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the number of uncorrelated pairs with the same k*, obtained by com-
bining particles produced in different collisions (the so-called 
mixed-event technique). Figure 1d shows how an attractive or repulsive 
interaction is mapped into the correlation function. For an attractive 
interaction the magnitude of the correlation function will be above 
unity for small values of k*, whereas for a repulsive interaction it will 
be between zero and unity. In the former case, the presence of a bound 
state would create a depletion of the correlation function with a depth 
increasing with increasing binding energy.

Correlations can occur in nature from quantum mechanical inter-
ference, resonances, conservation laws or final-state interactions. 
Here, it is the final-state interactions that contribute predominantly 
at low relative momentum; in this work we focus on the strong and 
Coulomb interactions in pairs composed of a proton and either a Ξ− or 
a Ω− hyperon.

Protons do not decay and can hence be directly identified within the 
ALICE detector, but Ξ− and Ω− baryons are detected through their weak 
decays, Ξ− → Λ + π− and Ω− → Λ + Κ−. The identification and momentum 
measurement of protons, Ξ−, Ω− and their respective antiparticles are 
described in Methods. Figure 2 shows a sketch of the Ω− decay and the 
invariant mass distribution of the ΛΚ− and ΛK¯ + pairs. The clear peak 
corresponding to the rare Ω− and Ω̄+

 baryons demonstrates the excel-
lent identification capability, which is the key ingredient for this meas-
urement. The contamination from misidentification is ≤5%. For the 
Ξ− (Ξ̄+

) baryon the misidentification amounts to 8%11.
Once the p, Ω− and Ξ− candidates and charge conjugates are selected 

and their 3-momenta measured, the correlation functions can be built. 
Since we assume that the same interaction governs baryon–baryon 
and antibaryon–antibaryon pairs8, we consider in the following the 
direct sum (%) of particles and antiparticles (p Ξ p Ξ p Ξ– % ¯ – ¯ ≡ –− + −  
and p Ω p Ω p Ω– % ¯ – ¯ ≡ –− + −). The determination of the correction ξ(k*) 
and the evaluation of the systematic uncertainties are described in 
Methods.

Comparison of the p–Ξ− and p–Ω− interactions
The obtained correlation functions are shown in Fig. 3a, b for the p–Ξ− 
and p–Ω− pairs, respectively, along with the statistical and systematic 
uncertainties. The fact that both correlations are well above unity 
implies the presence of an attractive interaction for both systems. For 
opposite-charge pairs, as considered here, the Coulomb interaction 

is attractive and its effect on the correlation function is illustrated 
by the green curves in both panels of Fig. 3. These curves have been 
obtained by solving the Schrödinger equation for p–Ξ− and p–Ω− pairs 
using the Correlation Analysis Tool using the Schrödinger equation 
(CATS) equation solver39, considering only the Coulomb interaction and 
assuming that the shape of the source follows a Gaussian distribution 
with a width equal to 1.02 ± 0.05 fm for the p–Ξ− system and to 0.95 ± 
0.06 fm for the p–Ω− system, respectively. The source-size values have 
been determined via an independent analysis of p–p correlations15, 
where modifications of the source distribution due to strong decays 
of short-lived resonances are taken into account, and the source size 
is determined as a function of the transverse mass mT of the pair, as 
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Fig. 2 | Reconstruction of the Ω− and Ω̄
+

 signals. Sketch of the weak decay  
of Ω− into a Λ and a Κ−, and measured invariant mass distribution (blue points)  
of ΛΚ− and Λ K¯ + combinations. The dotted red line represents the fit to the data 
including signal and background, and the black dotted line the background 
alone. The contamination from misidentification is ≤5%.
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Fig. 3 | Experimental p–Ξ− and p–Ω− correlation functions. a, b, Measured  
p–Ξ− (a) and p–Ω− (b) correlation functions in high multiplicity p–p collisions at 

