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I. BASIC PROPERTIES OF 3J-SYMBOL

The relation between the Clebsh-Gordan’s coefficient is

Cj3m3

j1m1,j2m2
= 〈j1m1 : j2m2|j3m3〉 = (−)−j1+j2−m3 ĵ3

(
j1 j2 j3
m1 m2 −m3

)
(1)

where ĵ =
√

2j + 1
3j-symbol has a property as

(
j1 j2 j3
m1 m2 m3

)
= (−)j1+j2+j3

(
j1 j2 j3
−m1 −m2 −m3

)
(2)

(
j1 j2 j3
m1 m2 m3

)
= (−)−j1−j2−j3

(
j2 j1 j3
m2 m1 m3

)
(3)

= (−)−j1−j2−j3
(
j1 j3 j2
m1 m3 m2

)
(4)

= (−)−j1−j2−j3
(
j3 j2 j1
m3 m2 m1

)
(5)

Note that this realtion is correct for both the integer and harf-integer j’s.
3j-symbol has the orthogonality shown as below

∑
j3m3

ĵ3
2
(
j1 j2 j3
m1 m2 m3

)(
j1 j2 j3
m′1 m′2 m3

)
= δm1m′

1
δm2m′

2
(6)

∑
m1m2

(
j1 j2 j3
m1 m2 m3

)(
j1 j2 j′3
m1 m2 m′3

)
= ĵ3

−2
δj3j′3δm3m′

3
δ(j1, j2, j3) (7)

where δ(j1, j2, j3) = 1 if j1, j2, j3 satisfy the triangular condition.
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A. 3j-symbol and 6j-symbol

∑
µ1µ2µ3

(−1)l1+l2+l3+µ1+µ2+µ3

(
j1 l2 l3
m1 µ2 −µ3

)(
l1 j2 l3
−µ1 m2 µ3

)(
l1 l2 j3
µ1 −µ2 m3

)
=

(
j1 j2 j3
m1 m2 m3

){
j1 j2 j3
l1 l2 l3

}
(8)

∑
µ3

(−1)l1+l2+l3+µ1+µ2+µ3

(
j1 l2 l3
m1 µ2 −µ3

)(
l1 j2 l3
−µ1 m2 µ3

)
=
∑
j3m3

ĵ3
2
(
l1 l2 j3
µ1 −µ2 m3

)(
j1 j2 j3
m1 m2 m3

){
j1 j2 j3
l1 l2 l3

}
(9)

1. Useful formula

(
L l′ l
0 0 0

){
j j′ L
l′ l 1

2

}
= (−)j+j

′
{

1 + (−)L+l+l
′
}(

j j′ L
1
2 − 1

2 0

)(
l′ 1

2 j′

0 1
2 − 1

2

)(
l 1

2 j

0 1
2 − 1

2

)
=
−1

l̂l̂′

{
1 + (−)L+l+l

′

2

}(
j j′ L
1
2 − 1

2 0

)

=
(−)j+j

′

l̂l̂′L̂

{
1 + (−)L+l+l

′

2

}
〈j1/2; j′ − 1/2|L0〉 (10)

(
λ l′ l′′

0 0 0

){
λ l′ l′′

l 1 L

}
=
∑
µ

(−)l+1+L+µ

(
λ 1 L
0 µ −µ

)(
l l′ L
−µ 0 µ

)(
l 1 l′′

µ −µ 0

)
(11)

= (−)L+l+1

(
λ 1 L
0 0 0

)(
l l′ L
0 0 0

)(
l 1 l′′

0 0 0

)
+(−)L+l

{
1 + (−)λ+l

′+l′′
}(

λ 1 L
0 1 −1

)(
l l′ L
−1 0 1

)(
l 1 l′′

1 −1 0

)
(12)
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B. 3j-symbol and 9j-symbol

∑
JM

Ĵ2

(
J j32 j33
M m32 m33

)(
j11 j21 J
m11 m21 M

) j11 j12 j13
j21 j22 j23
J j32 j33


=

∑
m12m13m22m23

(
j11 j12 j13
m11 m12 m13

)(
j21 j22 j23
m21 m22 m23

)(
j12 j22 j32
m12 m22 m32

)(
j13 j23 j33
m13 m23 m33

)
(13)

