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ウィグナー-エッカルトの定理と換算行列要素の計算

⟨JM |Tλµ| J ′M ′⟩ = (−)
J−M

(
J λ J ′

−M µ M ′

)
⟨J ∥Tλ∥ J ′⟩ = 1

Ĵ
(J ′M ′λµ|JM) ⟨J ∥Tλ∥ J ′⟩ .

⟨JM |T00| J ′M ′⟩ = 1

Ĵ
⟨J ∥T0∥ J⟩ δJJ ′δMM ′ .

⟨
j1j2J

∥∥[T k1 (1)⊗ T k2 (2)
]
K

∥∥ j′1j′2J ′⟩ = Ĵ Ĵ ′K̂


j1 j2 J

j′1 j′2 J ′

k1 k2 K

⟨j1 ∥∥T k1
∥∥ j′1⟩ ⟨j2 ∥∥T k2

∥∥ j′2⟩ .

⟨
j1j2J

∥∥[T k (1)⊗ T k (2)
]
0

∥∥ j′1j′2J⟩ = Ĵ2


j1 j2 J

j′1 j′2 J

k k 0

⟨j1 ∥∥T k
∥∥ j′1⟩ ⟨j2 ∥∥T k

∥∥ j′2⟩

= Ĵ
(−)

j2+J+j′1+k

k̂

{
j1 j2 J

j′2 j′1 k

}⟨
j1
∥∥T k

∥∥ j′1⟩ ⟨j2 ∥∥T k
∥∥ j′2⟩ .

⟨
j1j2J

∥∥(Tk (1) ·Tk (2)
)∥∥ j′1j′2J⟩ = (−)

j2+J+j′1 Ĵ

{
j1 j2 J

j′2 j′1 k

}⟨
j1
∥∥T k

∥∥ j′1⟩ ⟨j2 ∥∥T k
∥∥ j′2⟩ .

⟨
j1j2J

∥∥T k (1)
∥∥ j′1j′2J ′⟩ = (−)

j1+j2+J′+k
Ĵ Ĵ ′

{
j1 J j2

J ′ j′1 k

}⟨
j1
∥∥T k

∥∥ j′1⟩ δj2j′2 .
⟨
j1j2J

∥∥T k (2)
∥∥ j′1j′2J ′⟩ = (−)

j1+j′2+J+k
Ĵ Ĵ ′

{
j2 J j1

J ′ j′2 k

}⟨
j2
∥∥T k

∥∥ j′2⟩ δj1j′1 .
⟨
j
∥∥[T k1 (1)⊗ T k2 (1)

]
k

∥∥ j′⟩ = (−)
j+k+j′

k̂
∑
j′′

⟨
j
∥∥T k1 (1)

∥∥ j′′⟩ ⟨j′′ ∥∥T k2 (1)
∥∥ j′⟩{ k1 k2 k

j′ j j′′

}
.

⟨j ∥1∥ j′⟩ = ȷ̂δjj′ .⟨
S′
∥∥∥Ŝ∥∥∥S⟩ =

√
S (S + 1) (2S + 1)δS′S .

⟨Yl1 ∥Yλ∥Yl2⟩ = (−)
λ l̂1λ̂√

4π
(l10λ0|l20) .⟨

YL′

(
R̂
)
∥∇R∥YL

(
R̂
)⟩

= L̂ (L010|L′0)

[(
∂

∂R
− L

R

)
δL′,L+1 +

(
∂

∂R
+

L+ 1

R

)
δL′,L−1

]
.

⟨[
η1/2 ⊗ Yl

]
j
∥Yk∥

[
η1/2 ⊗ Yl′

]
j′

⟩
= (−)

j+j′+1 ȷ̂k̂√
4π

(j1/2k0|j′1/2) 1
2

[
1 + (−)

l+k+l′
]
.

⟨SM ′ |S11|SM⟩ = −δM ′,M+1

√
(S−M)(S+M+1)

2

⟨SM ′ |S1−1|SM⟩ = δM ′,M−1

√
(S+M)(S−M+1)

2

⟨SM ′ |S10|SM⟩ = δM ′,MM

.
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規約テンソルの作成

C(λ)
(
R̂1

)
·C(λ)

(
R̂2

)
= λ̂ (−)

λ
[
C(λ)

(
R̂1

)
⊗ C(λ)

(
R̂2

)]
00

.

特に λ = 1のとき、

R1 ·R2 = −
√
3
[
R

(1)
1

(
R̂1

)
⊗R

(1)
2

(
R̂2

)]
00

,

R(1)
m =

√
4π

3
RY1m

(
R̂
)
.

3次元ベクトルの規約テンソル表示 (具体形)

R
(1)
+1 =

√
4π

3
RY11

(
R̂
)
= −

√
1

2
R sin θeiφ =

1√
2
(−x− iy) ,

R
(1)
−1 =

√
4π

3
RY1−1

(
R̂
)
=

√
1

2
R sin θe−iφ =

1√
2
(x− iy) ,

R
(1)
0 =

√
4π

3
RY10

(
R̂
)
= R cos θ = z.

3次元ベクトルの外積の規約テンソル表示1

(s× t)
(1)
m = −i

√
2
[
s(1) ⊗ t(1)

]
1m

.

角運動量の組み替え

[
[j1 ⊗ j2]J12

⊗ [j3 ⊗ j4]J34

]
JM

=
∑

J13J24

Ĵ12Ĵ34Ĵ13Ĵ24


j1 j2 J12

j3 j4 J34

J13 J24 J

[[j1 ⊗ j3]J13
⊗ [j2 ⊗ j4]J24

]
JM

.

[
[j1 ⊗ j2]J12

⊗ j3
]
JM

=
∑
J13

(−)
j2+j3+J12+J13 Ĵ12Ĵ13

{
j1 j3 J13

J j2 J12

}[
[j1 ⊗ j3]J13

⊗ j2
]
JM

.

[Yl (Ω1)⊗ Yl (Ω2)]00 [YL (Ω1)⊗ YL (Ω2)]00 =
1

4π

∑
j

l̂L̂

ȷ̂
(l0L0|j0)2 [Yj (Ω1)⊗ Yj (Ω2)]00

=
∑
jjz

(−)
j

4π

l̂L̂

ȷ̂2
(l0L0|j0)2 Y ∗

jjz (Ω1)Yjjz (Ω2)

=
∑
j

(−)
j

(4π)
2 l̂L̂ (l0L0|j0)2 Pj (cos θΩ1Ω2) .