s = 13 TeV . The experimental data are shown as black symbols. The black 
vertical bars and the grey boxes represent the statistical and systematic 
uncertainties. The square brackets show the bin width and the horizontal black 
lines represent the statistical uncertainty in the determination of the mean k* 
for each bin. The measurements are compared with theoretical predictions, 
shown as coloured bands, that assume either Coulomb or Coulomb + strong 
HAL QCD interactions. For the p–Ω− system the orange band represents the 
prediction considering only the elastic contributions and the blue band 
represents the prediction considering both elastic and inelastic contributions. 
The width of the curves including HAL QCD predictions represents the 
uncertainty associated with the calculation (see Methods section ‘Corrections 
of the correlation function’ for details) and the grey shaded band represents, in 
addition, the uncertainties associated with the determination of the source 
radius. The width of the Coulomb curves represents only the uncertainty 
associated with the source radius. The considered radius values are 1.02 ± 0.05 
fm for p–Ξ− and 0.95 ± 0.06 fm for p–Ω− pairs, respectively. The inset in b shows 
an expanded view of the p–Ω− correlation function for C(k*) close to unity. For 
more details see text.

Ω−p

Σ−p

overestimate the differential cross section at forward
angles.
The theoretical predictions by χEFT NLO13 and NLO19

are similar, as shown by the red and yellow lines,
respectively, in Figs. 3(a) and 3(b), even though the
strength of the ΛN-ΣN coupling potential is quite different
for these two models [37]. Although the experimental
accuracy of the present data is still comparable to the
difference between the two models, the present data andΛp
scattering data in future experiments proposed at J-PARC
[54] will provide new insight into the ΛN-ΣN coupling.
Haidenbauer et al. also pointed out that a study of the Λp
scattering near the ΣN threshold would be quite helpful for
constraining the ΛN-ΣN coupling [55].
The integrated cross sections for −0.7 ≤ cos θ ≤ 1.0

were obtained as 22.5! 0.68ðstatÞ ! 0.65ðsystÞ mb and
15.8! 0.83ðstatÞ ! 0.52ðsystÞ mb for the momentum
regions 470–550 MeV=c and 550–650 MeV=c, respec-
tively. These values were compared with the past measure-
ments [7], as shown in Fig. 3(c).
The fss2 and χEFT reproduce both the Σ−p elastic

scattering and the Σ−p → Λn reaction rather reasonably;
meanwhile, the ESC models underestimate the differential
cross sections at the forward angular regions for both
channels. A systematic theoretical investigation of the Σ−p
channels will be performed based on these data.
In summary, we successfully measured the differential

cross sections of the Σ−p → Λn reaction for the momentum
region 470–650 MeV=c at J-PARC. These results are part
of a series of systematic studies of ΣN interactions from the
two-body Σ!p scatterings. The differential cross sections
were measured for the wide angular region of −0.7 ≤
cos θ ≤ 1.0 by detecting approximately 100 scattering
events for each angular bin of Δ cos θ ¼ 0.1. The

differential cross section of the Σ−p → Λn reaction shows
a moderate forward-peaking angular distribution. The
integrated cross sections for angular coverage were also
obtained with a drastically improved accuracy. These
accurate measurements will play an essential role in
establishing realistic BB interaction models.
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FIG. 3. (a),(b) Differential cross sections obtained in the present experiment (black points) for two momentum regions. The error bars
and boxes show the statistical and systematic uncertainties, respectively. The dotted magenta and green lines represent the calculations
by the Nijmegen ESC08c [25] and ESC16 [26] interactions based on the boson-exchange model. The dot-dashed (blue) line shows the
calculation using the fss2 model, including QCM [29]. The solid orange and red lines show the calculations using two versions of the
extended χ EFT model, NLO13 [36] and NLO19 [37], respectively. In both cases, the cutoff value of 600 MeV is used. (c) Integrated
cross section for −0.7 ≤ cos θ ≤ 1measured in the present experiment (black points). Past data measured with a bubble chamber [7] are
also shown as blue squares.
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閾値カスプ
導入

散乱断面積の非解析的な振る舞い@非弾性散乱閾値（ ）E = 0
L.D. Landau, E.M. Lifshitz, “Quantum mechanics” third edition, p. 620;
F.K. Guo, X.H. Liu, S. Sakai, PPNP 112, 103757 (2020)

- 運動量
p(E) = 2μE + i0+ =

2μE E > 0

i −2μE E < 0

- 散乱断面積に  の１次の項p(E)

σN(E) =
σ(E)
σ(0)

=
1 + C+ 2μE E > 0

1 + C− −2μE E < 0

−+
−sgn(C−) sgn(C+)

