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Isospin symmetry breaking
Isospin symmtry holds approximately well (up to a few MeV)

Introduction

p(938.27)
n(939.57)1000

0

Energy (MeV)

- Nucleon: 1.3 MeV compared with mass (940 MeV)

~ 940

~ 1.3

- : 8.2 MeV compared with binding energy (0.29 MeV)X(3872)

X(3872)

D0D̄∗0(3871.69)

D+D∗−(3879.92)

3875

3870

3880

~ 8.2

~ 0.29

Important symmetry breaking for near-threshold eigenstates
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 and X(3872) ηc2

Isospin symmetry breaking for X(3872)

Introduction

Questions

-  couples to s-wave , while  to p-wave X(3872) DD̄∗ ηc2 DD̄∗

- How is the isospin symmetry breaking for  ?ηc2

D. Gamermann, J. Nieves, E. Oset, E. Ruiz Arriola, PRD 81, 014029 (2010);
T. Kinugawa, T. Hyodo, PRC 109, 045205 (2024);
J. Song, L.R. Dai, E. Oset, PRD 108, 114017 (2023)

<— Dominance of neutral channel: X0 ≫ Xc

Br( X(3872) → ρJ/ψ ) = 3.4 ± 1.1 % , Br( X(3872) → ωJ/ψ ) = 5.0 ± 1.9 %

：  (not yet identified)ηc2 JPC = 2−+

S.X. Nakamura, PRD 113, 114031 (2026)
-  near  threshold in addition to ηc2 DD̄∗ X(3872)

X(3872)

D0D̄∗0

D+D∗−

3875

3870

3880

ηc2

https://inspirehep.net/literature/2641489
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Hamiltonian and self-energy
 state  coupled with  state  and  state cc̄ |ψ0⟩ D0D̄∗0 | p,0⟩ D+D∗− | p, c⟩

Formulation

V. Baru, et al., PLB 586, 53 (2004); T. Hyodo, PRC 90, 055208 (2014)

M0 V V
V p2/(2μ0) 0
V 0 p2/(2μc) + Δ

|Ψ⟩ = E |Ψ⟩, |Ψ⟩ =

c |ψ0⟩
∫ dq χ0(q) |q,0⟩
∫ dq χc(q) |q, c⟩

Pole condition: zero of the denominator
Eh − M0 − Σ(Eh) = 0

T-matrix 
Tij( p, p′￼, E) =

⟨p, i |V |ψ0⟩⟨ψ0 |V | p′￼, j⟩
E − M0 − Σ(E)

∼

Self-energy
Σ(E) = Σ0(E) + Σc(E), Σi(E) = ∫ dq

⟨ψ0 |V |q, i⟩⟨q, i |V |ψ0⟩
Ei − Δδic − q2/(2μi) + i0+

∼

<latexit sha1_base64="+tBN2yptVyCVEbLUVMdv9w2d+MU=">AAAA8nicSyrIySwuMTC4ycjEzMLKxs7BycXNw8XFy8fPE1acX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKBcQLKBvoGYCBAibDEMpQZoACoHJDdElMRpiRnqGZnkmgAYe0koahuYNHQGhyStfknQcghjAyQk0TYEAFhwB0uTg4</latexit>

f(p,p0, E) = �4⇡2µhp |V̂ | 0 ih 0 |V̂ |p0 i
E �M0 � ⌃(E)

⇠ + +· · ·

<latexit sha1_base64="+tBN2yptVyCVEbLUVMdv9w2d+MU=">AAAA8nicSyrIySwuMTC4ycjEzMLKxs7BycXNw8XFy8fPE1acX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKBcQLKBvoGYCBAibDEMpQZoACoHJDdElMRpiRnqGZnkmgAYe0koahuYNHQGhyStfknQcghjAyQk0TYEAFhwB0uTg4</latexit>

f(p,p0, E) = �4⇡2µhp |V̂ | 0 ih 0 |V̂ |p0 i
E �M0 � ⌃(E)

⇠ + +· · ·

https://inspirehep.net/literature/1305435
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Compositeness
Pole corresponds to discrete eigenstate (outgoing b.c.)

