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Quantum entanglement
Entanglement
- Correlation between subsystem A and B

ℰ( |ψ⟩) = − TrA[ρA log ρA], ρA = TrB |ψ⟩⟨ψ |

Overview

Applications
- QFT (vacuum) and phase transition

Talk by Takeda-san, …

- Few-body and many-body systems
Talk by Fukui-san, Wakasa-san, …
see, e.g. C.E.P. Robin, M.J. Savage, arXiv:2604.26376 [quat-ph]

A B

|ψ⟩

- Quantum (not classical) correlation

- Number of effective degrees of freedom

A B

|ψ⟩

H. Sakai, et al., PRL97, 150405 (2006)

the effective analyzing powers of EPOL. Since adjacent
data points use overlapping data, they are not statistically
independent. Hence, for a quantitative test against theory
one single choice of ! should be used.

It is very impressive that the experimental data follow
the quantum mechanical prediction faithfully for the entire
angular region and they exceed Bell’s limit over a wide
angular range. We obtained Sexp!!=4" # 2:83$ 0:24stat $
0:07sys, which violates the inequality at a confidence level
of 99.3%. It is to be noted that the entanglement of the spin-
singlet state was retained even when the two protons
traversed through large amounts of material media
(50 cm thick argon% ethane gas in wire chambers, 1 cm
thick plastic scintillators, and up to 5 cm thick graphite
slab). It is indeed remarkable that the strongly interacting
pairs maintain the correlations for distances greater than
1013–1014 times their coherence length, which was esti-
mated to be 10&14 m (the size of a wave packet of two
protons at production).

Can some hidden variable theories reproduce quantum
mechanical-like correlations in our arrangement? There
are two concerns: (a) locality and (b) small analyzing
powers. First, the finite distance of 5–40 cm between the
two protons, though much larger than the short range
strong interactions, does not rule out communications as
they pass through the polarimeter. However, the two inter-
acting protons of an event do not know the experimenter’s
choice of the reference axes since we have ‘‘post selec-
tion’’. If the protons make their own choice to conspire to
mimic a theory, they need to communicate (1) spin orien-
tation with respect to an axis of their choice, (2) scattering
angle ("1 or "2), and (3) energy-dependent analyzing

powers, which render such a scenario unlikely, if not
impossible.

The second concern is the small analyzing power, which
might dilute the correlations. Though it is reassuring that
the experimental correlations deduced from Eq. (1) are in
agreement with quantum mechanics for all choices of
reference axes, we are not able to rule out some remote
possibility that analyzing powers and hidden variables
conspire to yield similar agreement.

In conclusion, we have shown, from an experiment of
high statistics involving strongly interacting hadron pairs
with nuclear spin interactions and employing ‘‘event-ready
detector’’ and ‘‘post selection of reference axes’’, that the
result Sexp!!=4" # 2:83$ 0:24stat $ 0:07sys violates Bell’s
CHSH inequality at 99.3% confidence level.

This work is partially supported by the Mitsubishi Foun-
dation and by the Grants in Aid for Scientific Research
No. 15340071 of the Ministry of Education of Japan.
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FIG. 4 (color). Plot of the spin-correlation function S!!" vs !.
Solid circles are the experimental result Sexp!!" derived from the
same data set. Each error shown as blue shaded area is corre-
lated. See text for details.
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Example: two-qubit system
Entanglement entropy for two-qubit system

ℰvN( |ψ⟩) = − TrA[ρA log ρA], ρA = TrB |ψ⟩⟨ψ |

Overview

- product state: minimum ℰ = 0
| ↑ ↓ ⟩ = | ↑A ⟩ ⊗ | ↓B ⟩

- Bell state: maximum ℰ = 1

|Ψ±⟩ = 1
2

| ↑ ↓ ⟩ ± 1
2

| ↓ ↑ ⟩

- Linear combination 1 ≤ ℰ ≤ 0

|ψ⟩ = cos θ | ↑ ↓ ⟩ + sin θ | ↓ ↑ ⟩

| ↑ ↓ ⟩ | ↓ ↑ ⟩

|Ψ+⟩ − |Ψ−⟩

ℰvN

ℰ

Note: defined for pure states.
—> For mixed states, other entanglement measure is needed
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Quark-quark correlations: various d.o.f.
Color entanglement of quarks in a proton

Overview

A. Dumitru, E. Kolbusz, PRD105, 074030 (2022)
-  and  are maximally entangled in colorq (qq)

ρA = Trcolor
B |qqq⟩⟨qqq | = 1

3 I3×3 ⇒ ℰvN = log 3

A B

Spin entanglement of quarks in a proton
C. Qian, S. Xu, Y.-G. Yang, X. Zhao, arXiv:2603.16681 [hep-ph]

Entanglement ~ diagnostic of emergent diquark correlations

A
B

C<— BLFQ

FIG. 1. The comparison of bipartite entanglement and tripartite entanglement between the spin states from

three di!erent models: the quark-diquark model [21], the BLFQ model [25], and the SU (6) quark model.