−−

−
—> エネルギー微分が閾値で発散

dσN(E)
dE

E=0

= {sgn(C+)∞ E > 0
−sgn(C−)∞ E < 0

+ +

+
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閾値カスプと散乱長
 弱崩壊による  散乱長の決定K → πππ ππ

導入

他の応用（ ）Λc → ππΣ, Λb → πDN

Determination of the a0-a2 Pion Scattering Length from K! ! !!!0!0 Decay

Nicola Cabibbo*
Physics Department, CERN, CH-1211 Geneva 23, Switzerland

(Received 20 May 2004; published 16 September 2004)

We present a new method for the determination of the !-! scattering length combination a0 " a2,
based on the study of the !0!0 spectrum in K! ! !0!0!! in the vicinity of the !!!" threshold. The
method requires a minimum of theoretical input, and is potentially very accurate.

DOI: 10.1103/PhysRevLett.93.121801 PACS numbers: 13.25.Es, 11.30.Rd, 13.75.Lb

Current algebra and partially conserved axial current
lead to a prediction for the threshold behavior of !-!
scattering [1,2]. The I # 0 and I # 2 S-wave scattering
lengths were predicted to be a0m!! # 0:159, a2m!! #
"0:045, a first approximation that can be improved upon
in the framework of chiral perturbation theory [3]. Recent
calculations [4,5], which combine ChPT with the disper-
sive approach by Roy [6,7], lead to

a0m!! # 0:220$ 0:005; (1)

a2m!! # "0:0444$ 0:0010; (2)

%a0 " a2&m!! # 0:265$ 0:004: (3)

The current discussion of this prediction [8–10] could
lead to minor modifications of Eqs. (1)–(3).

It was long recognized [11] that the angular distribu-
tions in K! ! !!!"e!" are sensitive to the !! phase
shifts, and can be used to obtain informations on the S-
wave scattering lengths [12,13]. The first results by the
Geneva-Saclay experiment [14], leading to a0m!! #
0:26$ 0:05, were recently improved by the E865
Collaboration at Brookhaven [15] that quotes a result:
a0m!! # 0:216$ 0:013%stat& $ 0:002%syst& $
0:002%theor&. Data on Ke4, with a large statistics, are
currently being analyzed by the NA48 Collaboration at
CERN.

The Ke4 decay yields values of the phase shift differ-
ence #0

0 " #1
1 as a function of the !! invariant mass M!!

in the range 2m!! <M!! <MK "m!! , but the best data
lies in the range >310 MeV. The extraction of a value for
a0 requires an extrapolation to the threshold region and a
substantial theoretical input, whence the interest in alter-
native methods which permit the determination of the
scattering lengths through measurements that are di-
rectly sensitive to !! scattering in the threshold region,
M!! ' 2m!! . An example of this is the measurement of
the !0!0 decay of the pionic atom !!!", the object of
the DIRAC experiment at CERN [16,17] that could yield
a value for the a0-a2 combination.

I present here an alternative method for determining
a0-a2, based on the !0!0 mass distribution in the K! !
!!!0!0 decay in the vicinity of the !!!" threshold.

The large data sample available from the NA48 experi-
ment at CERN, of the order of 108 events, could lead to a
determination of a0-a2 with a precision comparable or
higher than that foreseen in the DIRAC experiment. The
method is based on the fact that the K! ! !!!!!"

decay gives a contribution to the K! ! !!!0!0 ampli-
tude through the charge exchange reaction !!!" !
!0!0. This contribution is directly proportional to
a0-a2, and displays a characteristic behavior when the
!0!0 mass is in the vicinity of the !!!"threshold, where
it goes from dispersive and real to absorptive and
imaginary.

Let us write

M %K! ! !!!0!0& # M # M0 !M1; (4)

where M0 is the ‘‘unperturbed amplitude,’’ and M1 the
contribution of the diagram in Fig. 1, with the renormal-
ization condition

M 1 # 0 for s! # %q1 ! q2&2 # 4m2
!! : (5)

The ‘‘unperturbed’’ amplitude M0, and the correspond-
ing one M! for K! ! !!!!!", can be parametrized as
polynomials [18] in si # %k" qi&2. In both cases q3 is
chosen as the momentum of the ‘‘odd’’ pion, respectively
!! and !". A simple parametrization, which gives a
reasonable description of the experimental data, is given
by

M 0 # A0
av!1! g0%s3 " s0&=2m2

!!"; (6)

FIG. 1. The !! rescattering diagram.