1この表式は、以下のようにして確認することが出来る。[
s(1) ⊗ t(1)

]
11

=
∑

m′m′′

(
1m′1m′′|11

)
s1m′ t1m′′ = (1011|11) s10t11 + (1110|11) s11t10 = −

√
2

4
sz

1√
2
(−tx − ity) +

1√
2

1√
2
(−sx − isy) tz

=
1

2
{sztx − sxtz + i (szty − sytz)} =

1

2

{
(s× t)y − i (s× t)x

}
=

i√
2
(s× t)

(1)
1 ,

[
s(1) ⊗ t(1)

]
1−1

=
∑

m′m′′

(
1m′1m′′|1,−1

)
s1m′ t1m′′ = (1,−1, 10|1,−1) s1−1t10 + (101,−1|1,−1) s10t1−1

= −
1√
2

1√
2
(sx − isy) tz +

√
2

4
sz

1√
2
(tx − ity)

=
1

2
{−sxtz + sztx + i (sytz − szty)} =

1

2

{
− (s× t)y + i (s× t)x

}
=

i√
2
(s× t)

(1)
−1 ,[

s(1) ⊗ t(1)
]
10

=
∑

m′m′′

(
1m′1m′′|10

)
s1m′ t1m′′ = (1,−1, 11|10) s1−1t11 + (111,−1|10) s11t1−1

= −
√

2

4

1√
2
(sx − isy)

1√
2
(−tx − ity) +

√
2

4

1√
2
(−sx − isy)

1√
2
(tx − ity)

=
1

2
√
2
{sxtx + syty − sxtx − syty + i (−sytx + sxty − sytx + sxty)} =

i√
2
(s× t)z =

i√
2
(s× t)

(1)
0 .
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クレブシュ・ゴルダン係数 ∑
m1m2

(j1m1j2m2|jm) (j1m1j2m2|j′m′) = δjj′δmm′ .

∑
jm

(j1m1j2m2|jm) (j1m
′
1j2m

′
2|jm) = δm1m′

1
δm2m′

2
.

∑
m

(j10jm|jm) =
∑
m

(jmj10|jm) = ȷ̂2δj10.

(j1m1j2m2|jm) = (−)
j1+j2−j

(j2m2j1m1|jm)

= (−)
j1+j2−j

(j1,−m1j2,−m2|j,−m)

= (−)
j1−m1

ȷ̂

ȷ̂2
(j1m1j,−m|j2,−m2)

= (−)
j2−m2

ȷ̂

ȷ̂1
(j,−mj2m2|j1,−m1) .

(j1m100|jm) = δj1jδm1m.

(j1m1j2m2|00) = δj1j2δm1,−m2

(−)
j1−m1

ȷ̂1
.

(j10j20|j0) =


(−)

j+g
ȷ̂

√
(j1 + j2 − j)! (j1 + j − j2)! (j2 + j − j1)!

(j1 + j2 + j + 1)!

g!

(g − j1)! (g − j2)! (g − j)!

(if j1 + j2 + j ≡ 2g =偶数),

0 (if j1 + j2 + j =奇数).

漸近形

(lmk0|lm) → (−)
k

l̂
Pk

(m
l

)
for l → ∞ (kは有限, mは 0または正の整数) .

3j 記号との関係

(j1m1j2m2|j3m3) = (−)
−j1+j2−m3 ĵ3

(
j1 j2 j3

m1 m2 −m3

)
.

簡単な場合の値

(j1m11/2m2|jm) :

j \ m2
1

2
−1

2

j1 +
1

2

√
j1 +m+ 1/2

2j1 + 1

√
j1 −m+ 1/2

2j1 + 1

j1 −
1

2
−

√
j1 −m+ 1/2

2j1 + 1

√
j1 +m+ 1/2

2j1 + 1

(j1m11m2|jm) :

j \ m2 1 0 −1

j1 + 1

√
(j1 +m) (j1 +m+ 1)

(2j1 + 1) (2j1 + 2)

√
(j1 −m+ 1) (j1 +m+ 1)

(2j1 + 1) (j1 + 1)

√
(j1 −m) (j1 −m+ 1)

(2j1 + 1) (2j1 + 2)

j1 −

√
(j1 +m) (j1 −m+ 1)

2j1 (j1 + 1)

m√
j1 (j1 + 1)

√
(j1 −m) (j1 +m+ 1)

2j1 (j1 + 1)

j1 − 1

√
(j1 −m) (j1 −m+ 1)

2j1 (2j1 + 1)
−

√
(j1 −m) (j1 +m)

j1 (2j1 + 1)

√
(j1 +m+ 1) (j1 +m)

2j1 (2j1 + 1)
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6j と9j の関係およびそれらの性質
j1 j2 J

j3 j4 J

k k 0

 =
(−)

−j2−J−j3−k

Ĵ k̂

{
j1 j2 J

j4 j3 k

}
.

{
j1 j2 J

j4 j3 k

}
= (−)

j1+j2+j3+j4 W (j1j2j3j4; Jk) .{
j1 j′1 0

j2 j′2 j3

}
=

(−)
j1+j2+j3

ȷ̂1ȷ̂2
δj1j′1δj2j′2 .{

j1 j2 j3

j2 j1 0

}
=

(−)
j1+j2+j3

ȷ̂1ȷ̂2
.


j1 j1 0

j2 j2 0

j3 j3 0

 =
1

ȷ̂1ȷ̂2ȷ̂3
.

{
j1 j2 j3

l1 l2 l3

}
=

{
j2 j3 j1

l2 l3 l1

}
=

{
j3 j1 j2

l3 l1 l2

}
=

{
j2 j1 j3

l2 l1 l3

}
=

{
l1 l2 j3

j1 j2 l3

}
.

∑
j3

ȷ̂23

{
j1 j2 j3

l1 l2 l3

}{
j1 j2 j3

l1 l2 l′3

}
=

δl3l′3
l̂23

.

∑
j

(−)
j1+j2+j

ȷ̂2

{
j1 j1 j′

j2 j2 j

}
= ȷ̂1ȷ̂2δj′0.

∑
j

(−)
j+j′+j′′

ȷ̂2

{
j1 j2 j′

j3 j4 j

}{
j1 j3 j′′

j2 j4 j

}
=

{
j1 j2 j′

j4 j3 j′′

}
.

∑
j

ȷ̂2

{
j1 j2 j

j1 j2 j′

}
= (−)

2(j1+j2) .

