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Resonances and higher partial waves
Resonance peaks in experimental data (  and  )l = 0 l > 0

: d waveΛ(1520)

ALICE Collaboration Physics Letters B 845 (2023) 138145

Fig. 1. Upper: measured correlation function for !–K− pairs (empty points) with 
statistical (line) and systematic (gray boxes) uncertainties. Lower: invariant mass 
spectrum of !–K− pairs used to build the measured correlation function. Only the 
statistical uncertainties are shown. The upper x-axis indicates the energy at rest 
E =

√
(k∗)2 + m2

! +
√

(k∗)2 + m2
K of the pair written as a function of the relative 

momentum of the !–K− pair. The quantity E corresponds to the invariant mass 
M of the !–K− pairs. The colored vertical dashed lines indicate the values of the 
relative momentum k∗ (upper panel) and the value of the energy E at rest of each 
resonance (lower panel) corresponding to its nominal mass extracted in the final 
femtoscopic fit.

strong decay to !–K− . In order to help the convergence of the fi-
nal femtoscopic fit, a fit of the total Cbackground(k∗) correlation to 
the data is performed in the k∗ region of 190 − 600 MeV/c to es-
timate the weights α# , αi as well as the masses and widths of the 
resonances. A change of ±10% in the upper limit of the prefit range 
is included in the evaluation of the final systematic uncertainties. 
These parameters are then kept free in the final femtoscopic fit of 
Ctot(k∗) to the data and the values obtained for the masses and 
widths are found to be compatible with the available PDG val-
ues [31] and recent measurements [29,30]. The orange band in 
Figs. 2 and 3 shows the total Cbackground(k∗) correlation function 
extracted in the final femtoscopic fit, multiplied by the normaliza-
tion factor ND , for !–K+ and !–K− pairs, respectively.

The last ingredient needed to model the data is the strong in-
teraction of the !–K+ and !–K− pairs entering in the Cmodel(k∗)
in Eq. (2) via the genuine correlation function Cgen(k∗). This is 
modeled for both pairs using the Lednický–Lyuboshits analytical 
formula [70], following the approach used in Ref. [46],

C(k∗)LL = 1 +
[

1
2
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]

. (4)

The scattering amplitude f (k∗) is the quantity embedding the scat-
tering parameters and providing information on the underlying 
interaction. Typically, f (k∗) is expressed via the effective-range 
expansion (ERE) f (k∗) =

(
1
f0

+ 1
2 d0k∗2 − ik∗

)−1
, in which f0 is 

the scattering length and d0 is the effective range. The parame-
ter R is the size of the emitting source with a Gaussian profile. 
In this work it was fixed using the core-resonance model taken 
from Ref. [53], already employed in several previous femtoscopic 
analyses performed in small colliding systems as pp collisions 
and anchored to p–p correlations. The core radius for !–K+ and 
!–K− pairs is rcore(⟨mT⟩ = 1.35 GeV/c2) = 1.11 ± 0.04 fm. In or-
der to use the core-resonance total source in Eq. (4), this must be 
parametrized with a Gaussian distribution. The presence of long-
lived strong resonances feeding to ! and kaons introduces a sig-
nificant exponential tail for large r∗ , which cannot be described 
with a single Gaussian [5,6,8,10,13]. The total source is hence mod-
eled with a weighted sum of two Gaussians, leading to an effective 
emitting source Seff(r∗) = λS [ωS S1(r∗) + (1 − ωS)S2(r∗)], in which 
r1 = 1.202+0.043

−0.042 fm, r2 = 2.330+0.050
−0.045 fm, λS = 0.9806+0.0006

−0.0008, and 
ωS = 0.7993+0.0037

−0.0027. As systematic variation of the source function, 
these values are varied within the uncertainties. Due to the addi-
tive property of correlation functions, the final genuine correlation 
is then taken as the sum of two correlations evaluated with the 
two properly weighted Gaussian sources. To preserve the correct 
normalization of the emitting source and the unitarity of the λ pa-
rameters [2] in Cmodel(k∗), a (1−λS ) contribution is added.