VOLUME 93, NUMBER 12 P H Y S I C A L R E V I E W L E T T E R S week ending
17 SEPTEMBER 2004

121801-1 0031-9007=04=93(12)=121801(4)$22.50  2004 The American Physical Society 121801-1

M! " A!
av!1! g!#s3 $ s0%=2m2

!!"; (7)

where s0 " #s1 ! s2 ! s3%=3. The g’s coincide with the
linear slope parameters defined in the Particle Data
Group (PDG) review [18]. The !I " 1=2 rule requires
A0
av and A!

av to have the same sign [19], with A!
av & 2A0

av,
in good agreement with the observed branching ratios. In
the following we will assume M0 and M! to be positive.

To evaluate the graph in Fig. 1 we can use a simplified
effective Lagrangian which reproduces the !! charge
exchange reaction near the !!!$ threshold,

L chx "
16!#a0 $ a2%m!!

3
#!!!$!0!0%: (8)

The diagram in Fig. 1 then results in

M 1 " $ 2#a0 $ a2%m!!

3
M!;thr#J! K%; (9)

where M!;thr is the value of M! at the !!!$threshold.
Using Eq. (7),

M!;thr " A!
av

!
1! g!#M2

K $ 9m2
!!%

12m2
!!

"
: (10)

We have divided the contribution of the graph into two
parts, J and K. The J contribution flips from dispersive to
absorptive at s!! " 4m2

!! ,

J " J$ " !~v:s!! < 4m2
!! ;

J " J! " $i!v:s!! > 4m2
!! ;

(11)

where

~v " !#4m2
!! $ s!!%=s!!"1=2;

v " !#s!! $ 4m2
!!%=s!!"1=2:

(12)

The K contribution is dispersive both above and below
the threshold, and has no singularity at s!! " 4m2

!! so
that it can be approximated by a polynomial in s!!. It
will be reabsorbed in the definition of the unperturbed
amplitude M0, setting K " 0 in Eq. (9).

Since M1 changes from real to imaginary at the
!!!$threshold, jMj2 will have a different expression
below and above the threshold:

jMj2 "
##M0%2 ! #M1%2 ! 2M0M1:below;

#M0%2 ! #iM1%2 :above;
(13)

and the differential decay rate for K! ! !!!0!0 with
respect to the !0!0 invariant mass M!! will display a
cusp. In Fig. 2 we show a plot of the differential decay
rate (in arbitrary units) before and after the rescattering
corrections, evaluated using A!

av " 2A0
av, the slope pa-

rameters g0; g! as given in the PDG listings, and the
value for a0-a2 from Eq. (3). The #4m2

!! $ s!!%1=2 behav-
ior below the !!!$ threshold arises from the interfer-
ence term in Eq. (13) and is a very characteristic feature.
It is encouraging to see that the deviation from the

uncorrected behavior is very prominent, so that it should
be possible to measure it accurately.

In order to extract the value of a0-a2 from the !0!0

spectrum, let us consider a development of jMj2 in
powers of " " #4m2

!! $ s!!%1=2=2m!! . Below the
!!!$ threshold the coefficients of " and of "2 are
uniquely determined in terms of the rate for K! !
!!!0!0 above this threshold, the K! ! !!!!!$ dif-
ferential rate, and the value of a0-a2. Since the maximum
value of " below threshold is &0:26, neglecting terms in
"3 and higher is equivalent to a &2% theoretical error in
the decay rate, corresponding to a &6% error on the value
of a0-a2. This is the central result of this Letter, and it is
worthwhile to discuss it in more detail.

Above the !!!$ threshold M1 is absorptive, so that
its value is directly determined by the physical ampli-
tudes for K! ! !!!!!$ and !!!$ ! !0!0. In
Eqs. (9) and (11) we have neglected the s!! dependence
of the charge exchange reaction and of the K! !
!!!!!$ amplitude, which can contribute terms of
O#"3% to M1. As noted before in the discussion of the
K term, even powers of " are absent from M1 because
they can be absorbed in the definition of M0. The value of
M1 below the threshold is the analytic continuation of
the value above the threshold, so that it correctly includes
the O#"% terms, with possible errors which are O#"3%.

