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Basic concept of entanglement suppression
Entanglement power (EP) of S-matrix E( ̂S)

Overview — Entanglement power

|ψout⟩ = ̂S |ψin⟩

entangle?

Generalization to other hadrons and nuclei, …
Q. Liu, I. Low, T. Mehen, PRC107, 025204 (2023);
T. Kirchner, W. Elkamhawy, H.-W. Hammer, Few-Body Syst. 65, 29 (2024);
T.R. Hu, S. Chen, F.K. Guo, PRD110, 014001 (2024); …
Talks by Skibiński (Mon, Plenary), Kirchner (Mon, III-1), Grießhammer (Mon, III-1)

Entanglement suppression
S.R. Beane, D.B. Kaplan, N. Klco, M.J. Savage, PRL122, 102001 (2019)

E( ̂S) = 0 —> emergent symmetries of  scatteringNN

- ability of generating entanglement

E( ̂S)



3

Entanglement measures
Entanglement measure for bipartite state |ψ⟩ ∈ ℋA ⊗ ℋB

- von Neumann entropy

- linear entropy (expansion  )log ρA ∼ (ρA − 1)

ℰvN( |ψ⟩) = − TrA[ρA log ρA], ρA = TrB |ψ⟩⟨ψ |

ℰ( |ψ⟩) = 1 − TrA[ρ2
A]

Overview — Entanglement power

- product state: minimum (=0)
| ↑ ↓ ⟩ = | ↑A ⟩ ⊗ | ↓B ⟩

- Bell state: maximum (=1/2)
|Ψ±⟩ =

1

2
| ↑ ↓ ⟩ ± 1

2
| ↓ ↑ ⟩

Linear combination:
|ψ⟩ = cos θ | ↑ ↓ ⟩ + sin θ | ↓ ↑ ⟩ | ↑ ↓ ⟩ | ↓ ↑ ⟩

|Ψ+⟩ − |Ψ−⟩

ℰvN

ℰ
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Entanglement power
Entanglement power (EP) of operator  acting on Û |ψ⟩

E(Û ) = ℰ (Û |ψA⟩ ⊗ |ψB⟩)
- average over entanglement measure of Û |ψA⟩ ⊗ |ψB⟩

—> ability of  to generate entanglement (state independent)Û

Overview — Entanglement power

= ∫ dωAdωB ℰ(Û |ψA(ωA)⟩ ⊗ |ψB(ωB)⟩)

- spin 1/2 (qubit):  —> Fubini-Study measurerays in ℂ2 ≃ ℂℙ1

|ψ (ω2)⟩ = (
cos θ1

sin θ1eiν1), dω2 =
1
π

dθ1 cos θ1 sin θ1dν1

(equivalent to Bloch sphere with )θ1 = θ/2, ν1 = ϕ, dω2 = dΩ /4π

θ1 ∈ [0,π /2)
ν1 ∈ [0,2π)

P. Zanardi, C. Zalka, L. Faoro, PRA62, 030301 (2000)

ℰ( |ψA⟩ ⊗ |ψB⟩) = 0
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S-matrix for  scatteringNN

S-matrix for  scattering: 2 phase shifts pn δ0, δ1

̂S = exp{2iδ0}
1 − σA ⋅ σB

4
+ exp{2iδ1}

3 + σA ⋅ σB

4

Overview — Entanglement suppression for  scatteringNN

J = 0 J = 1

E( ̂S) =
1
6

sin2[2(δ0 − δ1)] ≥ 0

S.R. Beane, D.B. Kaplan, N. Klco, M.J. Savage, PRL122, 102001 (2019)
Entanglement power of  scatteringNN

 is achieved ifE( ̂S) = 0

{δ0 = δ1

(δ0, δ1) = (0,0), (0,π /2), (π /2,0), (π /2,π /2)
spin-flavor SU(4)