∑
JM,J ′M ′

Ĵ2Ĵ ′
2
(
J J ′ j33
M M ′ m33

)(
j11 j21 J
m11 m21 M

)(
j12 j22 J ′

m12 m22 M ′

) j11 j12 j13
j21 j22 j23
J J ′ j33


=

∑
m13m23

(
j11 j12 j13
m11 m12 m13

)(
j21 j22 j23
m21 m22 m23

)(
j13 j23 j33
m13 m23 m33

)
(14)

C. Special properties of 3j-symbol

(
j j 0
m −m 0

)
=

(−)j−m

ĵ
(15)

∑
m

(−)m
(
j j L
m −m M

)
= (−)j ĵδL0δM0 (16)

1 + (−)l+l
′+L

2

√
l(l + 1)

(
l′ l L
0 1 −1

)
=
l′(l′ + 1)− l(l + 1)− L(L+ 1)

2
√
L(L+ 1)

(
l′ l L
0 0 0

)
If L 6= 0. (17)

(
1 l l′′

0 0 0

)
= δl′′,l+1(−)l+1 l̂′′

−1
√

l + 1

2l + 1
+ δl′′,l−1(−)l l̂′′

−1
√

l

2l + 1
(18)

(−)LL̂

(
L+ 1 1 L
−q q 0

)
= (−)LL̂

(
L+ 1 L 1
−q 0 q

)
=


(q = ±1) (−)LL̂

(
L+ 1 L 1
−1 0 1

)
=
√

L+2
2(2L+3)

(q = 0) (−)LL̂

(
L+ 1 L 1

0 0 0

)
= −

√
L+1
2L+3

(19)

(−)LL̂

(
L− 1 1 L
−q q 0

)
= (−)LL̂

(
L L− 1 1
0 −q q

)
=


(q = ±1) (−)LL̂

(
L L− 1 1
0 −1 1

)
=
√

L−1
2(2L−1)

(q = 0) (−)LL̂

(
L L− 1 1
0 0 0

)
=
√

L
2L−1

(20)
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D. Special properties of 6j-symbol

{
1 l′′ l
l 1 1

}
= δl′′,l+1 l̂

−1 l√
6l(l + 1)

− δl′′,l−1 l̂−1
l + 1√

6l(l + 1)
(21)

{
l l 1

1/2 1/2 j

}
= (−)j+l+1/2 j(j + 1)− l(l + 1)− 3/4

l̂
√

6l(l + 1)
(22)

{
j1 j2 j3
j4 j5 0

}
=

(−)j1+j2+j3

ĵ1ĵ2
δj1j5δj2j4 (23)

∑
j

(−)j+j
′+j′′ ĵ2

{
j1 j2 j′

j3 j4 j

}{
j1 j3 j′′

j2 j4 j

}
=

{
j1 j2 j′

j4 j3 j′′

}
(24)

∑
j

ĵ2
{
j1 j2 j′

j3 j4 j

}{
j1 j2 j′′

j3 j4 j

}
=
δj′j′′

ĵ′
2 δ(j1, j2, j

′)δ(j3, j4, j
′) (25)

1. 6j-symbol and 9j-symbol in special case

 a b c
d e f
g h 0

 = δcfδgh
(−)b+c+d+g√

(2c+ 1)(2g + 1)

{
a b c
e d g

}
(26)

 j 1 λ
j′ 1 λ′

J 0 L

 = − (−)j+λ
′+L

√
3

δJ,L

L̂

{
j λ 1
λ′ j′ L

}
(27)

 j 1
2 l

j 1
2 l

J 1 0

 = δJ,1

 j 1
2 l

j 1
2 l

1 1 0

 (28)

 a b c
d e c
g g 1

 =
a(a+ 1) + e(e+ 1)− d(d+ 1)− b(b+ 1)

2
√
c(c+ 1)g(g + 1)

 a b c
d e c
g g 0

 (29)

= (−)b+c+d+g
a(a+ 1) + e(e+ 1)− d(d+ 1)− b(b+ 1)

2
√
c(c+ 1)(2c+ 1)g(g + 1)(2g + 1)

{
a b c
e d g

}
(30)