Formulation

- Left eigenstate for resonances and normalization

- Expression in terms of the self-energy

Compositeness  (weight of scattering channel )Xi i

Xi =
−Σ′￼i(E)

1 − Σ′￼0(E) − Σ′￼c(E)
E=Eh

, Z =
1

1 − Σ′￼0(E) − Σ′￼c(E)
E=Eh

S. Weinberg, Phys. Rev. 137, B672 (1965);
T. Hyodo, IJMPA 28, 1330045 (2013); F.K. Guo et al., RMP 90, 015004 (2018);
T. Kinugawa, T. Hyodo, EPJA 61, 154 (2025)

Xi = ∫ dq ⟨ Ψ̃h |q, i⟩⟨q, i |Ψh⟩, Z = ⟨ Ψ̃h |ψ0⟩⟨ψ0 |Ψh⟩ ∈ ℂ, ∑
i

Xi + Z = 1

H |Ψh⟩ = Eh |Ψh⟩

⟨ Ψ̃h |H = Eh⟨ Ψ̃h | , ⟨ Ψ̃h |Ψh⟩ = 1.

https://inspirehep.net/literature/1256957
https://inspirehep.net/literature/2849884
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Transition matrix element

- Bare state  : spin , polarization |ψ0⟩ J M

Formulation

⟨p, ℓ, λ, i |V |ψ0; JM⟩ = g(ℓ)
i 4π pℓF(ℓ)(p)∑

m

⟨ℓm,1λ |JM⟩Yℓm( p̂)

- Coupling constant: g(ℓ)
i

Angular momentum structure of transition

-  : orbital angular momentum ,  polarization | p⟩ ℓ D∗ λ

- Form factor normalized as F(ℓ)(0) = 1

-  :X(3872)

-  :ηc2

⟨p,0,λ, i |V | χc1; 1M⟩ = g(0)
i F(0)(p)δλM

⟨p,1,λ, i |V |ηc2; 2M⟩ = g(1)
i 4π pF(1)(p)∑

m

⟨1m,1λ |2M⟩Y1m( p̂)

For s-wave  and p-wave X(3872) ηc2
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Explicit model
Formulation

- For a given , reduced matrix element readsM

⟨p, i |V |ψ0⟩ = {g(0) Θ(Λ − p) X(3872)
g(1) p Θ(Λ − p) ηc2

g(ℓ)
0 = g(ℓ)

c ≡ g(ℓ), F(ℓ)(p) = Θ(Λ − p)

Isospin symmetric coupling and sharp cutoff form factor

Explicit expression of self-energy

Σi(E) =
−8πμi(g(0))2[Λ + iki arctan (− Λ

iki )] X(3872)

−8πμi(g(1))2[ Λ3

3 +k2
i Λ + ik3

i arctan (− Λ
iki )] ηc2

ki = 2μi(E − Δδic)



10

Introduction —  and 

Formulation

Results

Summary

X(3872) ηc2

Contents

Contents

- Coupled-channel model and compositeness
- Spin and partial-wave structure

- Compositeness of near-threshold states
- Isospin symmetry breaking
- Realistic setup



11

Near-threshold eigenenergy (single-channel)
En

er
gy

Results

bound resonance

virtual

bound

resonance

s-wave p-wave

T. Hyodo, PRC 90, 055208 (2014)
Eigenenergy as function of bare mass for fixed  g(ℓ)

378 C. Hanhart et al. / Physics Letters B 739 (2014) 375–382

Fig. 3. Motion of the s-wave poles in the complex s-plane with m = 1 and ρ = 0.2.

In contrast, for scalar waves, we find two poles in the imaginary 
axis at kpole = i(±πp ∗ ρ ). Note that, as πp grows, the two poles 
start separating from each other and move apart from the “meet-
ing point”, ∗iρ . In the k-plane both move along the imaginary 
k-axis, the physically more relevant one is located at ∗i(ρ ∗ πp)

while the other one is located at ∗i(ρ + πp). Correspondingly in 
the s-plane the two poles move along the negative real axis, but 
both of them lying on the second sheet until πp = ρ . Eventually, 
when πp > ρ , the first pole moves to the physical sheet — the vir-
tual state turns into a bound state.3 The corresponding motion of 
the poles is illustrated in Fig. 3.