The understanding of the !K− interaction, particularly in the 
low k∗ region, is strictly connected to the '(1620) state. In prin-
ciple, since '(1620) shares the same quantum numbers as the 
!–K− pair, the two systems can couple strongly. The Belle collab-
oration recently published the observation of the '(1620) state in 
the 'π decay channel (Ethr.1 = mπ + m' = 1461.3 MeV/c2) [28]. 
The reported mass and widths in Ref. [28] are M'(1620) = 1610.4 ±
6.0 MeV/c2, ('(1620) = 60.0 ± 4.8 MeV, which indicates that the 
decay of '(1620) into !K− (Ethr.2 = mK− + m! = 1609.4 MeV/c2) 
is kinematically allowed. No experimental evidence of this decay 
channel has been observed so far. The presented work provides 
quantitative evidence of this process.

The '(1620) state can be clearly seen in the peak at k∗ ≈
80 MeV/c in the lower panel of Fig. 1. Hence, to model the !K−

interaction at low k∗ , the '(1620) must be taken into account 
in the Lednický–Lyuboshits approach. Similar scenarios, with res-
onances contributing to the signal in the low k∗ region, were 
observed in K0

S − K± correlations measured in pp and Pb–Pb colli-
sions, in which the interaction mainly goes through the formation 
of the a0 resonance. A way to properly include such a resonant in-
teraction is to write the scattering amplitude in Eq. (4) in terms of 
the probability distribution describing the state. Due to the vicin-
ity of the !K− decay-channel threshold, the '(1620) resonance 
must be described with a Flatté-like distribution [71] such as the 
Sill distribution used in Ref. [72]. The corresponding scattering am-
plitude can be written as

f (k∗) =
−2(̃!K−

E2 − M2 + i(̃'π

√
E2 − E2

thr.'π + i(̃!K−
√

E2 − Ethr.!K−
2

(5)

in which M is the mass of the '(1620) state, (̃i='π,!K− are the 
effective partial widths as defined in Ref. [72], and Ethr.i='π,!K−

are the threshold energies for the two channels, as defined above.
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the transport code used in the simulation from GEANT3 [48]
to GEANT4 [49].
The effects related to momentum resolution effects are

accounted for by correcting the theoretical correlation
function, similarly to what shown in Refs. [33] and [41].
The theoretical correlation function Cðk"Þtheoretical depends
not only on the interaction between particles, but also on
the profile and the size of the particle emitting source.
Under the assumption that there is a common Gaussian
source for all particle pairs produced in pp collisions at a
fixed energy, the size of the source considered in the present
analysis is fixed from the baryon-baryon analyses described
in Refs. [33] and [41]. The impact of strongly decaying
resonances (mainly K" decaying into K and Δ decaying
into p) on the determination of the radius for Kp pairs was
studied using different Monte Carlo simulations [45,46]
and found to be 10%. This contribution was linearly added
to the systematic uncertainty associated with the radius.
The radii of the considered Gaussian sources are r0 ¼
1.13% 0.02þ0.17

−0.15 fm [33] for collisions at
ffiffiffi
s

p
¼ 5 and

7 TeV, and r0 ¼ 1.18% 0.01% 0.12 fm [41] for the
ffiffiffi
s

p
¼

13 TeV collisions.
The comparison of the measured Cðk"Þ for same-charge

Kp pairs with different models is shown in Fig. 1. Each
panel presents the results at different collision energy and
the comparison with two different scenarios. The blue band
represents the correlation function evaluated as described in
Eq. (1), assuming only the presence of the Coulomb
potential to evaluate the Cðk"Þtheoretical term. The red band
represents the correlation function assuming the strong
potential implemented in the Jülich model [50] in addition
to the Coulomb potential. The latter has been implemented

using the Gamow factor [51]. In the bottom panels, the
difference between data and model evaluated in the middle
of each k" interval, and divided by statistical error of data
for the three considered collision energies are shown. The
width of the bands represents the n-σ range associated to
the model variations. The reduced χ2 are also shown. This
comparison reveals that the Coulomb interaction is not able
to describe the data points, as expected, while the intro-
duction of a strong potential allows us to reproduce
consistently the data when the same source radius as for
baryon-baryon pairs is considered. Hence, the measured
correlation functions are sensitive to the strong interaction
and can be used to test different strong potentials for the
K−p system, assuming a common source for all the Kp
pairs produced in a collision.
Similar to Fig. 1 for like-sign pairs, Fig. 2 shows the