Terms of O'"2 " #4m2
!! $ s!!%=4m2

!!( in the value of
jMj2, Eq. (13), derive from two sources: the first is in the
s!!dependence of M0—see, e.g., Eq. (6), keeping in
mind that s3 " #k$ q3%2 " #q1 ! q2%2 " s!!. Since
M0 is regular at the threshold, the coefficient of this

FIG. 2. The !0!0 invariant mass distribution with/without
the rescattering correction, in arbitrary units.
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Fig. 1. Invariant mass distribution of reconstructed π±π0π0 candidate events.
The arrows indicate the selected mass interval.

π0π0 invariant mass resolution near threshold). Fig. 1 shows
the invariant mass distribution of the system consisting of the
two π0 and a reconstructed charged particle track, assumed to
be a π±. This distribution is dominated by the K± peak, as
expected. The non-Gaussian tails originate from unidentified
π± → µ± in flight or wrong photon pairing. The final event
selection requires that the π±π0π0 invariant mass differs form
the K± mass by at most ±6 MeV. This requirement is satis-
fied by 2.287× 107 events. The fraction of events with wrong
photon pairing in this sample is ∼0.25%, as estimated by a
high-statistics fast Monte Carlo simulation of K± → π±π0π0

decays which takes into account the momentum distribution of
the three pions, π0 → γ γ decay kinematics and the effect of
the detector acceptance and resolution.

4. Cusp anomaly in the π0π0 invariant mass distribution

Fig. 2 shows the distribution of the square of the π0π0 in-
variant mass, M2

00, for the final event sample. This distribution
is displayed with a bin width of 0.00015 (GeV/c2)2, with the
51st bin centered atM2

00 = (2m+)2 (as discussed below, the bin
width is chosen to be smaller than the M2

00 resolution). A sud-
den change of slope nearM2

00 = (2m+)2 = 0.07792 (GeV/c2)2

is clearly visible. Such an anomaly has not been observed in
previous experiments.
The Dalitz plot distribution for K± → π±π0π0 decays is

usually parametrized by a series expansion in the Lorentz-
invariant variable u = (s3 − s0)/m2

+, where si = (PK − Pi)
2

(i = 1,2,3), s0 = (s1 + s2 + s3)/3, PK (Pi ) is the K (π ) four-
momentum, and i = 3 corresponds to the π± [5]. In our case
s3 = M2

00, and s0 = (m2
K + 2m2

0 + m2
+)/3. We have used this

parametrization in a fast Monte Carlo simulation of K± →
π±π0π0 decays with the same detector parameters used in pre-
vious NA48 analyses [6]. This simulation takes into account

Fig. 2. Distribution of M2
00, the square of the π0π0 invariant mass. The insert

is an enlargement of a narrow region centered at M2
00 = (2m+)2 (this point is

indicated by the arrow). The statistical error bars are also shown in these plots.

most detector effects, including the trigger efficiency and the
presence of a small number (<1%) of “dead” LKr cells. For
any given value of the generated π0π0 invariant mass the sim-
ulation provides the detection probability and the distribution
function for the reconstructed value of M2

00. This allows the
transformation of any theoretical distribution into an expected
distribution which can be compared directly with the measured
one.
Fig. 3(a) shows the expected M00 resolution (r.m.s.) as a

function of M2
00, together with examples of M2

00 distributions
for five generatedM2

00 values. TheM00 resolution is the best at
small M2

00 values, varying between ∼0.4 MeV/c2 near M00 =
2m0, and ∼1.4 MeV/c2 at the end of theM00 allowed range. It
is 0.56 MeV/c2 at M00 = 2m+. A plot of the overall detector
acceptance as a function of the generated M2

00 value, as pre-
dicted by the Monte Carlo simulation (see Fig. 3(b)), shows no
structure in theM2

00 region where the sudden change of slope is
observed in the data.
We have tried to fit the distribution of Fig. 2 in the interval

0.074 < M2
00 < 0.097 (GeV/c2)2 using the distribution pre-

dicted by the Monte Carlo simulation with a matrix element
as given in Ref. [1]:

(1)M0 = 1+ 1
2
g0u.