One may define the mass M of a particle as the real part of 
the corresponding pole position in the complex plane. It is there-
fore interesting to follow this point as ρ and kp vary. For s-waves, 
in general one finds a striking non-analytic behavior in M at the 
point where kp = 0. On the other hand, for partial waves higher 
than s-waves the behavior is much smoother.4 This non-analyticity 
of the hadron mass when the conjugate poles reach the real axis as 
kp ̸ 0 has been recently studied in detail within the general for-
malism of Jost functions in [13]. The conclusion is a similar warn-
ing to the one we raised in Ref. [7] about the naive mass extrap-
olation formulas for states which appear near thresholds on the 
lattice, although within a more general framework. In this work 
we will illustrate this non-analyticity in passing, when explaining 
the different possible pole trajectories on the basis of various ex-
amples below, whereas for the analytic formalism of those mass 
singularities we simply refer the reader to [13].

3. Summary of Weinberg’s criterion

In Ref. [17] Weinberg developed a criterion for compositeness 
for bound states that occur in the s-wave of scattering amplitudes 
(under which circumstances this formalism can be generalized to 
resonances is described in Ref. [18]). The starting point is the scat-
tering amplitude near threshold that may be expressed in terms of 

3 A similar pole movement from the first to the second Riemann sheet through 
threshold has been found in a scalar field propagator within a simple model where 
it couples to two pseudoscalar fields [12].

4 This non-analytical behavior in hadron masses may also propagate to other ob-
servables, like form factors in the t-channel [16].

the scattering length, a, and the effective range, r as5

T0(k) = 1
k cot σ0(k) ∗ ik

= 1
∗1/a + rk2/2 ∗ ik

. (11)

Weinberg derived relations between the scattering length, a, the 
effective range, r, and the wave function renormalization constant 
for the particle described by the S-matrix pole, Z ,

a = 2
(

1 ∗ Z
2 ∗ Z

)
R + O(1/κ),

r = ∗
(

Z
1 ∗ Z

)
R + O(1/κ). (12)

Here κ is the typical momentum scale of the binding interactions 
— in our case either κ − mγ or larger, depending on whether 
single pion exchange is important in the process — and R is the in-
verse of the imaginary momentum corresponding to the S-matrix 
pole

R = 1
π

=
√

1
mB

(13)

when the pole in S occurs at s = 4(m2 ∗ π2) = 4m2 ∗ 4mB . For 
a bound state π > 0 and for a virtual state π < 0 (in both cases 
B > 0). On general grounds one can show for bound states that to 
leading order in a 1/(Rκ) expansion, Z can be interpreted as the 
probability to find the ordinary, compact component in the wave 
function of the physical state. In particular, 0 ′ Z ′ 1 [17].6

Assuming that the effective range approximation is valid for all 
momenta of interest, from Eq. (11) evaluated at the pole follows a 
single kinematic relation among a, r, and R

1
R

= 1
a

+ r
2R2 (14)

Weinberg found that a predominantly composite state (or hadronic 
molecule or extraordinary hadron) has Z ∝ 0. In the case of a 
weakly bound particle, where R → 1/κ , this criterion reduces to 
a − R and r − 1/κ , with the range term in Eq. (14) just providing 
a small correction. Note that within potential scattering one can 
show that the terms of order 1/κ are typically positive.

On the other hand, a predominantly elementary state has Z ∝ 1
and therefore a − 0, or more accurately a − 1/κ ∓ R , and |r| → R . 
As a result, in order to get a bound state near threshold for a 
predominantly elementary state a fine tuning between the range 
term and the scattering length term is necessary in Eq. (14).7 This 
clearly demonstrates, that it is way more natural to find composite 
states near thresholds than elementary states.

The effective range parameters can easily be expressed in terms 
of the parameters introduced in the previous section. From Eq. (4)
one finds

a = ∗ 2ρ

ρ 2 + k2
p

= 2ρ

π2
p ∗ ρ 2

and r = ∗ 1
ρ

, (15)

where we used that for bound states kp gets imaginary. Using 
Eq. (12) this can be translated to

Z = 1 ∗ ρ

πp
. (16)