∑
k

(−)
k1+k2+k

k̂2

{
j1 j′1 k

j′2 j2 j

}{
k1 k2 k

j′1 j1 j′′2

}{
k1 k2 k

j′2 j2 j′′1

}

= (−)
j1+j2+j′1+j′2+j′′1 +j′′2 +j

{
j1 j2 j

j′′1 j′′2 k1

}{
j′1 j′2 j

j′′1 j′′2 k2

}
.


s1 s2 s3

l1 l2 l3

j1 j2 j3

 =


s1 l1 j1

s2 l2 j2

s3 l3 j3

 =


j1 j2 j3

s1 s2 s3

l1 l2 l3

 =


l1 l2 l3

j1 j2 j3

s1 s2 s3

 .


s1 s2 s3

l1 l2 l3

j1 j2 j3

 = (−)
Σ


l1 l2 l3

s1 s2 s3

j1 j2 j3

 ,

Σ = l1 + l2 + l3 + s1 + s2 + s3 + j1 + j2 + j3.
l1 l2 l3

l1 l2 l3

j1 j2 j3

 = 0, 2 (l1 + l2 + l3) + j1 + j2 + j3が奇数のとき.

∑
J13J24

Ĵ2
13Ĵ

2
24


j1 j2 J12

j3 j4 J34

J13 J24 J




j1 j2 J ′
12

j3 j4 J ′
34

J13 J24 J

 =
δJ12J ′

12
δJ34J ′

34

Ĵ2
12Ĵ

2
34

.
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∑
J13J24

(−)
j2+j4+J24 (−)

j2+j3+J23 Ĵ2
13Ĵ

2
24


j1 j3 J13

j2 j4 J24

J12 J34 J




j1 j4 J14

j3 j2 J23

J13 J24 J

 = (−)
j3+j4+J34


j1 j4 J14

j2 j3 J23

J12 J34 J

 .


j1 j2 J12

j3 j4 J34

J13 J24 J

 =
∑

m1m2m3m4
M12M34M13M24M

1

Ĵ12Ĵ34Ĵ13Ĵ24Ĵ2
(j1m1j2m2|J12M12) (j3m3j4m4|J34M34) (j1m1j3m3|J13M13)

× (j2m2j4m4|J24M24) (J13M13J24M24|JM) (J12M12J34M34|JM)

(J12M12J34M34|JM)


j1 j2 J12

j3 j4 J34

J13 J24 J

 =
∑

m1m2m3m4
M13M24

1

Ĵ12Ĵ34Ĵ13Ĵ24
(j1m1j2m2|J12M12) (j3m3j4m4|J34M34)

× (j1m1j3m3|J13M13) (j2m2j4m4|J24M24) (J13M13J24M24|JM) .

(
j1 j2 j3

m1 m2 m3

){
j1 j2 j3

l1 l2 l3

}
=

∑
m′

1m
′
2m

′
3

(−)
l1+l2+l3+m′

1+m′
2+m′

3

(
j1 l2 l3

m1 m′
2 −m′

3

)

×

(
l1 j2 l3

−m′
1 m2 m′

3

)(
l1 l2 j3

m′
1 −m′

2 m3

)
.


j1 j2 J12

j3 j4 J34

J13 J24 J

 =
∑
J ′

(−)
2J′

Ĵ ′2

{
j1 j3 J13

J24 J J ′

}{
j2 j4 J24

j3 J ′ J34

}{
J12 J34 J

J ′ j1 j2

}

=
∑
J ′

(−)
2J′

Ĵ ′2

{
J12 J34 J

J13 J24 J ′

}{
j1 j3 J13

J34 J ′ j4

}{
j2 j4 J24

J ′ J12 j1

}

=
∑
J ′

(−)
2J′

Ĵ ′2

{
j2 j4 J24

J J13 J ′

}{
J12 J34 J

j4 J ′ j3

}{
j1 j3 J13

J ′ j2 J12

}
.

∑
J

Ĵ2

{
J12 J34 J

J13 J24 J ′

}
j1 j2 J12

j3 j4 J34

J13 J24 J

 = (−)
2J ′

{
j1 j3 J13

J34 J ′ j4

}{
j2 j4 J24

J ′ J12 j1

}
.

位相因子

角運動量の合成 j1 + j2 = j3 (z成分: m1 +m2 = m3)について

± (j1 or m1)± (j2 or m2)± (j3 or m3) ∈ Z (±は任意の組み合わせ).

ji ±mi ∈ Z, (i = 1, 2, 3) .
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3j 記号 (
j1 j2 j3

m1 m2 m3

)
≡ (−)

j1−j2−m3

ȷ̂3
(j1m1j2m2|j3,−m3) .(

j1 j2 j3

m1 m2 m3

)
=

(
j2 j3 j1

m2 m3 m1

)
=

(
j3 j1 j2

m3 m1 m2

)
= (−)

j1+j2+j3

(
j1 j3 j2

m1 m3 m2

)
.

(
j1 j2 j3

−m1 −m2 −m3

)
= (−)

j1+j2+j3

(
j1 j2 j3

m1 m2 m3

)
.

∑
m1m2

(
j1 j2 j3

m1 m2 m3

)(
j1 j2 j′3

m1 m2 m′
3

)
= ε (j1j2j3)

1

ĵ23
δj3j′3δm3m′

3
.

∑
m1m2m3

(
j1 j2 j3

m1 m2 m3

)(
j1 j2 j3

m1 m2 m3

)
= ε (j1j2j3) .

∑
j3m3

ĵ23

(
j1 j2 j3

m1 m2 m3

)(
j1 j2 j3

m′
1 m′

2 m3

)
= ε (j1j2j3) δm1m′

1
δm2m′

2
.

ε (j1j2j3) =

{
1 if j1 + j2 ≥ j3 ≥ |j1 − j2| ,
0 otherwise.

6j と 9j の具体的表式{
j1 j2 j3

j2 +
1
2 j1 +

1
2

1
2

}
= (−)

j1+j2+j3+1

[
(j1 + j2 + j3 + 2) (j1 + j2 − j3 + 1)

(2j1 + 1) (2j1 + 2) (2j2 + 1) (2j2 + 2)

]1/2
.

{
j1 j2 j3

j2 +
1
2 j1 − 1

2
1
2

}
= (−)

j1+j2+j3

[
(j3 + j1 − j2) (j2 + j3 − j1 + 1)

2j1 (2j1 + 1) (2j2 + 1) (2j2 + 2)

]1/2
.