The three spin sectors from the quark-diquark model are included as well (dots and dashed lines in light

colors). The main plot shows the entanglement entropy of one parton with the remaining two partons of

the proton states from di!erent models, and the inset shows the ω-tangle among the three partons.

entanglement and the |010→ component is associated with W-type entanglement. In the

quark-diquark model, the tripartite state is described as either a Bell-type biseparable state

or a W-type state which can be generated from the Bell-type state through permutation. Its

W-type state consists of both the 2↑excitation Dicke components {|011→, |101→, |110→} and

the 1↑excitation Dicke components {|001→, |010→, |100→}. The GHZ-type entanglement is

not expected in the quark-diquark model, and the fully separable states are suppressed. On

the other hand, the BLFQ spin state consists of W-type entanglement from the 2-excitation

Dicke components {|011→ , |101→ , |110→}, Bell-type biseparable entanglement from the spin

components {|001→ , |100→}, and a small amount of GHZ-type entanglement from the compo-

nents {|000→ , |111→}. Although the GHZ-type entanglement is genuinely tripartite compared

to the W-type entanglement and typically yields a larger ω↑tangle, in the quark-diquark

spin state, the W-type component takes a much larger percentage than the combined W-

and GHZ-type component in the BLFQ spin state. Therefore, the quark-diquark spin state

produces much larger the ω↑tangle compared to that for the BLFQ.
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Symmetries of NN scattering
Fundamental symmetries  SU(2)spin × SU(2)isospin

Entanglement suppression — Emergent symmetries in nuclear force

- spin SU(2)spin

- isospin SU(2)isospin

s-wave  scattering: spin  × isospin  should be NN J I A

{ | ↑ ⟩, | ↓ ⟩}
{ |p⟩, |n⟩}

 and , independent|J = 0, I = 1⟩ (1S0) |J = 1, I = 0⟩ (3S1)

<— QCD

Emergent symmetries

- both  and  have large : spin-flavor 1S0
3S1 |a0 | SU(4)

- large scattering length : NR conformal symmetry|a0 | ≫ 1 fm

<— entanglement suppression?

T. Mehen, I.W. Stewart, M.B. Wise, PLB474, 145 (2000)

E. Wigner, PR51, 106 (1937), …, D.B. Kaplan, M.J. Savage, PLB365, 244 (1996), …

{ |p ↑ ⟩, |p ↓ ⟩, |n ↑ ⟩, |n ↓ ⟩}

1
2 ⊗ 1

2 = 0
⏟
A

⊕ 1
⏟
S
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Entanglement suppression
Entanglement power (EP) of S-matrix E( ̂S)

Entanglement suppression — Emergent symmetries in nuclear force

|ψout⟩ = ̂S |ψin⟩

entangle?

- ability of generating entanglement

E( ̂S)

Entanglement power of nuclear force (  : phase shift)δJ

S.R. Beane, D.B. Kaplan, N. Klco, M.J. Savage, PRL122, 102001 (2019)

E( ̂S) = 1
6 sin2[2(δ0 − δ1)] ≥ 0

 is achieved if (in the low-energy limit)E( ̂S) = 0

{δ0 = δ1
(δ0, δ1) = (0,π /2), (π /2,0)

spin-flavor SU(4) symmetry ̂S ∝ I
NR conformal symmetry ̂S ∝ SWAP

I. Low, T. Mehen, PRD104, 074014 (2021)
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Motivation
Decuplet baryons

Entanglement suppression —  baryon decuplet ( ) scatteringSU(3) ΩΩ

I3 I3

Y Y

pn

Σ0Σ− Σ+

Λ

Ξ0Ξ−

Σ*0Σ*− Σ*+

Ξ*0Ξ*−

Ω−

Δ0Δ− Δ+ Δ++

1−1

−1

1

1−1

−1

1

−2

- spin 3/2
- ground states with Octet in quark model

Quantum information viewpoint
- spin 3/2 scattering = 4d-qudit quantum gates

Large scattering length  ( )?a0 δ ∼ π/2

- lattice QCD for  scattering: ΩΩ a0(J = 0) = 4.6 fm ≫ 1 fm

-  dibaryon, ?ΔΔ d∗(2380)
F. Dyson, N.H. Xuong, PRL13, 815 (1964);
P. Adlarson et al., (WASA-at-COSY), PRL102, 052301 (2009) 

S. Gongyo, et al., (HAL QCD), PRL120, 212001 (2018)
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Results
Spin 3/2 scattering (  with )δJ J = 0,1,2,3

Entanglement suppression —  baryon decuplet ( ) scatteringSU(3) ΩΩ

δ0 = δ2 = δeven, δ1 = δ3 = δodd, { |δeven − δodd | = 0
|δeven − δodd | = π /2

: Identity gate
: SWAP gate

With flavor degrees of freedom

-  (unitary limit, ) or|a0(J = 2) | ≫ 1 fm |δ0,28 − δ2,28 | = 0
 by lattice QCD suggests eithera0(J = 0) ≫ 1 fm

-  (noninteracting, )a0(J = 2) ∼ 0 |δ0,28 − δ2,28 | = π/2

 scatteringΩΩ
- Identical particle —> normalization of final state

- spin-flavor  symmetry ( )SU(40) ̂S ∝ 1
-  + NR conformal ( )SU(4)spin × SU(10)flavor ̂S ∝ SWAP
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Entanglement sheds new light on hadron and 
nuclear physics

Nature of vacuum ~ number of effective 
degrees of freedom

Entanglement suppression allows prediction 
for unobserved  scattering

Properties characterized solely by quantum 
entanglement?

J = 2 ΩΩ

Summary
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