5 Note that some times a different sign convention is used for the scattering 
length.

6 In Ref. [19] it was explicitly shown that such an interpretation dos not hold for 
virtual states.

7 This situation may be accompanied by quite unusual line shapes as demon-
strated in Refs. [21,22].

C. Hanhart, J.R. Pelaez, G. Rios, PLB 739, 375 (2014)
C. Hanhart et al. / Physics Letters B 739 (2014) 375–382 377

follows. Using the definition of the T matrix, S = 1 +2ikT , we may 
write

Tρ(k) = ∗ 2π

k2 ∗ (π 2 + k2
p) + 2iπ k

. (4)

For elastic scattering unitarity provides a stringent link between 
the real and the imaginary part of T , that actually allows the 
T -matrix elements to be described in terms of its phase σ as

tan(σ) = ∗ 2kπ

k2 ∗ (π 2 + k2
p)

. (5)

Of course, it is straightforward to recast the above expressions 
in terms of s instead of k. One finds for example

Sρ(k) = s ∗ s0 ∗ 4i(s ∗ 4m2)1/2π

s ∗ s0 + 4i(s ∗ 4m2)1/2π
, (6)

with s0 = 4(k2
p + π 2 + m2).

2.1. ρ > 0 partial wave threshold behavior and poles

In general the centrifugal barrier demands, for momenta much 
smaller than some typical scale µ, that the scattering amplitude 
behaves as Tρ ̸ k2ρ . If we are only interested in this low energy 
region, the constraint translates into the replacement

π − π (k) = π̄ k2ρ. (7)

Of course, this amplitude should only be used for k much smaller 
than the typical scale µ, not beyond. Note that ρ = 0 waves are 
unaffected by this change, but, for example, ρ = 1 waves now have 
poles whenever iπ̄ k2 + k ± kp = 0, namely at:

kpole = i
2π̄

[
1 ±

√
1 ′ 4iπ̄ kp

]
, (ρ = 1 case). (8)

These are four poles in conjugated pairs, but of course, they are 
only meaningful if they lie within the low momentum region of 
validity of our amplitude. We can ensure that we have only one 
conjugated pair within this region, if we require π̄ kp ∝ 1, (which 
is nothing but assuming that both parameters are natural, i.e., π̄ ∝
1/µ and kp ∝ µ). In such case we can expand

√
1 ′ 4iπ̄ kp → 1 ′ 2iπ̄ kp + 2π̄ 2k2

p + · · · , (9)

so that the four poles lie at:

kpole → i
2π̄

[
1 ±

(
1 ′ 2iπ̄ kp + 2π̄ 2k2

p
)]

=
{′kp ∗ iπ̄ k2

p (physical pair)

±kp + i
π̄ (1 + (π̄ kp)2) (unphysical pair)

(10)

One should not worry about the unphysical conjugated pair of 
poles lying on the first sheet, since our amplitude has been con-
structed for 1/π̄ ∓ kp and thus these spurious poles are deep in 
the complex plane, beyond the range of applicability of our ap-
proach, which is however valid for the two poles not too far from 
threshold. A similar pattern emerges for even higher partial waves, 
with a physical pair for small k and additional unphysical pairs of 
poles beyond the applicability region of our amplitude.

Fig. 2. Motion of the p-wave poles in the complex s-plane with m = 1 and π̄ = 0.2.

2.2. Pole trajectories as a function of a strength parameter

In the construction presented in the previous section it was as-
sumed that kp is a real number — then the equations describe 
a resonance. We will now generalize this investigation by con-
sidering the movement of the poles as some strength parameter 
is varied. Therefore we will study how the resonance properties 
change when varying kp. In particular, it is interesting to observe 
the trajectories of the poles for kp − 0 especially very close to 
threshold. Of course, as long as two conjugate poles exist, their 
trajectories have to be symmetric with respect to the imaginary k
axis.

Let us first follow the trajectories of conjugate poles for ρ > 0
partial waves. As a consequence of Eq. (7), they will come infinites-
imally close to kpole = 0. However, as commented above there can 
be no poles of the S-matrix on the physical cut. This property is 
automatically implemented in Eq. (3) for when kp = 0 and π = 0
simultaneously, the zeros in the numerator and denominator can-
cel to yield S(k = 0) = 1. The resulting pole trajectories in the s
plane are illustrated for ρ = 1 in Fig. 2.