{
j1 j2 j3

j2 − 1 j1 − 1 1

}
= (−)

j1+j2+j3

[
(j1 + j2 + j3) (j1 + j2 + j3 + 1) (j1 + j2 − j3) (j1 + j2 − j3 − 1)

(2j1 − 1) 2j1 (2j1 + 1) (2j2 − 1) 2j2 (2j2 + 1)

]1/2
.

{
j1 j2 j3

j2 − 1 j1 1

}
= (−)

j1+j2+j3

[
2 (j1 + j2 + j3 + 1) (j1 + j2 − j3) (j2 + j3 − j1) (j1 − j2 + j3 + 1)

2j1 (2j1 + 1) (2j1 + 2) (2j2 − 1) 2j2 (2j2 + 1)

]1/2
.

{
j1 j2 j3

j2 + 1 j1 − 1 1

}
= (−)

j1+j2+j3

[
(j1 − j2 + j3 − 1) (j1 − j2 + j3) (j2 + j3 − j1 + 1) (j2 + j3 − j1 + 2)

(2j2 + 1) (2j2 + 2) (2j2 + 3) (2j1 − 1) 2j1 (2j1 + 1)

]1/2
.

{
j1 j2 j3

j2 j1 1

}
= (−)

j1+j2+j3+1 1

2

j1 (j1 + 1) + j2 (j2 + 1)− j3 (j3 + 1)√
j1 (j1 + 1) (2j1 + 1) j2 (j2 + 1) (2j2 + 1)

.


S S 1

l1 l2 L

j1 j2 L

 = (−)
l1+j2+S+L [l1 (l1 + 1)− l2 (l2 + 1)]− [j1 (j1 + 1)− j2 (j2 + 1)]

2 (2S + 1) (2L+ 1)
√
S (S + 1)L (L+ 1)

{
l1 l2 L

j2 j1 S

}
.
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ベクトル球面調和関数

スピン 1の波動関数 (ei, i =1–3はデカルト座標の単位ベクトル)

ξ1 = − 1√
2
(e1 + ie2) ,

ξ0 = e3,

ξ−1 =
1√
2
(e1 − ie2) .

s2ξκ = 2ξκ, szξκ = κξκ, κ = 1–3.

規格直交性

ξ∗µ · ξν = (−)
µ
ξ−µ · ξν = δµν .

任意のベクトルの成分

A =
∑
µ

Aµξ
∗
µ =

∑
µ

Aµ (−)
µ
ξ−µ,

Aµ = A · ξµ = (−)
µ
A · ξ∗µ

2つのベクトルの内積

A ·B =
∑
µ

Aµ (−)
µ
ξ−µ ·

∑
ν

Bνξ
∗
ν =

∑
µ

(−)
µ
AµB−µ.

ベクトル球面調和関数の定義と性質

Y j(l1)
m (r̂) ≡ [Yl (r̂)⊗ ξ]jm =

∑
λκ

(lλ1κ|jm)Ylλ (r̂) ξκ.

s2Y j(l1)
m (r̂) = 2Y j(l1)

m (r̂) , l2Y j(l1)
m (r̂) = l (l + 1)Y j(l1)

m (r̂) ,

j2Y j(l1)
m (r̂) = j (j + 1)Y j(l1)

m (r̂) , jzY
j(l1)
m (r̂) = mY j(l1)

m (r̂) .

Y j(j1)
m (r̂) =

1√
j (j + 1)

lYjm (r̂) .

勾配公式

∇f (r)Ylm (r̂) = −
(

l + 1

2l + 1

)1/2(
df

dr
− l

f

r

)
Y l(l+1,1)

m (r̂)

= −
(

l + 1

2l + 1

)1/2(
df

dr
− l

f

r

)∑
µ

(l + 1,m− µ, 1µ|lm)Yl+1,m−µ (r̂) ξµ.

∇rlYlm (r̂) =
√
l (2l + 1)rl−1Y l(l−1,1)

m (r̂)

=
√
l (2l + 1)rl−1

∑
µ

(l − 1,m− µ, 1µ|lm)Yl−1,m−µ (r̂) ξµ.

(
∇rlYlm (r̂)

)
· v =

√
l (2l + 1)rl−1 [Yl−1 (r̂)⊗ v]lm , (vは任意のベクトル).
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球面調和関数 ∫
Y ∗
lm (Ω)Yl′m′ (Ω) dΩ = δll′δmm′ .∑

lm

Y ∗
lm (Ω′)Ylm (Ω) = δ (Ω′ − Ω) .

Yl0 (Ω) =
l̂√
4π

Pl (cos θ) .∫ 1

−1

Pl (cos θ)Pl′ (cos θ) d (cos θ) =
2

l̂2
δll′ .

∑
l

l̂2

2
Pl (cos θ)Pl (cos θ

′) = δ (cos θ − cos θ′) .

∫ 1

−1

xnPl (x) dx = 0, for n = 0, 1, ..., l − 1.

Pl (cos θr1r2) =
4π

l̂2

∑
m

Y ∗
lm (r̂1)Ylm (r̂2) =

4π

l̂2

∑
m

Ylm (r̂1)Y
∗
lm (r̂2) =

4π

l̂
(−)

l
[Yl (r̂1)⊗ Yl (r̂2)]00 .

Y ∗
lm (Ω) = (−)

m
Yl,−m (Ω) .∫

Yl1m1 (Ω)Yl2m2 (Ω)Y
∗
l3m3

(Ω) dΩ =
1√
4π

l̂1 l̂2

l̂3
(l1m1l2m2|l3m3) (l10l20|l30) .

[Yl1 (Ω)⊗ Yl2 (Ω)]LM =
1√
4π

l̂1 l̂2

L̂
(l10l20|L0)YLM (Ω) .∫

[Yl1 (Ω)⊗ Yl2 (Ω)]LM dΩ = l̂1 (−)
l1 δL0δM0δl1l2 .

Ylm (Ω)Yl′m′ (Ω) =
l̂l̂′√
4π

∑
K

(l′0l0|K0) (l′m′lm|K,m′ +m)
1

K̂
YK,m′+m (Ω) .

Yll (Ω) = (−)
l

√
(2l + 1)!

2

1

2ll!
sinl θ

1√
2π

eilϕ.

Ylm (π − θ, π + ϕ) = (−)
l
Ylm (θ, ϕ) .