5

II. SPHERICAL HARMONICS

The most important and often used formula of the spherical harmonics is

Ylml(r̂)Y ∗l′m′
l
(r̂) =

∑
LM

(−)m
′
l
l̂l̂′L̂√

4π

(
l l′ L
0 0 0

)(
l′ L l
−m′l M ml

)
Y ∗LM (r̂) (31)

=
∑
LM

〈l′||YL||l〉(−)l
′−m′

l

(
l′ L l
−m′l M ml

)
Y ∗LM (r̂) (32)

∑
ml

Ylml(r̂)Y ∗lml(r̂
′) =

2l + 1

4π
Pl(cos θ) where θ is the relative angle between r̂ and r̂′. (33)

In case r̂ = r̂′,∑
ml

Ylml(r̂)Y ∗lml(r̂) =
l̂2

4π
Pl(1) =

2l + 1

4π
(34)

A. Spin-function:S = 1
2

The spin function χ 1
2ms

(σ) satisfies the following properties,∑
ms

χ 1
2ms

(σ′)χ†1
2ms

(σ) = δσσ′ ,
∑
σ

χ†1
2ms

(σ)χ 1
2m

′
s
(σ) = δmsm′

s
(35)

χ 1
2ms

(σ)χ†1
2m

′
s
(σ′) =

1

2
δmsm′

s
〈σ|σ′〉+

1

2
(−)

1
2−m

′
s

〈
1

2
||σ||1

2

〉∑
µ

(
1
2 1 1

2
−m′s µ ms

)
(−)µ〈σ|σ−µ|σ′〉 (36)

where

〈
1

2
||σ||1

2

〉
=
√

6 (37)

B. Spin-spherical harmonics

Coupling with the spin wave function, the so-called spin-spherical harmonics is defined by

Yljm(r̂σ) =
∑
ml,ms

〈lml :
1

2
ms|jm〉χ 1

2ms
(σ)Ylml(r̂) (38)

Y∗ljm(r̂σ) = (−)l+1/2+j+mYlj−m(r̂σ) (39)

Yljm(r̂σ)Y∗l′j′m′(r̂σ′) =
1

2
〈σ|σ′〉

∑
LM

〈l′j′||YL||lj〉(−)j
′−m′

(
j′ L j
−m′ M m

)
Y ∗LM (r̂)

+
1

2
〈σ|σ|σ′〉·

∑
L,JMJ

〈l′j′||Y JL ·σ||lj〉(−)j
′−m′

(
j′ J j
−m′ MJ m

)
Y ∗JLMJ

(r̂) (40)

=
1

2
〈σ|σ′〉

∑
LM

〈l′j′||YL||lj〉(−)j
′−m′

(
j′ L j
−m′ M m

)
Y ∗LM (r̂)

+
1

2

∑
L,JMJ ,µ

〈l′j′||Y JL ·σ||lj〉(−)j
′−m′

(
j′ J j
−m′ MJ m

)

×Ĵ(−)J−MJ

(
J L 1
−MJ M µ

)
(−)µ〈σ|σ−µ|σ′〉Y ∗LM (41)
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C. Special application of the sphrical harmonics

eik·r = 4π
∑
l

iljl(kr)
∑
m

Y ∗lm(k̂)Ylm(r̂) (42)

δ(r1 − r2) =
δ(r1 − r2)

r21

∑
m

Y ∗lm(r̂1)Ylm(r̂2) (43)

1

|r1 − r2|
=
∑
l

rl<
rl+1
>

Pl(cos θ) (44)

=
∑
l

rl<
rl+1
>

4π

2l + 1

∑
m

Y ∗lm(r̂1)Ylm(r̂2) (45)

e−α|r1−r2|

α|r1 − r2|
= −4π

∑
l

jl(iαr<)h
(1)
l (iαr>)

∑
m

Y ∗lm(r̂1)Ylm(r̂2) (46)

D. Matrix element of the angular momentum operator

〈j′m′|Jµ|jm〉 = δj′j(−)−j+1−m′
ĵ
√
j(j + 1)

(
j′ 1 j
m′ −µ −m

)
(47)

↔ JµYjm = δj′j(−)−j+1−m′
ĵ
√
j(j + 1)

(
j′ 1 j
m′ −µ −m

)
Yj′m′ (48)

〈1
2
m′s|σµ|

1

2
ms〉 = (−)