data-model comparison for unlike-sign pairs. The measured
Cðk"Þ is reported for the three different collision energies
and the Cðk"Þ distributions were compared with different
interaction models. Since all the models considered in this
Letter do not take the presence of Λð1520Þ into account,
only the region below 170 MeV=c is considered in the
comparison. The blue bands show results obtained using
CATS with a Coulomb potential only.
The remaining curves include, on top of the Coulomb

attraction, different descriptions of the K̄N strong inter-
action. The width of each band accounts for the uncer-
tainties in the λ parameters, the source radius and the
baseline. The light blue bands corresponds to the Kyoto
model calculations with approximate boundary conditions
on the K−p wave function which neglect the contributions
from Σπ and Λπ coupled channels [26,52–55]. Moreover,
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FIG. 2. (K−p ⊕ Kþp̄) correlation functions obtained (from left to right) from pp collisions at
ffiffiffi
s

p
¼ 5, 7, 13 TeV. The fourth panel

shows the combined results at the three colliding energies; the number of pairs in each data sample has been used as weight. The inset
shows the correlation function evaluated for pp collisions at

ffiffiffi
s

p
¼ 5 TeV in a wider k" interval. The measurement is presented by the

black markers; the vertical lines and the boxes represent the statistical and systematic uncertainties, respectively. Bottom panels
represent comparison with models as described in the text.

PHYSICAL REVIEW LETTERS 124, 092301 (2020)

092301-4

K−p
K−Λ

: s wave,
: p wave (weak decay), 

: d wave

Ξ(1620), Ξ(1690)
Ω
Ξ(1820)Questions:

- Condition for resonance peak?
- Origin of resonance peak?

ALICE collaboration, PRL 124, 092301 (2020); PLB845, 138145 (2023)
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Resonance in quantum mechanics

- Complex eigenenergy
G. Gamow, Z. Phys. 51, 204 (1928)204 

Zur Quantentheor i e  des  A t o m k e r n e s .  
Von G. G a m o w ~  z. Zt. in GSttingen. 

Mit 5 Abbildungen. (Eingegangen am 2. August 1928.) 

Es wird der Versuch gemacht, die Prozesse der a-Ausstrahlung auf Grund der 
Wellenmeehanik n~her zu untersuchen und den experimentell festgestel]ten Zu- 
sammenhang zwisehen Zerfallskonstante und Energie der a-Partikel theoretisch zu 

erhalCen. 

w 1. Es ist schon ~tters* die Vermutung ausgesproehen worden, 
dal] im Atomkern die nichtcoulombschen Anzlehungskr~fte eine sehr 
wiehtige Rolle spielen, lJber die Natur dieser KrKfte kSnnen wir viele 
ttypothesen macken. 

Es kSnnen die Anziehungen zwisehen den magnetischen Momenten 
der einzelnen Kernbauelemente oder die yon elektriseher und magne- 

U 

E! 

\ 

Fig. 1. 

fischer Polarisation herriihren- 
den Krafte sein. 

Jedenfalls nehmen diese 
Krgfte mit waehsender Ent- 
fernung yore Kern sehr schnell 
ab, und nur in unmittelbarer 
Nahe des Kernes fiberwiegen 
sie den Einflul] der Cou lomb-  
schen Kraft. 

Aus Experimenten fiber 
Zerstreuung der ~-Strahlen 
k~nnen wir schliel]en, dal], far 
sehwere Elemente, die An- 

ziehungskr~fte bis zu einer Entfernung ~ 10 -12 em noch nicht merklich 
sin& So kSnnen wir das auf Fig. 1 gezeichnete Bild far den Verlauf 
der potentiellen Energie annehmen. 

Hier bedeutet ~'" die Entfernung, bis zu weleher experimentell nach- 
gewiesen ist, daft Coulombsche Anziehung allein existiert. Von ~" be- 
ginnen die Abweiehungen ( r '  ist unbekannt und viel]eicht viel klelner 
als r " )  und b e i r  o hat die U-Kurve ein Maximum. Far ~, ~ r o herrschen 
schon die Anziehungskrafte ,:or, in diesem Geblet w~irde das Teilchen 
den Kernrest wie ein Satellit umkreisen. 

