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I. BASIC PROPERTIES OF 3J-SYMBOL

The relation between the Clebsh-Gordan’s coefficient is
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where j = 2j + 1

3j-symbol has a property as
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Note that this realtion is correct for both the integer and harf-integer j’s.
3j-symbol has the orthogonality shown as below
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where §(j1, j2,73) = 1 if j1, jo, js satisfy the triangular condition.
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A. 3j-symbol and 6j-symbol

Z (_1)l1+l2+13+u1+;42+u3 Ji la I3 Iy Jo I3 I la J3
mi H2  —H3 —MH1 M2 U3 M1 —p2 M3

H1p2 3
_ (g2 I3 1 J2 Js (8)
my Mz Mg I Iy I3

Z(_1)11+l2+13+u1+u2+u3 Jio a3 L g2 I3
mi 2 —u3 —H1 M2 U3

K3
_ W Lol Js JioJ2 J3 J1 J2 Js 9)
M1 —p2 M3 mp Mz M3 Iy Ia I3

Jjams

1. Useful formula
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B. 3j-symbol and 9j-symbol
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C. Special properties of 3j-symbol
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D. Special properties of 6j-symbol
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II. SPHERICAL HARMONICS

The most important and often used formula of the spherical harmonics is
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The spin function x 1m, (o) satisfies the following properties,
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B. Spin-spherical harmonics
Coupling with the spin wave function, the so-called spin-spherical harmonics is defined by
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C. Special application of the sphrical harmonics
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D. Matrix element of the angular momentum operator
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where o, is the Pauli’s matrix, S, = Qau.




III. VECTOR SPHERICAL HARMONICS

A. Spherical cordinate system

First of all, the spherical unit vector is defined as
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A vector A is represented by using the spherical unit vector e, as
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Inner product and vector product are described as
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B. Vector spherical harmonics

The vector spherical harmonics is a kind of the spherical harmonics coupled with the spherical unit vector as
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C. Gradient formula
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finally we can obtain

If we choose k = e,, i.e. 0 = ¢, = 0, then we have

~ 20+1
Yim(k) = Yim(€z) = \/ = —0mo- (90)

With this condition, Eqgs.(85) and (86) become

21 + 1 I+1 1 1 N
S @ = 3 T [varw (L e 0]
q=0,%+1
20+1 - l+2, . - . R
= @13 VIt 1egYi1,0(7) + \/T (€1Yip1,1(7) + e+1Yl+171(r))] (91)
2041 -1 1 1 ~
Srn@¥in® = 5t [orvam() o) e
m q=0,%+1
20+1 . I—1
= m \/Zeoyvlfl,o("") - D) (e+1}/l 1, 1( ) + €+1)/l 1 1( ))] (92)

Therefore we can obtain

i O ES
IR 7 Yio(P)ji(kr) (93)
l

; I+1 ~ l+2,, 5 N ~ .
Vetikr — 47r/€Zz [— T {Vl + 1eoYi41,0(T) + 5 (€51Yir11(F) + eV 1 (7)) } i1 (kr)

+ 471_(2;_1) {\/leoYl—Lo(?) — l ; 1 (e+1Yl*_1/1( )—|— e+1Yl 1 1( )) } ]l 1(k'7")‘| (94)



E 1) . R
4k legY e .Y (7 e * (7
: A 21+ { 0Yi,0(7 (e51Y11(7) + e Y/ ( ))}

{ (I+1)eoYio(r \/ €+1Y11 ) +el Yii(r ))}
20+ 1 . . ;
ikeo [MZZ'Z \ 4; Yz,o(r)Jz(k’T)] = iketiRT
7

Ji(kr)

11



12

Operator Density
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TABLE I:

IV. REDUCED MATRIX ELEMENT(WIGNER-ECKART’S THEOREM)

The definition of the reduced matrix element is given by
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where Ty is the so-called “polarization operator, and this relation between the matrix element and the reduced
one is called as “Wick’s theorem”. There are some correspondences between the linear response quantities of the
various density(density matrices) and the (polarization) operators. We show the correspondences on the Table.l.

A. Reduced matrix element of the Spin-independent operator
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1. Ezample of the application: (I'j’||Y r-V||l5)

Using Eq.(80) and Eq.(73), one can get
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Therefore we can obtain
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In case of L=0.
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V. SPECIAL REDUCTION FORMULAS FOR 6J, 9J SYMBOL
There is a relation between 6j and 9j symbol,
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