 0(p) = A�(p)
��
C=

2p

i
p

p2+2µV0

=

"
cos(b

p
p2 + 2µV0) � i

p
p
p2 + 2µV0

sin(b
p
p2 + 2µV0)

#
eipb (61)

Thus, Eq. (58) is equivalent to the vanishing of the Jost function (51). As a consequence, the S matrix and the scattering
amplitude diverge at pR. In other words, the resonance eigenstate is expressed by the pole of the S matrix/scattering
amplitude. These relations are schematically summarized in Fig. 2.

We have shown that the theoretically well-defined characterization of resonances is to determine the pole position
of the scattering amplitude in the complex energy plane. On the other hand, physical scattering occurs only for real and
positive energies, and therefore the pole at the complex energy is not directly accessible in experiments. Whereas the
pole position is in principle uniquely determined, it is practically useful to show the characteristic behavior of observable
quantities. Suppose that there is a resonance at E = ER = MR � i�R/2 in the `th partial wave. The scattering amplitude,
having a pole at E = ER, can be expressed by the Laurent series around ER as

f`(E) = f`,BW(E) + f`,BG(E), (62)

where f`,BW(E) is the Breit–Wigner term containing the pole contribution

f`,BW(E) =
ZR

E � ER
=

ZR(E � MR �
i
2�R)

(E � MR)2 +
1
4�

2
R

, (63)

5 From the analytic properties of the Jost function, one can show that the existence of a pole at p = pR indicates another pole at p = �p⇤

R . This
means that there should be a pair of poles at E = ER and E = E⇤

R in the complex energy plane. In other words, there is a pole with Im [ER] > 0 as
well as the one with Im [ER] < 0 shown in Eq. (59). Recalling the time dependence of the wave function  E (t) / e�iEt , one finds that the pole with
Im [ER] < 0 represents the state with decreasing probability | ER (t)|

2
/ e��Rt , while the other one denotes the state with increasing probability.

These solutions are interpreted as the decaying resonance state and its time reversal, respectively.

12

T. Hyodo, M. Niiyama, Prog. Part. Nucl. Phys. 120, 103868 (2021)
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導入：ハドロン物理と共鳴状態
共鳴状態の記述

束縛状態から共鳴状態への遷移

目次

目次

- 量子力学／散乱理論の共鳴状態

J.R. Taylor, Scattering Theory (Wiley, New York, 1972)

N. Moiseyev, Non-Hermitian Quantum Mechanics 
(Cambridge University Press, Cambridge, 2011)

T. Hyodo, PRC90, 055208 (2014)

T. Hyodo, T. Hatsuda, Y. Nishida, PRC89, 032201 (2014)

- 2体束縛状態

- 3体束縛状態

https://inspirehep.net/literature/1305435
https://inspirehep.net/literature/1266095
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?

束縛状態

共鳴状態

ハドロン質量  が外部パラメーター  に依存して変化mH x

- クォーク質量： （カイラル摂動論）x = mq

- カラー数： （large Nc）x = 1/Nc

- 温度、密度： x = T, μ

2体閾値を超えると何が起こる？

束縛状態から共鳴状態への遷移

ハドロン質量スケーリング

x

mH(x)E

T. Hyodo, PRC90, 055208 (2014)

https://inspirehep.net/literature/1305435
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チャンネル結合ハミルトニアン（離散固有状態＋散乱状態）
定式化

束縛状態から共鳴状態への遷移

M0
̂V

̂V p2

2μ

|Ψ⟩ = E |Ψ⟩, |Ψ⟩ = (c(E) |ψ0⟩
χE( p) | p⟩)

固有エネルギー：散乱振幅の極（自己無撞着な解）
Eh = M0 + Σ(Eh)