* J. Frenkel,  ZS. f. Phys. 87, 243, 1926; E. Rutherford, Phil. Mag. 
4, 580, 1927; D. Enskog, ZS. f. Phys. 45, 852, 1927. 

208 O. Gamow, 

So sehen wir, dab die Amplitude der durchgegangenen Welle um so 
kleiner ist, ie klelner die Gesamtenergie ~ ist, und zwar spielt der 
Faktor : 

~ .  ~ 1/Voo _ E. ~ e - l k t  ~ e h 

in dieser Abhangigkeit die wichtigste Rolle. 
w 3. Jetzt k(innen wit das Problem fiir zwei symmetrische Potential- 

schwellen (Fig. 3) 15sen. Wir werden zwei Liisungen suchen. 
Eine L~sung sell ~ r  positive q gelten und fiir q ~ qo ~- I die 

Welle : 
2t e* 

geben. Die andere L~sung gilt ~iir negative q und gibt lfir q ~ - -  (qo + / )  
die Welle 

21. : ( ~ t  + q" ' -~  

Dann kSnnen wir die beiden L~sungen an der Grenze q - -  0 niehf 
stetig aneinanderfiigen, denn wlr haben bier zwei Grenzbedingungen zu 

~ s  

q( 

// 

~r 

e 

Fig. 3. 

effiillen und nur eine Konstante a zur Ver~gung. Die physikalisehe 
Ursaehe dieser UnmSglichkeit ist, dal~ die aus diesen zwei Liisungen 
konstruierte W-Funktlon dem Erhaltungssatz 

+ (qo +/) 
O---/Oj" _._ _--h 

- -  (qo + l)  
nicht genfigt. 

Um diese Schwierigkeit zu ilberwinden, miissen wir annehmen, dal] 
die Schwingungen ged~mpft sin(t, und E komplex setzen: 

hZ 

we E o die gewShnliche Energie ist und 9[ das D~mpfungsdekrement 
(Zer~allskonstante). ])ann sehen wir aber aus den Relationen (2 a) und (2 b), 

Resonance as an “eigenstate” of Hamiltonian

- Time evolution: decreasing probability

206 6. Gamow, 

hSher die zu tiberwindende Potentialschwelle ist. Um diese Tatsache 
zu erl~utern, wollen wir ein einfaches Beispiel untersuchen. 

Wir haben eine rechteckige Potentialschwelle und wit wollen die 
LSsung der Sch rSd inge r schen  Gleichung linden, welche den Durchgang 
der Partikel yon rechts nach links darstellt. Ftir die Energie E schreiben 
wir die Wellenfunktion $ in der folgenden Form: 

= ~ ( q ) .  e+ ~-~, 
wo ~ (q) der Amplitudengleichung : 

O '~ *; 8 a: 2 m 
O q' + ---fV- ( E -  U) ~ ~--- 0 (1) 

geniigt. 
Fiir das Gebiet I haben wir die L(isung 

~ - -  A cos  (k q + ~), 

wo .4. und a zwei beliebige Konstanten sind und 

k _--  2 ~ ~ /2 -~   9 1 / E  (2 a) 
h 

bedeutet. In dem Gebiet I I  lantet die LSsung 
~t-rlI _.7_ Ble-k 'q  + B~e+k'q, 

WO 

ist. 
h 

An der Grenze q ----- 0 gelten die Bedingungen: 

la~'T] [o~,q 
~PI(O) ~ ~w(O) und [ - ~ q  3 q = o ~  [ Oq Jq=o'  

woraus wir leicht 
A A 

B1 - -  2 s i n g S i n ( a + # ) ;  B 2 - -  2 sin @ Sin (u - -  #) 

erhalten, wo 
1 

sin # ~ - -  
1 + \ k ' /  

is~. 
Die Liisung im Gebie~ l [  lautet daher: 

A 
~lrlI - -  2 sin ~ [sin (c~ + #) .  e -  k, q _ sin (e, - -  #) e+ k, q]. 

In I I I  haben wir wieder: 

(2 b) 

W m  ~ C cos (k q +/~).  