 : NR conformal symmetry|a0 | → ∞

C̄ ¼ C � , corresponding to a divergent scattering length and
constant phase shift of δ ¼ π=2 (the “unitary” fixed point).
At the four fixed points (described above), where fC̄0; C̄1g
take the values 0 or C � , the theory has a conformal
(“Schrödinger”) symmetry; there is also a fixed line of
enhanced symmetry at CT ¼ 0, or equivalently C̄0 ¼ C̄1,
where the theory possesses the Wigner SUð4Þ symmetry, as
apparent from the form of Eq. (4) with CT ¼ 0. When
fitting to the scattering lengths, one finds CT ≪ CS ≃ C � ,
since scattering lengths are unnaturally large in both
channels. Therefore, low-energy QCD has approximate
SUð4Þ symmetry and sits close to the fC � ; C � g conformal
fixed point [61]. The emergence of SUð4Þ symmetry (but
not necessarily conformal symmetry) follows from the
large-Nc expansion where CT=CS ¼ Oð1=N2

cÞ [6].
The symmetry points of the EFT can be related to

minimization of the entanglement power of the S matrix.
Figure 2 shows a density plot of EðŜÞ as computed from
Eq. (4) in Eq. (7) in Supplemental Material [58] averaged
over momenta 0 ≤ p ≤ mπ=2, as a function of the cou-
plings C̄0;1 renormalized at μ ¼ mπ=2 and rescaled by
C � ¼ −ð4π=MμÞ with M the nucleon mass. Superimposed
in white are the four conformal fixed points, as well as the
Wigner SUð4Þ fixed line. The minima of the low-energy-
integrated entanglement power of the S matrix coincide
with the points of enhanced symmetry in the EFT; the
SUð4Þ line corresponds to δ0 ¼ δ1 for all momenta, while
the conformal points off the SUð4Þ line correspond to
jδ0 − δ1j ¼ π=2.
In the nf ¼ 2 case, the large-Nc expansion gives a

similar expectation for SUð4Þ symmetry as does a principle
of entanglement suppression. However, an analogous
equivalence does not hold for nf ¼ 3, as the large-Nc

expansion predicts the conventional approximate SUð6Þ
spin-flavor symmetry, while entanglement suppression
predicts a much larger SUð16Þ symmetry under which
the two spin states of the baryon octet transform as a
16-dimensional representation. To see this, consider the
EFT in the SUð3Þ flavor symmetry limit of QCD, where six
independent contact operators contribute at LO [11]:

Lnf¼3
LO ¼ −c1hB†

i BiB
†
jBji − c2hB†

i BjB
†
jBii

− c3hB†
i B

†
jBiBji − c4hB†

i B
†
jBjBii

− c5hB†
i BiihB†

jBji − c6hB†
i BjihB†

jBii; ð5Þ

where h…i denotes a trace in flavor space and Bi is the
3 × 3 octet-baryon matrix where the subscript i ¼ 1, 2
denotes spin. Lnf¼3

LO is invariant under rotations and the
transformation B → VBV†, where V is an SUð3Þmatrix. In
the large-Nc limit of QCD, an SUð6Þ spin-flavor symmetry
emerges relating the six coefficients ci in Eq. (5) to two
independent coefficients a and b [6] in the SUð6Þ invariant
Lagrange density:

c1 ¼ −
7

27
b; c2 ¼

1

9
b; c3 ¼

10

81
b;

c4 ¼ −
14

81
b; c5 ¼ aþ 2

9
b; c6 ¼ −

1

9
b: ð6Þ

A comprehensive set of lattice QCD calculations of light
nuclei, hypernuclei, and low-energy baryon-baryon scatter-
ing in the limit of SUð3Þ flavor symmetry by the NPLQCD
Collaboration [19,62,63] demonstrates that the ci are
consistent with this predicted SUð6Þ spin-flavor symmetry
[19]. The two-baryon sector calculated with mπ∼800MeV
is found to be unnatural [19,62,63], with a scattering length
that is larger than the range of the interaction, and hence
better described by the power counting of van Kolck [64]
and Kaplan, Savage, and Wise [59,60,65]. Furthermore, the
values of c1, c2, c3, c4, and c6 are calculated to be much
smaller than c5, indicating that b ≪ a [19,62,63]. When
b ¼ 0, the SUð6Þ is enlarged to an emergent SUð16Þ spin-
flavor symmetry [19], where the baryon states populate the
fundamental of SUð16Þ:

Lnf¼3
LO → −

1

2
cSðB†BÞ2; B ¼ ðp↑; p↓; n↑; n↓;Λ↑;…ÞT;

ð7Þ

with cS ¼ 2c5.
The existence of SUð16Þ symmetry and b ¼ 0 does not

follow from the large-Nc expansion but does follow from
entanglement suppression. The entanglement power of the
S matrix in spin space from the nf ¼ 3 interactions in
Eq. (5) can be addressed by considering its action on states
of distinguishable baryons. Computing the entanglement

FIG. 2. Density plot of the entanglement power EðŜÞ of the S
matrix (see Eq. (7) in Supplemental Material [58]) integrated over
center-of-mass momenta 0 ≤ p ≤ mπ=2 versus the Lagrangian
couplings C̄0=C � and C̄1=C � , where C � is the critical coupling
for unitary scattering. The entanglement power vanishes at the
four conformal fixed points (white points) as well as the fixed line
corresponding to Wigner SUð4Þ symmetry (white diagonal line).

PHYSICAL REVIEW LETTERS 122, 102001 (2019)

102001-3

J = 0
J

=
1

I. Low, T. Mehen, PRD104, 074014 (2021)
Identity gate, SWAP gate δ0 = δ1 : ̂S ∼ |δ0 − δ1 | = π/2 : ̂S ∼
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Further evidences of entanglement supression
Spin-flavor symmetries with three flavors

-  <— Entanglement suppressionSU(16) ∼ (n, p, Λ, . . . ) ⊗ ( ↑ , ↓ )

S.R. Beane, D.B. Kaplan, N. Klco, M.J. Savage, PRL122, 102001 (2019)

Overview — Entanglement suppression for  scatteringNN

M.L. Wagman, et al., (NPLQCD), PRD96, 114510 (2017)

-   <— large NcSU(6) ∼ (u, d, s) ⊗ ( ↑ , ↓ )

- Lattice QCD evaluation of LEC favors SU(16)

Momentum dependence of Entangelement power
Q. Liu, I. Low, PLB, 856, 138899 (2024)

-  scatteringsnp, Λp

- EP suppressed at low energies

Physics Letters B 856 (2024) 138899

4

Q. Liu and I. Low

Fig. 2. EP in Σ+𝛼 and Λ𝛼 channels, which are related to Σ−𝑐 and Λ𝑐 channels, respectively, by isospin invariance. The EP for 𝑐𝛼 scattering is included for comparison.

Fig. 3. S matrices in Σ−𝛼 and Σ0𝛼 channels, which are related to Σ+𝑐 and Σ0𝑐, respectively, by isospin invariance. The S-matrix for 𝑐𝛼 scattering is also shown.

Fig. 4. Predicted polarizations of the recoiling Σ+ (recoil) and the recoiling 𝛼 (target) in Σ+𝛼 scattering, assuming an unpolarized proton target and a 25% polarized 
hyperon beam.

It is worth emphasizing that, even if one assumes 𝐼≳ (3)𝐷 symme-
try, these hints of entanglement suppression in 𝐾 ' interactions do not 
follow from the observed entanglement suppression in 𝑐𝛼 scattering. In 
this limit, there are six 𝐼≳ (3)𝐷 invariant phase shifts in the scattering 
of octet baryons and the phases entering 𝑐𝛼 scattering are different from 
those appearing in 𝐾' scattering [37].