In this fit the free parameters are g0 and an overall normal-
ization constant. Because of the anomaly at M2

00 = (2m+)2,
it is impossible to find a reasonable fit to the distribution
of Fig. 2 (the best fit gives χ2 = 9225 for 149 degrees of
freedom). However, fits with acceptable χ2 values are ob-
tained if the lower edge of the fit interval is raised few bins
above M2

00 = (2m+)2. As an example, a fit in the interval
0.07994 < M2

00 < 0.097 (GeV/c2)2, with the lower edge only

N. Cabibbo, PRL93, 121801 (2004); NA88/2 Collaboration, PLB 173, 633 (2006)

- カスプの構造 —> 散乱長
- 散乱長大 ~ 顕著なカスプ

https://inspirehep.net/literature/901782
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カスプ研究での課題
一般的なカスプ理論

カスプとアイソスピン対称性

【１　研究目的、研究方法など（つづき） 】 学術変革（Ａ）（公募） ４
課題 (1)：閾値カスプの一般的形式によるハドロン相互作用の決定方法の確立
チャンネル結合を含む閾値近傍散乱の解析では、従来から Flatté振幅 [7]が広く用いられてき

た。Flatté振幅はパラメータの物理的意味が直感的に理解しやすく、データフィットにも扱いや
すいため重用されている。しかし応募者らは、Flatté振幅には弾性散乱振幅中の背景散乱項が欠
落しており、その結果、汎用性を欠くという問題を指摘した。さらに、背景項の取り扱いがカス
プ解析においても本質的に重要であること、そしてより一般的な散乱振幅を構築可能であること
を文献 [5]で示している。本計画では、まずこの一般的振幅を実際の解析に適した形へと書き換
え、実用性を高める。さらに、文献 [5]の枠組みは任意の数の結合チャンネル系に拡張可能である
ため、アイソスピン対称性の破れにより近接した二つの閾値が存在する場合のカスプ構造につい
て、新たな定式化を行う（図 2右）。
応用として、まず ΛN 振幅における ”N カスプの詳細な解析を行う。アイソスピン基底では

”N チャンネルは I = 1/2 の単一チャネルだが、物理基底では ”+n と ”0p という二つの閾値
が数 MeV 程度の差で近接しており、アイソスピン対称性の破れが顕著に影響する。本計画では、
こうした閾値差がカスプ構造に与える効果を体系的に評価し、散乱長や結合強度などの物理量と
定量的に対応づける。また、d(K−,π−) 反応における始状態相互作用のモデル化を含め、実際の
反応過程を考慮した解析手法を構築する。さらに、π−Λ スペクトルに現れる K−n カスプについ
ても、可能な全ての結合チャネルを取り入れて解析し、他系との比較を通じて手法の汎用性を検
証する。これらの応用研究により、提案する定式化の有効性を示すとともに、実験データとの直
接的な接続を強化する。

本研究計画でのカスプ理論

E

σ

従来のカスプ理論

E

σ

D0D̄*0 (クーロン力)D+D*−

7 MeV(アイソスピンの破れ）

図 2: 本研究計画によって解析可能となる閾値カスプ構造。

課題 (2)：閾値カスプ構造へのクーロン力の影響の解明
短距離力のみが作用する場合、閾値カスプ構造は散乱振幅が複素エネルギー平面の原点に →

E

の分岐点を持つことに起因する。この性質は短距離力の低エネルギー極限において相互作用の詳
細によらず常に成り立つため、カスプ構造が普遍的に出現する。一方、短距離力に加えてクーロ
ン力が働く場合には、原点の分岐点が log(E) となるため、低エネルギー極限での散乱振幅の振
る舞いは短距離力のみの場合とは異なる形を示す。クーロン力が存在する系でも、有効場理論を
用いることで普遍的な低エネルギー散乱の記述が可能であることが示されており [8]、本計画では
これを活用して少数の低エネルギーパラメータによる閾値構造の分類を行う。さらに、短距離力
の性質を反映するクーロン散乱長と、クーロン力の強さを特徴づけるボーア半径によって、通常
のカスプとクーロン効果が支配的となるエネルギー領域がそれぞれ決まる。この二つのスケール
の競合がもたらすカスプ構造の変化を体系的に明らかにする。
文献 [2]で扱われた π+π− 閾値のカスプ、および文献 [4]で議論した π+”− 閾値のカスプはいず