1
2−m

′
s

√
6

(
1
2 1 1

2
m′s −µ −ms

)
(49)

〈1
2
m′s|Sµ|

1

2
ms〉 = (−)

1
2−m

′
s

√
3

2

(
1
2 1 1

2
m′s −µ −ms

)
(50)

where σµ is the Pauli’s matrix, Sµ = 1
2σµ.
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III. VECTOR SPHERICAL HARMONICS

A. Spherical cordinate system

First of all, the spherical unit vector is defined as

e0 = ez (51)

e±1 = ∓ 1√
2

(ex ± iey) (52)

(53)

These vectors are associated a radial unit vector r̂ = r
r as

r̂ =
r

r

=
∑

µ=0,±1
e∗µ

√
4π

3
Y1µ (54)

The spherical unit vector has some properties

e∗µ = (−)µe−µ, e∗µ · eν = δµν (55)

eµ × eν = i
√

2〈1µ : 1ν|1µ+ ν〉eµ+ν (56)

= i
√

6

(
1 1 1
µ ν −µ− ν

)
e∗−µ−ν (57)

A vector A is represented by using the spherical unit vector eµ as

A =
∑

i=x,y,z

Aiei =
∑

µ=0,±1
Aµe

∗
µ, Aµ = eµ ·A (58)

Inner product and vector product are described as

A ·B =
∑
µ

(−)µAµB−µ (59)

A×B =
∑
µν

(−)µ+νi
√

6

(
1 1 1
−µ −ν µ+ ν

)
AµBνe

∗
µ+ν (60)

(A×B)λ = eλ · (A×B) (61)

=
∑
µν

(−)λi
√

6

(
1 1 1
−µ −ν λ

)
AµBν (62)
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B. Vector spherical harmonics

The vector spherical harmonics is a kind of the spherical harmonics coupled with the spherical unit vector as

Y LλM (r̂) =
∑
mλ,q

〈λmλ : 1q|LM〉eqYλmλ(r̂) (63)

=
∑
mλ,q

(−)−λ+1−M L̂

(
λ 1 L
mλ q −M

)
eqYλmλ(r̂) (64)

Y ∗LλM (r̂) = (−)L+λ+1+MY Lλ−M (r̂) (65)

In case M = 0, λ = L± 1, the vector spherical harmonics is represented as

Y Lλ0(r̂) =
∑
q

(−)LL̂

(
λ 1 L
−q q 0

)
eqYλ−q(r̂) (66)

= (−)LL̂

(
λ 1 L
−1 1 0

)
(e+1Yλ−1(r̂) + e−1Yλ+1(r̂)) + (−)LL̂

(
λ 1 L
0 0 0

)
e0Yλ0(r̂) (67)

Therefore

ex ·Y Lλ0(r̂) =
1√
2

(
e∗−1 − e∗+1

)
·Y Lλ0(r̂) (68)

=
1√
2

(−)LL̂

(
λ 1 L
−1 1 0

)
(Yλ+1(r̂)− Yλ−1(r̂)) (69)

=

 (λ = L+ 1) 1
2

√
L+2
2L+3 (Yλ+1(r̂)− Yλ−1(r̂))

(λ = L− 1) 1
2

√
L−1
2L−1 (Yλ+1(r̂)− Yλ−1(r̂))

(70)

ez ·Y Lλ0(r̂) = e0 ·Y Lλ0(r̂) = (−)LL̂

(
λ 1 L
0 0 0

)
Yλ0(r̂) (71)

=

 (λ = L+ 1) −
√

L+1
2L+3Yλ0(r̂)

(λ = L− 1)
√

L
2L−1Yλ0(r̂)

(72)

Y LλM (r̂) · Y L′λ′M ′(r̂)

=
∑
L′′M ′′

(−)L+λ
L̂L̂′λ̂λ̂′L̂′′√

4π

(
λ λ′ L′′

0 0 0

){
L L′ L′′

λ′ λ 1

}(
L L′ L′′

M M ′ M ′′

)
Y ∗L′′M ′′(r̂) (73)

Y ∗l′m′
l
(r̂)Y ll′′ml(r̂)