Ylm (0, ϕ) =
l̂√
4π

δm0.

zlYlm (ẑ) =

l∑
λ=0

√
4π

λ̂

√
2l+1C2λ (ax)

l−λ
(by)

λ
[Yl−λ (x̂)⊗ Yλ (ŷ)]lm ,

z = ax+ by,

2l+1C2λ =
(2l + 1)!

(2l + 1− 2λ)! (2λ)!
.

ベッセル関数との近似的関係

Ylm (θ, 0) ∼
√

2l + 1

4π

(−)
m

(l + 1/2)
mPlm (cos θ) ∼

√
2l + 1

4π
(−)

m
Jm ((l + 1/2) θ) , (m ≥ 0, l ≫ 1, θ ≪ 1) .
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ルジャンドルの陪関数との関係2

Ylm (θ, ϕ) = (−)
(m+|m|)/2

√
2l + 1

4π

(l − |m|)!
(l + |m|)!

Plm (cos θ) eimϕ.

Plm (w) =
(
1− w2

)|m|/2 d|m|

dw|m|Pl (w) .

Pl,−m (w) = Plm (w) .

Pl0 (w) = Pl (w) .∫ 1

−1

Plm (w)Pl′m (w) dw =
2

2l + 1

(l − |m|)!
(l + |m|)!

δll′ .

デルタ関数

δ (x) = δ (−x) .

δ′ (x) = −δ′ (−x) .

xδ (x) = 0.

xδ′ (x) = −δ (x) .

δ (ax) =
1

a
δ (x) , (a > 0) .

δ
(
x2 − a2

)
=

1

2a
{δ (x− a) + δ (x+ a)} , (a > 0) .

δ (f (x)) =
∑
i

1

|f ′ (xi)|
δ (x− xi) , f (xi) = 0, f ′ (xi) ̸= 0.

∫
δ (a− x) δ (x− b) dx = δ (a− b) .

f (x) δ (x− a) = f (a) δ (x− a) .

δ (r) ≡ δ (x) δ (y) δ (z) .

δ (r′ − r) = δ (x′ − x) δ (y′ − y) δ (z′ − z) =
δ (r′ − r)

r2
δ (r̂′ − r̂) .

rδ (r− r′) = r′δ (r− r′) .

δ (x) =
d

dx
θ (x) , θ (x) : 階段関数.

いろいろな表式

δ (x) = lim
a→0

1√
2πa

exp

(
− x2

2a2

)
.

δ (x) = lim
L→∞

sinLx

πx
.

δ (x) =
1

π
lim
ε→0

ε

x2 + ε2
.

2教科書によっては、因子 (−)(m+|m|)/2 をルジャンドルの陪関数に押し込めて、

Ylm (θ, ϕ) =

√
2l+ 1

4π

(l− |m|)!
(l+ |m|)!

Plm (cos θ) eimϕ

と定義している (例えば Numerical Recipes など)。この場合、

Pl,−m (w) = (−)m Plm (w)

となり、また m ≥ 0 に対して、
Plm (w) = (−)m Plm (w)

が成り立つ。
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調和振動子波動関数3

φnl (r) = Nnlr
l exp

(
−1

2
ν2r2

)
Ll+1/2
n

(
ν2r2

)
, n: 主量子数 (0, 1, 2, ...)

ν =

√
mω

~
,

Nnl =

√
2ν2l+3n!

Γ (n+ l + 3/2)
.

特に

φ00 (r) =

√
4ν3√
π
exp

(
−1

2
ν2r2

)
,

φ10 (r) =

√
8ν3

3
√
π

(
3

2
− ν2r2

)
exp

(
−1

2
ν2r2

)
.

ただしLp
q (x)はラゲールの陪多項式。本稿で使用するLp

q (x)は、岩波の数学公式集の定義 (Mathematicaも同)に

従うものとする。高田・池田の『原子核構造論』におけるラゲールの陪多項式は Γ (n+ l + 3/2)Lp
q で、de-Shalit

and Talmiのそれは Γ (n+ l + 3/2) (−)
p
Lp
q−p で、各々表される。

球ベッセル関数他

jl (z) ≡
( π

2z

)1/2
Jl+1/2 (z) , nl (z) ≡ (−)

l+1
( π

2z

)1/2
J−l−1/2 (z) .

jl (z) −→
zl

(2l + 1)!!
, nl (z) −→ − (2l − 1)!!

zl+1
(z ∼ 0) .

jl (z) −→
1

z
sin

(
z − 1

2
lπ

)
, nl (z) −→ −1

z
cos

(
z − 1

2
lπ

)
(z → ∞) .

h
(±)
l (z) ≡ −nl (z)± ijl (z) .

h
(±)
l (z) → 1

z
e±i(z−lπ/2) (z → ∞) .

jl (z) =
h
(+)
l (z)− h

(−)
l (z)

2i
, nl (z) = −

h
(+)
l (z) + h

(−)
l (z)

2
.

h
(−)
l (z)− Slh

(+)
l (z) = −nl (z)− ijl (z)− Slh

(+)
l (z) = h

(+)
l (z)− 2ijl (z)− Slh

(+)
l (z)

= −2i

{
jl (z)−

1

2i
(1− Sl)h

(+)
l (z)

}
=

2

i

{
jl (z) +

i

2
(1− Sl)h

(+)
l (z)

}
.

クーロン力がある場合 (詳細はクーロン散乱の項を参照)

zjl (z) → FC
l (η, z) , −znl (z) → GC

l (η, z) , zh
(±)
l (z) → H

C(±)
l (η, z) .

3ここに示す φ は、動径方向の波動関数であり、r に関するシュレディンガー方程式[
−

~2

2m

d2

dr2
+

~2

2m

l (l + 1)

r2
+

1

2
mω2r2

]
ψ = Eψ

を満たす ψ は、φ× r であることに注意。なお、エネルギー固有値は

E =

(
2n+ l +

3

2

)
~ω

である。
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ベッセル関数と変形ベッセル関数

以下、ν は半整数、Lは 0または正の整数とする。

Jν (z) ≡ JL+1/2 (z) =

(
2z

π

)1/2

jL (z) , (Jν (z) : 第 1種ベッセル関数)

Nν (z) ≡ NL+1/2 (z) =

(
2z

π

)1/2

nL (z) , (Nν (z) : 第 2種ベッセル関数)

Iν (z) ≡ IL+1/2 (z) =

(
2z

π

)1/2

iL (z) , (Iν (z) : 第 1種変形ベッセル関数)

IL+1/2 (z) = e−iπ(L+1/2)/2JL+1/2 (iz) ,

iL (z) ≡ (−i)
L
jL (iz) , (iL (z) : 第 1種変形球ベッセル関数)

Kν (z) =
π

2

I−ν (z)− Iν (z)

sin νπ
, (第 2種変形ベッセル関数)

kν (z) =

√
π

2z
Kν+1/2 (z) . (第 2種変形球ベッセル関数)

定義の確認 (岩波公式集 IIIの p.172)4

IL+1/2 (z) =

(
1

i

)1/2

(−i)
L
JL+1/2 (iz) = (−i)

L+1/2
JL+1/2 (iz) = e−iπ(L+1/2)/2JL+1/2 (iz) .