∝ e+2πiE0t/he−(λ/2)t, |ψ |2 ∝ e−λt e−λt

t

|ψ |2

Equivalent to pole of the scattering amplitude

pole of s-matrix/
scattering amplitude

|sℓ(p) | → ∞

- bound states (E < 0)

- resonances (E ∈ ℂ)

Schrödinger eq. + outgoing b.c.
at energy E (p = 2μE)

zero of Jost function

| fℓ(p) | → ∞p = iκ (κ > 0)

p ∈ ℂ (Im p < 0)

⇔ ⇔f
`
(p) = 0

<latexit sha1_base64="LwDYLv/3PHA+BN+zK6dqOoSVCKw="></latexit>

T. Hyodo, M. Niiyama, PPNP 120, 103868 (2021)

https://inspirehep.net/literature/1822909
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Resonance in effective range expansion
Effective range expansion (ERE): valid for small k

Introduction — resonances

T. Hyodo, PRL111, 132002 (2013);
T. Kinugawa, T. Hyodo, arXiv:2403.12635 [hep-ph]

k± =
i
re

± 1
re

2re

a0
− 1 + i0+

length 1=a from!1 toþ1 in Fig. 1(a). The primary pole
moves from the bound state region to the virtual state
region, and merges with the conjugate pole at the double
root k! ¼ kþ ¼ i=re. The pole then moves off the imagi-
nary k axis while acquiring a real part, and eventually turns
into a resonance. We note that the double root should lie in
the negative region of the imaginary k axis, in order to have
a resonance (k! in the fourth quadrant). The properties of
the poles are summarized in Table I.

The scattering length and the effective range can be
expressed by the pole positions as

a ¼ kþ þ k!

ikþk!
; re ¼

2i

kþ þ k!
: (3)

In the present case, because kþ þ k! (kþk!) is purely
imaginary (real), both re and a are real numbers. The
scattering amplitude is then written as fðkÞ ¼ ðkþ þ
k!Þ=½iðk! kþÞðk! k!Þ' so the residue of the pole is
obtained as

lim
k!k(

ðk! k(ÞfðkÞ ¼ kþ þ k!

iðk( ! k)Þ : (4)

Again, this is a real number. For the bound and virtual
states, the residue of the primary pole k! is determined by
the position of the conjugate pole kþ and vice versa.
In the case of the resonances, kþ ¼ !ðk!Þ*, so the residue
is solely determined by the position of the pole. Note
that in general the residue of the resonance pole is a
complex number, which is independent of the pole
position. Equation (4) suggests that the properties of the

near-threshold resonances are constrained through the
threshold quantities.
Next we turn to the compositeness. For a weakly

bound state, the scattering length and the effective range
are related to the field renormalization constant as [4]
a ¼ !2ð1! ZÞR=ð2! ZÞ and re ¼ !ZR=ð1! ZÞ with
R ¼ ð2!BÞ!1=2, the reduced mass !, and the binding
energy B. The field renormalization constant Z is defined
as the overlap of the physical bound state with the elemen-
tary contribution other than the scattering state. By elim-
inating R, Z is given by

Z ¼ 1!
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1! 1

1þ a=ð2reÞ

s
¼ 2k!

k! ! kþ
; (5)

where we choose the sign of the square root so that the
expression matches with the normalization 0< Z< 1 for
the bound states. The quantity X + 1! Z is called com-
positeness, which measures the two-body molecule com-
ponent in the bound state.
Now we consider the 1=a dependence of Z with a fixed

re < 0 [Fig. 1(b)]. It is instructive to consider X ¼ 1! Z,
instead of Z itself. The compositeness X is real and positive
for 1=a <!2=re. In addition, for the bound states (nega-
tive 1=a < 0), the compositeness is always normalized as
0<X < 1. We obtain a pure composite state X ¼ 1 in the
unitary limit 1=a ¼ 0. Beyond the unitary limit, the bound
state turns into a virtual state and the compositeness
exceeds unity. At the double root 1=a ¼ !2=re,X diverges
and for 1=a >!2=re, X becomes purely imaginary.
Interestingly, however, its magnitude is normalized within
0< jXj< 1 for the resonance case!1=re < 1=a. Here we
define a new quantity

!X +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!1þ 1

1þ a=ð2reÞ

s
;

which is real and positive for 1=a >!2=re, and properly
normalized for resonances (0< !X < 1). The normalization
is given at !X ¼ 1 at k! ¼ !1=re þ i=re with 1=a ¼
!1=re. The corresponding eigenenergy is

E! ¼ ðk!Þ2
2!