Given that, in the case of Σ+𝛼, different global fits give rise to in-
conclusive outcome, we further propose “quantum observables” which 

could not only distinguish the varying global fits but also help deter-
mine the density matrix of the outgoing states [51]. The observables 
are based on the formalism introduced in Ref. [52], which relates the 
density matrix of outgoing states to their polarizations. (For quantum 
observables in top quark decays, see Refs. [53,54].) In Fig. 4 we plot 
the predicted polarizations, as a function of 𝛼() , of the recoiling hy-
peron (recoil polarization) and the recoiling proton (target polarization) 
in Σ+𝛼 scattering from NSC97 and ESC16 fits, assuming an unpolarized 

E(pCM) =
1
6

sin2[2(δ0(pCM) − δ1(pCM))]
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Motivation
Decuplet baryons

SU(3) baryon decuplet scattering — Spin 3/2 scattering

I3 I3

Y Y

pn

Σ0Σ− Σ+

Λ

Ξ0Ξ−

Σ*0Σ*− Σ*+

Ξ*0Ξ*−

Ω−

Δ0Δ− Δ+ Δ++

1−1

−1

1

1−1

−1

1

−2

- spin 3/2
- ground states with Octet in quark model

Quantum information viewpoint
- spin 3/2 scattering = 4d-qudit quantum gates

Large scattering length  ( )?a0 δ ∼ π/2

- lattice QCD for  scattering: ΩΩ a0(J = 0) = 4.6 fm ≫ 1 fm

-  dibaryon, ?ΔΔ d∗(2380)
F. Dyson, N.H. Xuong, PRL13, 815 (1964);
P. Adlarson et al., (WASA-at-COSY), PRL102, 052301 (2009) 

S. Gongyo, et al., (HAL QCD), PRL120, 212001 (2018)
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Spin 3/2 state
Spin 3/2 (4d-qudit): rays in ℂ4 ≃ ℂℙ3

SU(3) baryon decuplet scattering — Spin 3/2 scattering

|ψ4⟩ =

cos θ1 sin θ2 sin θ3

sin θ1 sin θ2 sin θ3eiν1

cos θ2 sin θ3eiν2

cos θ3eiν3

, dω4 =
3!
π3

3

∏
i=1

dθidνi cos θi sin2i−1 θi,

θi ∈ [0,π /2), νi ∈ [0,2π)

Spin decomposition (2 symmetric, 2 anti-symmetric)
3
2

⊗
3
2

= 0 ⊕ 2
⏟

A

⊕ 1 ⊕ 3
⏟

S

̂S = 𝒥0 exp{2iδ0} + 𝒥1 exp{2iδ1} + 𝒥2 exp{2iδ2} + 𝒥3 exp{2iδ3}

S-matrix (distinguishable): 4 components with δ0, δ1, δ2, δ3

𝒥0 =
33
128

+
31
96 (t3/2 ⋅ t3/2) −

5
72 (t3/2 ⋅ t3/2)2 −

1
18 (t3/2 ⋅ t3/2)3, ⋯
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Entanglement power
Entanglement power (~3 days on mathematica)

SU(3) baryon decuplet scattering — Spin 3/2 scattering

E( ̂S) =
1

200000 {77482 − 2100 cos [2 (δ0 + δ1 − δ2 − δ3)]
−2100 cos [2 (δ0 − δ1 + δ2 − δ3)] − 2100 cos [2 (δ0 − δ1 − δ2 + δ3)]