I1/2 (z) =

(
2z

π

)1/2
1

iz

e−z − ez

2i
=

(
2

πz

)1/2
ez − e−z

2
=

(
2

πz

)1/2

sinh z,

I3/2 (z) =

(
2z

π

)1/2

(−i)

(
1

−z2
e−z − ez

2i
− 1

iz

e−z + ez

2

)
=

(
2

πz

)1/2(
cosh z − sinh z

z

)
.

ベッセル関数同士の関係

J−L (z) = (−)
L
JL (z) , N−L (z) = (−)

L
NL (z) ,

NL+1/2 (z) = (−)
n+1

J−L−1/2 (z) , N−L−1/2 (z) = (−)
n
JL+1/2 (z) ,

Jν (z) = (csc νπ)N−ν (z)− (cot νπ)Nν (z) , (任意の実数νについて成立)

J−ν (z) = (cot νπ)N−ν (z)− (csc νπ)Nν (z) . (任意の実数νについて成立)

漸近形

JL (z) ∼ 1

L!

(z
2

)L
(z → 0) ,

NL (z) ∼


2

π
ln

z

2
(L = 0)

− (L− 1)!

π

(z
2

)−L

(L ≥ 0)
(z → 0) ,

Jν (z) ∼
√

2

πz
cos

(
z − (2ν + 1)π

4

)
, Nν (z) ∼

√
2

πz
sin

(
z − (2ν + 1)π

4

)
∼ Jν+1 (z) (|z| → ∞) ,

Iν (z) ∼
1√
2πz

[
ez + e−z+i(ν+1/2)π

]
, Kν (z) ∼

√
π

2z
e−z (|z| → ∞) .

4この定義は、岡部氏の『量子論』のそれとも一致しているが、同書に記載の純虚数を引数とする球ベッセル関数を求めるコンピュータ
コード bessi では、上記の iL (z) ではなく、(−)L iL (z) e−z が得られることに注意すること。
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多重極展開

一般形 (定義)

g (|r1 − r0|) =
∑
λ

4π
(−)

λ

λ̂
gλ (r1, r0) [Yλ (r̂1)⊗ Yλ (r̂0)]00

=
∑
λµ

4π

λ̂2
gλ (r1, r0)Yλµ (r̂1)Y

∗
λµ (r̂0) =

∑
λ

gλ (r1, r0)Pλ (cos θr1r0) ,

gλ (r1, r0) =
λ̂2

2

∫ 1

−1

g (|r1 − r0|)Pλ (cos θr1r0) d (cos θr1r0) .

散乱波 (漸近波数K)

χ (K, r) =
4π

Kr

∑
LM

iLχL (K, r)Y ∗
LM

(
K̂
)
YLM (r̂) =

1

Kr

∑
L

L̂2iLχL (K, r)PL (cos θrK) .

平面波等 (レイリーの公式)

eiaX·Y = 4π
∑
L

iLL̂ (−)
L
jL (aXY )

[
YL

(
X̂
)
⊗ YL

(
Ŷ
)]

00

= 4π
∑
LM

iLjL (aXY )Y ∗
LM (X̂)YLM

(
Ŷ
)
=
∑
L

L̂2iLjL (aXY )PL (cos θXY) ,

e−iaX·Y = 4π
∑
L

iLL̂jL (aXY )
[
YL

(
X̂
)
⊗ YL

(
Ŷ
)]

00

= 4π
∑
LM

(−)
L
iLjL (aXY )Y ∗

LM (X̂)YLM

(
Ŷ
)
=
∑
L

(−)
L
L̂2iLjL (aXY )PL (cos θXY) ,

eaX·Y = e−i(iaX·Y) = 4π
∑
L

(−)
L
L̂iL (aXY )

[
YL

(
X̂
)
⊗ YL

(
Ŷ
)]

00

= 4π
∑
LM

iL (aXY )Y ∗
LM (X̂)YLM

(
Ŷ
)
=
∑
L

L̂2iL (aXY )PL (cos θXY) ,

e−aX·Y = ei(iaX·Y) = 4π
∑
L

L̂iL (aXY )
[
YL

(
X̂
)
⊗ YL

(
Ŷ
)]

00

= 4π
∑
LM

(−)
L
iL (aXY )Y ∗

LM (X̂)YLM

(
Ŷ
)
=
∑
L

(−)
L
L̂2iL (aXY )PL (cos θXY) .

ガウス関数

e−µ(X−Y)2 = e−µ(X2+Y 2)
∑
λ

λ̂2iλ (2µXY )Pλ (cos θXY) =
∑
λ

gGλ (X,Y )Pλ (cos θXY) ,

gGλ (µXY ) ≡ e−µ(X2+Y 2)λ̂2iλ (2µXY ) .

デルタ関数

δ (X−Y) =
∑
λ

gDλ (X,Y )Pλ (cos θXY) ,

gDλ (X,Y ) =
λ̂2

4π

δ (X − Y )

XY
.

湯川ポテンシャル
e−µ|X−Y|

|X−Y|
=
∑
λ

gYλ (X,Y )Pλ (cos θXY) ,

gYλ (X,Y ) =
2

π
λ̂µ

{
iλ (µr

′) kλ (µr) (r > r′)

iλ (µr) kλ (µr
′) (r < r′)

.
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クーロンポテンシャル
1

|X−Y|
=
∑
λ

gCλ (X,Y )Pλ (cos θXY) ,

gCλ (X,Y ) =
rl<
rl+1
>

.

ポテンシャル中のグリーン関数

G(±) (r, r′) = −2m

~2
1

krr′

∑
lm

e±iδlY ∗
lm (r̂)Ylm (r̂′)Fl (kr<)u

(±)
l (kr>) ,

δl: 位相差, Fl (kr) : 原点で正則な解, u
(±)
l (kr) : 外向き進行波の漸近形を持つ解.