In contrast, for s-waves the point where the two conjugate 
poles meet each other on the imaginary k axis is not fixed ex-
cept for the condition that no poles in the physical axis should 
exist in the first Riemann sheet, and in particular not at k = 0. But 
that leaves the whole negative axis for s-wave poles to meet when 
kp decreases and the point where the two trajectories meet, ∗iπ , 
is a non-trivial parameter of the underlying dynamics. This is one 
of the central messages of this paper.

In order to extend our discussion to poles below threshold, we 
need to continue analytically kp to complex values kp = iκp, with 
κp real and positive so that k2

p is real and negative. Of course, for 
our amplitude to make sense we still keep the condition π̄ κp ∝ 1.

Now, for the ρ > 0 case, we find two physical poles at kpole =
iκp(±1 + π̄ κp). In the s-plane, these are two poles below threshold 
but one in the first and another one in the second Riemann sheet. 
The resonance has become a bound state. Since π̄ κp ∝ 1 they lie 
almost symmetrically with respect to the threshold. As seen from 
the s-plane, this is the typical structure of subthreshold poles in 
the first and second Riemann sheets.

c.f.) pole trajectory

https://inspirehep.net/literature/1305435
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Near-threshold eigenenergy (single-channel)
Results

T. Hyodo, PRC 90, 055208 (2014)
Eigenenergy as function of bare mass for fixed  g(ℓ)

C
om

po
si

te
ne

ss

s-wave:  at threshold, p-wave: arbitrary  at thresholdX → 1 X

En
er

gy bound resonance

virtual

bound

resonance

s-wave p-wave

https://inspirehep.net/literature/1305435
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Ispspin symmetry breaking (weak)
Compositeness of bound state (two-channel)

Results

s-wave p-wave

- Deep bound state: almost symmetric ( )X0 ≈ Xc

- Threshold energy difference Δ = 0.01 [Λ2/μ2
0]

- s-wave shallow bound state: large breaking ( )X0 ≫ Xc

- p-wave shallow bound state: almost symmetric ( )X0 ≈ Xc
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Ispspin symmetry breaking (large)
Compositeness of bound state (two-channel)

Results

s-wave p-wave

- Deep bound states: substantial breaking ( )X0 > Xc

- Threshold energy difference Δ = 0.1 [Λ2/μ2
0]

- s-wave shallow bound state: large breaking ( )X0 ≫ Xc

- p-wave shallow bound state: substantial breaking ( )X0 > Xc
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Realistic setup
Input

Results

Results and Discussion

Table: Results for the elementariness and compositeness in each case, including uncertainty
over the 600-1000 MeV range of cuto! values.

Input Resonance Bare Mass (GeV) Z X0 Xc

X(3872) 3.95 0.19± 0.04 0.69± 0.04 0.117± 0.004

ωc2 3.84 (1.49± 0.29) (→0.29± 0.17) (→0.20± 0.11)
→(0.14± 0.12)i +(0.16± 0.09)i +(0.03± 0.02)i

ωc2 3.95 (0.61± 0.11) +(0.23± 0.07) (0.16± 0.04)
(0.03± 0.01)i →(0.04± 0.02)i +(0.01± 0.01)i

X(3872) resemble previous results1, though some models place the total compositeness on the
order of 95%

ωc2 results are generally complex, but X0 ↑ Xc suggests less extreme isospin symmetry breaking

1Kinugawa and Hyodo 2025
Matthew Bradshaw Tetsuo Hyodo Isospin symmetry breaking in X(3872) and ωc2 decay 12 / 15

- Bare mass  : constituent quark modelM0

 : large ispsin symmetry breaking X(3872) X0 ≫ Xc

S. Godfrey and N. Isgur, PRD 32, 189 (1985)

- Cutoff 600 MeV ≤ Λ ≤ 1000 MeV

- Eigenenergy  :  from PDG,  from NakamuraEh X(3872) ηc2

 : almost isospin symmetric ηc2 X0 ≈ Xc
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We study isospin symmetry breaking for near-
threshold states.

Near-threshold s-wave bound state is complete 
composite at threshold, while p-wave state has 
arbitrary structure even at threshold

Isospin symmetry is largely broken for near-
threshold s-wave states, while it is not always 
broken for p-wave states

Near-threshold  follows isospin symmetryηc2

Summary

Summary

M. Bradshaw, T. Hyodo, in preparation

T. Hyodo, PRC 90, 055208 (2014)

https://inspirehep.net/literature/1305435