¼ ! i

!r2e
: (6)

This is a special state whose mass is located at the two-
body threshold and the width is determined solely by the
effective range; the width is small (large) for a large (small)
jrej. !X ¼ 0 is realized when Re k! ! þ1 (1=a ! þ1).

(a) (b)

FIG. 1 (color online). Trajectories of the pole positions k! and
kþ (a), and the field renormalization constant Z (b) increasing
the inverse scattering length 1=a for a fixed negative effective
range re < 0. Inverted triangles, squares, circles, crosses, and
triangles correspond to 1=a ¼ !1, 0, !2=re, !1=re, and þ1,
respectively. Solid (dashed) line with filled (empty) symbols
stands for k! (kþ).

TABLE I. Classification of the properties of the poles in the effective range expansion for re < 0.

Inverse scattering length 1=a < 0 0< 1=a <!2=re !2=re < 1=a <!1=re !1=re < 1=a

Primary pole Bound state Virtual state Virtual state with width Resonance
Conjugate pole Virtual state Virtual state Anti-virtual state with width Anti-resonance
Compositeness 0<X < 1 1<X 1< !X 0< !X < 1

PRL 111, 132002 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending

27 SEPTEMBER 2013

132002-2

k+

k−

- Pole positions  <—> k± (a0, re)

Resonance solution ( ) re < 0

1
|re |

2re

a0
−1 ≥ 1

|re |
, ⇒

re

a0
≥ 1, ⇒ |a0 | ≤ |re |

- Eigenenergy  <—> ER = (k−)2
2μ = MR − i ΓR

2 (a0, re)

- Resonance with  : not only  but also |k− | → 0 |a0 | → ∞ |re | → ∞

f(k) = [− 1
a0

+
re

2 k2 − ik]
−1 bound state

virtual state

resonance

https://inspirehep.net/literature/1232512
https://inspirehep.net/literature/2769909
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Resonance in correlation function 
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Contents
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- Wavefunction behavior (KP formula)

K. Murase, T. Hyodo, J. Subatomic Part. Cosmol. 3, 100017 (2025);
K. Murase, T. Hyodo, arXiv:2509.22844 [nucl-th]

- Resonances with  l > 0

- Difference from cross section (LL formula)

- Complex eigenenergy and pole

https://inspirehep.net/literature/2847980
https://arxiv.org/abs/2509.22844
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Wave function and correlation (attraction)
Attractive well (no bound state)

source size R = 1 fm

Resonance peak in correlation function

C(q) ≃ 1 + ∫
∞

0
dr

4π
q2

S(r){ | |rqψq(r) |2 −sin2(qr)}

r
V(r) 1 fm

 is pulled in, increased at  —>  enhancementψq(r) r ≲ R C(q)

q = 60 MeV

q = 100 MeV
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Wave function and correlation (repulsion)
Repulsive rectangular potential

Resonance peak in correlation function

C(q) ≃ 1 + ∫
∞

0
dr

4π
q2

S(r){ | |rqψq(r) |2 −sin2(qr)}

source size R = 1 fm

r
V(r)

1 fm

 is pushed out, decreased at  —>  suppressionψq(r) r ≲ R C(q)

q = 60 MeV

q = 100 MeV
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Wave function and correlation (resonance)
Well + barrier potential

Resonance peak in correlation function

- resonance @ q− = 59 − 14i MeV

r
V(r)

1 fm

W.f. is localized in  at pole momentum —> peak in r ≲ R C(q)

q = 60 MeV

q = 100 MeV
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Resonance in cross section
Pole of scattering amplitude with effective range expansion

Resonance peak in correlation function

T. Hyodo, PRL 111, 132002 (2013),
T. Kinugawa, T. Hyodo, arXiv:2403.12635 [hep-ph]

f(q) = [− 1
a0

+
re

2 q2 − iq]
−1

, q± =
i
re

± 1
re

2re

a0
− 1 + i0+

With a0 = − 0.195 fm, re = − 9.87 fm

-  ~ zero,  ~ peak at Re f Im f Re q−

q− = 200 − 20i MeV

—> Peak in cross section  σ

σ(q) =
4π
q

Im f(q, θ = 0)