クーロン散乱

クーロン波動関数

φC(+) (k, r) =
1

(2π)
3/2

e−πη/2Γ (1 + iη) eik·rF (−iη, 1, i (kr − k · r)) ,

η =
Z1Z2e

2

~v
=

Z1Z2e
2

~2k/µ
=

Z1Z2e
2

~
√
2µEcm/µ

=

√
m1c2

Elab
1

α√
2
Z1Z2 ∼ 0.16Z1Z2

√
A1

Elab
1

∼ Z1Z2

40

√
A1

Elab
1

,

Zi: 粒子 iの原子番号, v: 相対速度, k: 相対波数, µ: 換算質量, Ecm
1 : 重心系のエネルギー,

α: 微細構造定数, A1: 入射粒子の質量数, Elab
1 : 入射エネルギー (実験室系).

F (a, b, z) = 1 +
a

b · 1
z +

a (a+ 1)

b (b+ 1) · 2!
z2 + ...,

φC(−) (k, r) = φC(+)∗ (−k, r) .

漸近形と断面積

φC(+) (k, r) ∼ φ
C(+)
in (k, r; η) +

1

(2π)
3/2

1

r
fC (Ω) ei(kr−η ln 2kr),

φ
C(+)
in (k, r; η) =

1

(2π)
3/2

(
1 +

η2

i (kr − k · r)
+ ...

)
exp [i {(k · r) + η ln (kr − k · r)}] ,

fC (θ) = − η

2k sin2 (θ/2)
exp

[
−iη ln

(
sin2

θ

2

)
+ 2iσ

(η)
0

]
, (ラザフォード散乱振幅)

σ
(η)
0 =

1

2i
ln

Γ (1 + iη)

Γ (1− iη)
= arg Γ (1 + iη) .

dσRuth

dΩ
= |fC (θ)|2 =

η2

4k2 sin4 (θ/2)
=

(
Z1Z

2e2

4E

)2
1

sin4 (θ/2)
. (ラザフォード断面積)

ラザフォード散乱振幅を与えるクーロンアイコナール S 行列

SEK
C (b) = exp [2iη ln (Kb)] , b: 衝突径数, K: 入射波数.

規格直交性と完全性 ⟨
φC(±) (k′, r) |φC(±) (k, r)

⟩
= δ (k′ − k) ,∫

dkφC(±) (k, r)φC(±)∗ (k, r′) = δ (r′ − r)−
∑
ν

b∗ν (r
′) bν (r) ,

{bν (r)} : 束縛状態の固有関数系.
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部分波展開

φC(±) (k, r) =
∞∑
l=0

l∑
m=−l

φ
C(±)
lm (k, r)Y ∗

lm

(
k̂
)
,

φ
C(±)
lm (k, r) ≡ 4π

(2π)
3/2

ilσ±iσ
(η)
l FC

l (k, r)

kr
Ylm (r̂) ,

σ
(η)
l = arg Γ (l + 1 + iη) , σ

(η)
l = σ

(η)
l−1 + tan−1 η

l
(l ≥ 0) ,

FC
l (k, r) = kr

e−πη/2 |Γ (l + 1 + iη)|
(2l + 1)!

(2kr)
l
eikrF (l + 1 + iη, 2l + 2,−2ikr) ,

部分波の規格直交性と完全性 ⟨
φ
C(±)
l′m′ (k′, r) |φC(±)

lm (k, r)
⟩
= δll′δmm′

δ (k − k′)

k2
,∫

k2dk
∑
lm

φ
C(±)
lm (k, r)φ

C(±)∗
lm (k, r′) = δ (r′ − r)−

∑
ν

b∗ν (r
′) bν (r) .

各種クーロン関数とその挙動5

FC
l (k, r) ∼ sin

(
kr − η ln 2kr − lπ

2
+ σ

(η)
l

)
(r → ∞) ,

GC
l (k, r) ∼ cos

(
kr − η ln 2kr − lπ

2
+ σ

(η)
l

)
(r → ∞) ,

H
C(±)
l (k, r) ∼ exp

{
±i

(
kr − η ln 2kr − lπ

2
+ σ

(η)
l

)}
(r → ∞) .

FC
l (k, r) ∼ e−πη/2 |Γ (l + 1 + iη)|

(2l + 1)!
2l (kr)

l+1

[
1 +

η

l + 1
kr + ...

]
(r ∼ 0) ,

GC
l (k, r) ∼ (2l)!

2le−πη/2 |Γ (l + 1 + iη)|
(kr)

−l

[
1 +

{
O (ηkr ln kr) (l = 0)

O (ηkr/l) (l ̸= 0)

]
, (r ∼ 0) .

クーロン位相差

σ
(η)
L = arg Γ (L+ 1 + iη) .

σ
(η)
L → η ln (L+ 1/2) , (L ≫ η) .

ロンスキアンの関係

GC
l

dFC
l

d (kr)
− FC

l

dGC
l

d (kr)
= 1,

GC
l F

C
l−1 − FC

l GC
l−1 =

1√
l2 + η2

(l ̸= 0) .

その他

複素変数の三角関数

cos z =
eiz + e−iz

2
, sin z =

eiz − e−iz

2i
, z = x+ iy.

Landéの公式

j (j + 1) ⟨njm |t|n′jm′⟩ = ⟨jm |j| jm′⟩ ⟨njm′ |(j · t)|n′jm′⟩ t : 任意のベクトル演算子.

5ここで考えている極限 r → ∞ は、正確には kr ≫ l (l+ 1) + η2 のことである。
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特殊関数の簡単な値

P0 (x) = 1, P1 (x) = x, P2 (x) =
3

2
x2 − 1

2
, P3 (x) =

5

2
x3 − 3

2
x.

Pl (1) = 1, Pl (−1) = (−)
l
, Pl (−x) = (−)

l
Pl (x) .

P2k−1 (0) = 0, P2k (0) = (−)
k (2k − 1)!!

(2k)!!
.

Pl0 (x) = Pl (x) , Pl,−m (x) = Plm (x) .

P11 (x) =
(
1− x2

)1/2
, P21 (x) = 3

(
1− x2

)1/2
x, P22 (x) = 3

(
1− x2

)
,

P31 (x) =
3

2

(
1− x2

)1/2 (
5x2 − 1

)
, P32 (x) = 15

(
1− x2

)
x, P33 (x) = 15

(
1− x2

)3/2
.