- 散乱振幅の解析解

f( p, p′￼, E) = −
4π2μ⟨p | ̂V |ψ0⟩⟨ψ0 | ̂V | p′￼⟩

E − M0 − Σ(E)
∼

<latexit sha1_base64="+tBN2yptVyCVEbLUVMdv9w2d+MU=">AAAA8nicSyrIySwuMTC4ycjEzMLKxs7BycXNw8XFy8fPE1acX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKBcQLKBvoGYCBAibDEMpQZoACoHJDdElMRpiRnqGZnkmgAYe0koahuYNHQGhyStfknQcghjAyQk0TYEAFhwB0uTg4</latexit>

f(p,p0, E) = �4⇡2µhp |V̂ | 0 ih 0 |V̂ |p0 i
E �M0 � ⌃(E)

⇠ + +· · ·

Σ(E) = ∫
⟨ψ0 | ̂V |q⟩⟨q | ̂V |ψ0⟩
E − q2/(2μ) + i0+

d3q ∼

- 自己エネルギー（ で虚部を持つ）E > 0
<latexit sha1_base64="+tBN2yptVyCVEbLUVMdv9w2d+MU=">AAAA8nicSyrIySwuMTC4ycjEzMLKxs7BycXNw8XFy8fPE1acX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKBcQLKBvoGYCBAibDEMpQZoACoHJDdElMRpiRnqGZnkmgAYe0koahuYNHQGhyStfknQcghjAyQk0TYEAFhwB0uTg4</latexit>

f(p,p0, E) = �4⇡2µhp |V̂ | 0 ih 0 |V̂ |p0 i
E �M0 � ⌃(E)

⇠ + +· · ·
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結合が弱いとき：摂動展開
固有エネルギーの性質

束縛状態から共鳴状態への遷移

Eh = M0 + Σ(M0) = M0 + ∫
|⟨ψ0 | ̂V |q⟩ |2

M0 − q2/(2μ) + i0+
d3q

-  の場合：基底状態に対する2次の摂動M0 < 0

E

M0
0

-  の場合：崩壊により不安定、複素エネルギーM0 > 0
E

M0
0

Σ(M0) < 0 ⇒ Eh < M0
Eh

閾値直上（ ）に解を持つ条件Eh = 0

0 = M0 + Σ(0) ⇒ M0 = − Σ(0)

- 摂動は不可、fullな自己無撞着の式で

Σ(M0) ∈ ℂ ⇒ Eh ∈ ℂ

Eh
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固有エネルギーが閾値を超える際の  依存性M0

閾値近くの振る舞い
束縛状態から共鳴状態への遷移

Eh = − Σ(0) + Σ(Eh)

-  の  から  ずらすEh = 0 M0 = − Σ(0) δM < 0

+δM δM
−Σ(0)

M0

Eh

-  が十分小さいときδM

Eh =
1

1 − Σ′￼(0)
δM, Σ′￼(E) =

dΣ(E)
dE

Eh ∝ {𝒪(δM2) ℓ = 0
δM ℓ ≠ 0

角運動量  の閾値直上の状態：波動関数くりこみがゼロℓ = 0

- 波動関数くりこみ（離散固有状態とのoverlap）

Z =
1

1 − Σ′￼(Eh)
= |⟨Ψ |ψ0⟩ |2



21

波動関数くりこみが 複合性が Z = 0 ⇔ X = 1

Compositeness theorem
束縛状態から共鳴状態への遷移

散乱長の発散、低エネルギー普遍性
E. Braaten, H.-W. Hammer, Phys. Rept. 428, 259 (2006);
P. Naidon, S. Endo, Rept. Prog. Phys. 80, 056001 (2017)

1 = |⟨Ψ |ψ0⟩ |2 + ∫ d3q |⟨Ψ |q⟩ |2

複合性 X

—> 複合成分の重みが無限に大きく有限の  の割合が0|⟨Ψ |ψ0⟩ |2

-  状態の波動関数Eh = 0

r

u0(r,0)

∝ const .

r

∝ 1/rℓ

uℓ(r; 0)
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ヨスト関数の  まわりでの展開p = 0

ヨスト関数との関係

Jℓ(p) = 1 + αℓ + βℓ p2 + 𝒪(p4) + i[γℓ p2ℓ+1 + 𝒪(p2ℓ+3)]