Optical theorem

https://inspirehep.net/literature/1232512
https://inspirehep.net/literature/2769909
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Resonance in correlation (LL formula)
LL formula: correlation function <— scattering amplitude

Resonance peak in correlation function

C(q) = 1 +
| f(q) |2

2R2
F3(re /R) +

2Re f(q)

πR
F1(2qR) −

Im f(q)
R

F2(2qR)

R. Lednicky, V.L. Lyuboshits, Yad. Fiz. 35, 1316 (1981);
K. Murase, T. Hyodo, J. Subatomic Part. Cosmol. 3, 100017 (2025)

= 1 +
2Re f(q)

πR
F1(2qR) +

Im f(q)
2qR2 (e−(2qR)2 −

re

2 πR )
Cre(q) Cim(q)

Correlation = Peak (im) + background (re)

With resonance amplitude
q− = 200 − 20i MeV

https://inspirehep.net/literature/2847980
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Higher partial waves
KP formula with  (spherical source)l > 0

Resonance peak in correlation function

ΔCl(q) = (2l + 1)

C(q) = 1 +
∞

∑
l=0

ΔCl(q)

- sum of partial wave contributions
- interacting w.f.  — free w.f. Rl(r) jl(qr)

× ∫
∞

0
dr 4πr2S(r)[ |Rl(r) |2 − | jl(qr) |2 ]

 1×10−8

 1×10−6

 0.0001

 0.01

 1

(a) V2G(r)

l = 0
l = 1
l = 2
l = 3

|Δ
C

l|

 1×10−8

 1×10−6

 0.0001

 0.01

 1

(b) V1GA(r)

|Δ
C

l|
 1×10−10

 1×10−8

 1×10−6

 0.0001

 0.01

 1

 0  100  200  300  400  500

(c) V1GR(r)

|Δ
C

l|

Relative momentum q (MeV)

Gaussian potentials (range ~ 1.25 fm)
-  components at larger l > 0 q

- -th wave dominant at l q ∼ l/r ∼ 160l MeV

s p d f
K. Murase, T. Hyodo, JSPC 3, 100017 (2025);
K. Murase, T. Hyodo, arXiv:2509.22844 [nucl-th]

https://inspirehep.net/literature/2847980
https://arxiv.org/abs/2509.22844
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Resonance contribution in higher partial waves

Resonances in higher partial waves

Resonance peak in correlation function

−0.4

−0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4
(a) VL1(r) KP (l ≤ 10)

rLL(cut) (l ≤ 10)
rLL(cut) (l = 0)
rLL(cut) (l = 1)
rLL(cut) (l = 2)
rLL(cut) (l = 3)

Δ
C

(q
)

−0.6

−0.4

−0.2

 0

 0.2

 0.4

 0.6 (b) VL2(r)

Δ
C

(q
)

−0.3

−0.2

−0.1

 0

 0.1

 0.2

 0.3

 0  100  200  300  400  500

(c) VL3(r)

Δ
C

(q
)

q (MeV)

- p-wave resonance at 

With resonances,  components is enahncedl > 0

p

d

f

q− ∼ 105 − 23i MeV

- d-wave resonance at 
q− ∼ 216 − 20i MeV

- f-wave resonance at 
q− ∼ 345 − 21i MeV

With ,  approaches unityq → ∞ C(q)

- How can resonances be seen?
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Resonace peaks in correlation functions 

s-wave resonance peak <— localization of 
wave function at interacting region

LL formula: not only peak in  but also 
background from  

Resonance enhances the higher partial waves 
( ) contributions

Im f
Re f

l > 0

Summary

Summary

S. Watanabe, T. Hyodo, in preparation

K. Murase, T. Hyodo, J. Subatomic Part. Cosmol. 3, 100017 (2025);
K. Murase, T. Hyodo, arXiv:2509.22844 [nucl-th]

https://inspirehep.net/literature/2847980
https://arxiv.org/abs/2509.22844
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