Plm (±1) = 0 (m > 0) ,

Plm (0) =

{
0 (m > 0かつ l −mが奇数)

(−)
(l−m)/2 (l+m−1)!!

(l−m)!! (m > 0かつ l −mが偶数)
.

j0 (z) =
sin z

z
, j1 (z) =

sin z

z2
− cos z

z
,

j2 (z) =

(
3

z3
− 1

z

)
sin z − 3

z2
cos z,

j3 (z) =

(
15

z4
− 6

z2

)
sin z −

(
15

z3
− 1

z

)
cos z.

n0 (z) = −cos z

z
, n1 (z) = −cos z

z2
− sin z

z
,

n2 (z) = −
(

3

z3
− 1

z

)
cos z − 3

z2
sin z,

n3 (z) = −
(
15

z4
− 6

z2

)
cos z −

(
15

z3
− 1

z

)
sin z.

Y00 =
1√
4π

,

Y10 =

√
3

4π
cos θ, Y1±1 = ∓

√
3

8π
sin θe±iφ,

Y20 =

√
5

16π

(
3 cos2 θ − 1

)
, Y2±1 = ∓

√
15

8π
sin θ cos θe±iφ,

Y2±2 =

√
15

32π
sin2 θe±2iφ,

Y30 (θ, ϕ) =

√
7

16π
cos θ

(
5 cos2 θ − 3 cos θ

)
, Y3±1 (θ, ϕ) = ∓

√
21

64π
sin θ

(
5 cos2 θ − 1

)
exp (±iϕ) ,

Y3±2 (θ, ϕ) =

√
105

32π
sin2 θ cos θ exp (±2iϕ) , Y3±3 (θ, ϕ) = ∓

√
35

64π
sin3 θ exp (±3iϕ) .

L0 (x) = 1, L1 (x) = 1− x, L2 (x) = 1− 2x+
1

2
x2, L3 (x) = 1− 3x+

3

2
x2 − 1

6
x3.

Ln (0) = 1, L′
n (0) = −n.

L0
n (x) = Ln (x) , Lα

0 (x) = 1, Lα
1 (x) = 1 + α− x, L−n

n (x) = (−)
n
xn/n!.
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ガウスの積分公式 (a > 0, bは実数 , nは 0以上の整数, A,B,Cは実ベクトル)∫ ∞

0

e−ax2

x2ndx =
(2n− 1)!!

2n+1

√
π

a2n+1
.

∫ ∞

0

r2n sin2
(
br2
)
e−ar2dr =

1√
a2n+1

1− cos
(

2n+1
2 tan−1 2|b|

a

)
(1 + 4b2/a2)

(2n+1)/4

 (2n− 1)!!
√
π

2n+2
.

∫ ∞

0

r2n cos2
(
br2
)
e−ar2dr =

1√
a2n+1

1 + cos
(

2n+1
2 tan−1 2|b|

a

)
(1 + 4b2/a2)

(2n+1)/4

 (2n− 1)!!
√
π

2n+2
.

∫ ∞

0

r2n sin
(
br2
)
e−ar2dr =

1√
a2n+1

1

(1 + b2/a2)
(2n+1)/4

|b|
b
sin

(
2n+ 1

2
tan−1 |b|

a

)
(2n− 1)!!

√
π

2n+1
.

∫ ∞

0

r2n cos
(
br2
)
e−ar2dr =

1√
a2n+1

1

(1 + b2/a2)
(2n+1)/4

cos

(
2n+ 1

2
tan−1 |b|

a

)
(2n− 1)!!

√
π

2n+1
.

∫
e−ar2+A·rdr =

(π
a

)3/2
exp

(
A2

4a

)
.∫

r2e−ar2+A·rdr =
(π
a

)3/2
exp

(
A2

4a

){
3

2a
+

A2

4a2

}
.∫

(r ·A) e−ar2dr = 0.∫
(r ·A)

2
e−ar2dr =

(π
a

)3/2 A2

2a
.∫

(r ·A)
2
e−ar2+B·rdr =

(π
a

)3/2
exp

(
B2

4a

){
(A ·B)

2 1

4a2
+A2 1

2a

}
.∫

(r ·A) e−ar2+B·rdr =
(π
a

)3/2
exp

(
B2

4a

)
1

2a
(A ·B) .∫

(r ·A) (r ·C) e−ar2+B·rdr =
(π
a

)3/2
exp

(
B2

4a

){
(A ·B) (B ·C)

1

4a2
+ (A ·C)

1

2a

}
.∫

eiA·re−a(r−B)2 (C · r) dr =
(π
a

)3/2 [( iA

2a
+B

)
·C
]
exp

[
−A2

4a
+ i (A ·B)

]
.

ガンマ関数と階乗 (nは 0以上の整数)

Γ

(
n+

1

2

)
=

(2n)!
√
π

n!22n
=

(2n− 1)!!
√
π

2n
.

Γ (n) = (n− 1)!.

演算子
1

A
− 1

B
=

1

A
(B −A)

1

B
=

1

B
(B −A)

1

A
.

eiABe−iA = B + i [A,B] +
i2

2
[A, [A,B]] +

i3

3!
[A, [A, [A,B]]] + ...

Gell-Mann-Goldbergerの恒等式

1

A−B
=

1

A

(
1 +B

1

A−B

)
=

(
1 +

1

A−B
B

)
1

A
.
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井戸型ポテンシャルによるs波散乱の解析解

ポテンシャルの深さが V0, 幅が a, 入射粒子のエネルギーが E, 質量がmのとき、

S0 = e2iδ0 = e−2ikaκa cotκa+ ika

κa cotκa− ika
,

k =

√
2mE

~
, κ =

√
2m (E + V0)

~
.

散乱長と有効到達距離 (s波)

k cos δ ∼ −1

a
+

1

2
r0k

2, (k ∼ 0) .

δ: 位相差, k: 相対波数, a: 散乱長, r0: 有効到達距離.

クーロン力がある場合

2kη

[
π

(e2πη − 1) tan δ
+ h (η)

]
=

1

a
+

1

2
r0k

2, (k ∼ 0) ,

h (η) = η2
∞∑
j=1

1

j (j2 + η2)
− γ − ln η.

δ: 核力による位相差, η: ゾンマーフェルトパラメータ, γ: オイラーの定数 (0.57722...).
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