−5481 cos [4 (δ1 − δ3)] − 10675 cos [2 (δ2 − δ3)]}

−1200 cos [2 (δ0 − 2δ1 + δ2)] − 4200 cos [2 (δ0 + δ2 − 2δ3)]
−8400 cos [2 (δ1 − 2δ2 + δ3)]
−375 cos [4 (δ0 − δ1)] − 10800 cos [2 (δ0 − δ2)] − 625 cos [4 (δ0 − δ2)]
−875 cos [4 (δ0 − δ3)] − 2175 cos [4 (δ1 − δ2)] − 26376 cos [2 (δ1 − δ3)]

 is achieved if (all cos = +1)E( ̂S) = 0

δ0 = δ2 = δeven, δ1 = δ3 = δodd, { |δeven − δodd | = 0
|δeven − δodd | = π /2

: Identity gate
: SWAP gate
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Idntical particles and sub-unitary S-matrix 
Identical particles: symmetric spin states are forbidden

SU(3) baryon decuplet scattering — Application to  scatteringΩΩ

-  scattering/  scattering: only antisymmetric componentnn ΩΩ

̂Snn = 𝒥0 exp{2iδ0}

̂SΩΩ = 𝒥0 exp{2iδ0,28} + 𝒥2 exp{2iδ2,28}

spin 1 absent
spin 1 and 3 absent

S-matrix is not unitary in full space of  : |ψin⟩ ̂Snn
̂S†
nn = 𝒥0 ≠ 1

EP is obtained by averaging over initial product states

̂S = ((Antisymmetric) 0
0 (Symmetric)), 𝒥0 = (1 0

0 0)

neither antisymmetric nor symmetric
E(Û ) = ℰ (Û |ψA⟩ ⊗ |ψB⟩)
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Normalized entanglement power
SU(3) baryon decuplet scattering — Application to  scatteringΩΩ

Naive calculation for  scattering: larger than 1/2? nn

E( ̂Snn) =
23
24

Normalized density matrix

ρ̃ =
|ψout⟩⟨ψout |
⟨ψout |ψout⟩

⇒ E( ̂Snn, ρ̃) =
1
2

- consistent with J=0 final state (Bell state)

Density matrix of out state is not properly normalized

—> Properly normalized Entanglement power

ρ = |ψout⟩⟨ψout | = ̂Snn |ψin⟩⟨ψin | ̂S†
nn, Tr[ρ] = ⟨ψin |𝒥0 |ψin⟩ < 1
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 scatteringΩΩ

 S-matrixΩΩ

SU(3) baryon decuplet scattering — Application to  scatteringΩΩ

E2( ̂SΩΩ) =
1
48 {25 − cos [4 (δ0,28 − δ2,28)]}

 is minimized (1/2, not 0) ifE2( ̂SΩΩ)

{
|δ0,28 − δ2,28 | = 0
|δ0,28 − δ2,28 | = π /2

-  (unitary limit, ) or|a0(J = 2) | ≫ 1 fm |δ0,28 − δ2,28 | = 0

 by lattice QCD suggests eithera0(J = 0) ≫ 1 fm

-  (noninteracting, )a0(J = 2) ∼ 0 |δ0,28 − δ2,28 | = π/2

̂S ∝ 𝒥0 + 𝒥2 ≡ 𝒫A
̂S ∝ − 𝒥0 + 𝒥2 ≡ SWAPA

̂SΩΩ = 𝒥0 exp{2iδ0,28} + 𝒥2 exp{2iδ2,28}

Properly normalized EP of  S-matrixΩΩ

spin SU(4)
NR conformal
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Entanglement suppression for spin 3/2

Final state should be properly normalized for 
identical particle (e.g. ) scattering

 scattering emergent symmetries

Application 

ΩΩ

ΩΩ

Summary

Summary

- spin  symmetry ( )SU(4) ̂S ∝ 𝒫A

- NR conformal ( )̂S ∝ SWAPA

T.R. Hu, K. Sone, F.K. Guo, T. Hyodo, I. Low, Phys. Rev. Res. 7, 043306 (2025);
K. Sone, T.R. Hu, F.K. Guo, T. Hyodo, I. Low, arXiv:2602.09630 [hep-ph]

- Spin 2 scattering is constrained from spin 0 

https://doi.org/10.1103/x52w-4rbs
https://inspirehep.net/literature/3118103