れも、閾値チャネルにおいてクーロン相互作用が働く代表的な事例である。さらに、エキゾチッ
クハドロンX(3872)に関係するヘビーハドロン散乱はD0D̄∗0-D+D∗−系であり、ここではアイ
ソスピンの破れに起因して 2閾値が近接し、かつD+D∗−にクーロン力がはたらくという構造に
なっており（図 2右）本計画の課題 (1)と課題 (2)両方を達成して初めて記述できる系である。本

アイソスピン対称性と破れ
Σ0p

エ
ネ
ル
ギ
ー

Σ+n

Λp
EΣ0p − EΣ+n ≈ 2 MeV, EΣ+n − EΛp ≈ 75 MeV

- カスプ構造を決めている物理量は何か？

- 近接した複数の閾値でのカスプの関係は？
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一般的な散乱振幅
一般的な  チャンネル散乱：K行列による表現 ~ EFTの主要項N

カスプとアイソスピン対称性

f (N)(E) =

K11 K12 ⋯ K1N

K12 K22
⋮ ⋱ ⋮

K1N ⋯ KNN

−1

− i

p1

p2 0
⋱

0 pN(E)

−1

- 散乱断面積
σ(N)

ij (E) = σ(N)
ij (0) ×

1 + 2Im [aN − bij] 2μNE + 𝒪(E) E > 0

1 + 2Re [aN − bij] −2μNE + 𝒪(E) E < 0

- チャンネル  の散乱長  とチャンネル依存の定数 N aN bij

f (N)
ij (E) = f (N)

ij (0)
1 + ibij pN(E)
1 + iaN pN(E)

, pN(E) = 2μNE + i0+

-  番目の閾値（ ）近傍：  が小さいN E = 0 pN(E)
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カスプの構造
一般の閾値：  の実部・虚部によって4種類のカスプが可能aN − bij

カスプとアイソスピン対称性

K. Sone, T. Hyodo, arXiv:2605.26658 [hep-ph]

- 2チャンネル散乱の σ11(E)

- 3チャンネル散乱の σ12(E)

カスプの構造は散乱長  と定数  で決まるaN bij

係数  の物理的意味bij

- バックグラウンド散乱と関係
K. Sone, T. Hyodo, PRC 112, 065207 (2025)

光学定理より   
—> 特別な場合 (b),(d)が禁止

Im aN < 0

(a) (b)

(c) (d)

+ −

−

+

++−

−

https://inspirehep.net/literature/3160215
https://inspirehep.net/literature/2786536
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-  カスプΛN ΣN

 弾性散乱断面積（ - - ）Λp Λp Σ+n Σ0p

カスプとアイソスピン対称性

2(Σ!#) 3(Σ"%)

ΙΙ(Σ')

σ !
!"
(#
)

- アイソスピンの破れが小さければ2つの閾値で同種のカスプ

Σ0p

エ
ネ
ル
ギ
ー

Σ+n

Λp

- アイソスピン対称極限 = 2つのカスプの”合成”

2(Σ!#)

3(Σ"%)

ΙΙ(Σ')

K. Sone, T. Hyodo, arXiv:2605.26658 [hep-ph]

- N2LOカイラルEFTの散乱長（ のみ）3S1

↑

パ
ラ
メ
ー
タ
の
違
い↓

https://inspirehep.net/literature/3160215
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閾値カスプ —> ハドロン間相互作用

一般的なカスプを決める要素

アイソスピン対称性と破れ 

まとめと今後の課題

まとめ

- 近接する閾値で同種のカスプが現れる

K. Sone, T. Hyodo, arXiv:2605.26658 [hep-ph]

- チャンネル  の散乱長 N aN

- バックグラウンドに関係する係数 bij

- 対称極限はカスプの”合成”

https://inspirehep.net/literature/3160215
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クーロン相互作用の影響

弾性散乱 —> 実験の反応でのカスプ構造

フェムトスコピーの相関関数のカスプ？

まとめと今後の課題

今後の課題

- J-PARC E90では 反応（B02班）K−d → pΛπ−

- EFTによるクーロン力の取り扱い

Y. Ichikawa, et al., EPJ Web Conf. 271, 02012 (2022)

R. Higa, H.W. Hammer, U. Van Kolck, NPA 809, 171 (2008);
T. Kinugawa, T. Hyodo, arXiv:2605.26658 [hep-ph]

- 電荷  ： - -Q = 0 Λn Σ0n Σ−p

https://inspirehep.net/literature/3147017