= {1 + αℓ + iγℓ p+𝒪(p2) ℓ = 0
1 + αℓ + βℓ p2+𝒪(p3) ℓ ≠ 0

束縛状態から共鳴状態への遷移

閾値近傍の  の振る舞いEh = p2/2μ

1 + αℓ ∼ δM ⇒ Eh ∝ {−δM2 ℓ = 0
δM ℓ ≠ 0

−Σ(0)

M0

Eh

δM

ℓ = 0
ℓ ≠ 0

- （ ）の  のゼロは1位のゼロ（2位のゼロ）ℓ = 0 ℓ ≠ 0 p = 0

固有状態はヨスト関数のゼロ点：Jℓ(p) = 0

-  のためには Eh = 0 1 + αℓ = 0

R.G. Newton, J. Math. Phys. 1, 319 (1960)
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閾値近傍のスケーリング
一般的な閾値近傍の振る舞い

束縛状態から共鳴状態への遷移

(a) (b)

bound state virtual state bound state resonance

-  δM > 0

-  δM > 0

Eh ∝ {−δM2 ℓ = 0
δM ℓ ≠ 0

Eh ∝ − δM2 ℓ = 0

Re Eh ∝ δM ℓ ≠ 0
Im Eh ∝ − δMℓ+1/2 ℓ ≠ 0

数値計算

-0.0004

-0.0003

-0.0002

-0.0001

0.0000

0.0001

E h
 [R

2 /µ
]

-0.010 0.000 0.010

bM [R2/µ]

(a) l=0

 E (bound state)
 E (virtual state)

-0.006

-0.004

-0.002

0.000

0.002

0.004

0.006

E h
 [R

2 /µ
]

-0.010 0.000 0.010

bM [R2/µ]

(b) l=1

 E (bound state)
 Re E (resonance)
 Im E (resonance)

傾き：Z

⟨q | ̂V |ψ0⟩ = gℓ |q |ℓ Θ(Λ − |q | )
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より広い  でのスケーリングδM

s波の共鳴状態
束縛状態から共鳴状態への遷移

-0.15

-0.10

-0.05

0.00

0.05

0.10

E h
 [R

2 /µ
]

-0.2 -0.1 0.0 0.1 0.2

bM [R2/µ]

l=0
 E
 Re E
 Im E

Bound Virtual Resonance

- s波の束縛状態は直接共鳴に遷移せず、virtual状態を経由する

p

Re

Im

V

B

RR̄

- 閾値近傍の振る舞いは単純な摂動論が破綻し非摂動的



25

s波束縛状態が3体閾値を超える場合
3体束縛状態では

束縛状態から共鳴状態への遷移

- Efimov状態は直接共鳴に遷移する

-0.04

-0.02

0.02

0.04

E

0.720.700.680.660.640.62

-1/a

0

 E (bound state)
 Re E (resonance)
 Im E (resonance)

Efimov状態（s波の3体束縛状態）

T. Hyodo, T. Hatsuda, Y. Nishida, PRC89, 032201 (2014)

https://inspirehep.net/literature/1266095
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束縛状態から共鳴状態への遷移

まとめ
まとめ

- s波2体系：virtual状態を経由
- s波以外の2体系：連続的に遷移
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-0.0001

0.0000

0.0001

E h
 [R

2 /µ
]

-0.010 0.000 0.010
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(a) l=0

 E (bound state)
 E (virtual state)

-0.006
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-0.002

0.000

0.002

0.004

0.006

E h
 [R

2 /µ
]

-0.010 0.000 0.010

bM [R2/µ]

(b) l=1

 E (bound state)
 Re E (resonance)
 Im E (resonance)

-0.04

-0.02

0.02

0.04

E

0.720.700.680.660.640.62

-1/a

0

 E (bound state)
 Re E (resonance)
 Im E (resonance)

- s波3体系（Efimov状態）：連続的に遷移

T. Hyodo, PRC90, 055208 (2014);
T. Hyodo, T. Hatsuda, Y. Nishida, PRC89, 032201 (2014)
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 [R
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 Re E
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Bound Virtual Resonance

https://inspirehep.net/literature/1305435
https://inspirehep.net/literature/1266095