=
∑
LJMJ

(−)J+L
l̂l̂′ l̂′′L̂Ĵ√

4π

(
l′′ l′ L
0 0 0

){
1 L J
l′ l l′′

}
(−)m

′
l

(
l′ J l
−m′l MJ ml

)
Y ∗JLMJ

(r̂) (74)

JYjm =
∑
µ

e∗µJµYjm =
∑
µ,m′

(−)−j+1−mĵ
√
j(j + 1)

(
j 1 j
m′ µ −m

)
eµYjm′ =

√
j(j + 1)Y jjm (75)
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C. Gradient formula

∇Ylmfl(r) =

[
r̂
∂

∂r
− i r̂ × l

r

]
Ylmfl(r) (76)

=
∑
η=l±1

(−)lη̂

(
1 l η
0 0 0

)
Y lηm

[
∂

∂r
− l̂
√

6l(l + 1)

{
1 η l
l 1 1

}
1

r

]
fl(r) (77)

Note that

(−)lη̂

(
1 l η
0 0 0

)
= −δη,l+1

√
l + 1

2l + 1
+ δη,l−1

√
l

2l + 1
=

(−)
1
2 (η−l+1)

l̂

√
η + l + 1

2
(78)

l̂
√

6l(l + 1)

{
1 η l
l 1 1

}
= δη,l+1l − δη,l−1(l + 1) = (−)

1
2 (l+1−η) 3l + 1− η

2
(79)

Therefore finally one can get

−→∇Ylmfl(r) =
∑
η=l±1

(−)
1
2 (η−l+1)

l̂

√
η + l + 1

2
Y lηm

[−→
∂

∂r
− (−)

1
2 (l+1−η)

(
3l + 1− η

2

)
1

r

]
fl(r) (80)

1. special case of the gradient formula

As an application of the gradient formula...

∇e+ik·r = 4π
∑
lm

ilY ∗lm(k̂)∇Ylm(r̂)jl(kr)

= 4π
∑
lm

ilY ∗lm(k̂)

[
−
√

l + 1

2l + 1
Y ll+1m(r̂)

(
∂jl(kr)

∂r
− l

r
jl(kr)

)

+

√
l

2l + 1
Y ll−1m(r̂)

(
∂jl(kr)

∂r
+
l + 1

r
jl(kr)

)]
(81)

(Using the recursion formula of the spherical Bessel function,)

= 4πk
∑
lm

ilY ∗lm(k̂)

[√
l + 1

2l + 1
Y ll+1m(r̂)jl+1(kr) +

√
l

2l + 1
Y ll−1m(r̂)jl−1(kr)

]
(82)

Where the recursion formula of the spherical Bessel function is given by(
∂

∂r
− l

r

)
jl(kr) = −kjl+1(kr) (83)(

∂

∂r
+
l + 1

r

)
jl(kr) = kjl−1(kr) (84)

By applying the following formula to Eq.(82)∑
m

Y ∗lm(k̂)Y ll+1m(r̂) =
∑
m,n,q

Y ∗lm(k̂)

[
(−)−l−m

√
2l + 1

(
l + 1 1 l
n q −m

)
eqYl+1,n(r̂)

]

=
∑
n

(−)n+1

√
2l + 1

2l + 3

[∑
m,q

(−)−l+1+n
√

2l + 3

(
l 1 l + 1
−m q n

)
eqYl,−m(k̂)

]
Yl+1,n(r̂)

= −
∑
n

√
2l + 1

2l + 3
Y l+1,l,n(k̂)Y ∗l+1,n(r̂) (85)
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∑
m

Y ∗lm(k̂)Y ll−1m(r̂) =
∑
m,n,q

Y ∗lm(k̂)

[
(−)−l−m

√
2l + 1

(
l − 1 1 l
n q −m

)
eqYl−1,n(r̂)

]

=
∑
n

(−)n+1

√
2l + 1

2l − 1

[∑
m,q

(−)−l+1+n
√

2l − 1

(
l 1 l − 1
−m q n

)
eqYl,−m(k̂)

]
Yl−1,n(r̂)

= −
∑
n

√
2l + 1

2l − 1
Y l−1,l,n(k̂)Y ∗l−1,n(r̂) (86)

we get

∇e+ik·r = −4πk
∑
lm

il

[√
l + 1

2l + 3
Y l+1,l,m(k̂)Y ∗l+1,m(r̂)jl+1(kr) +

√
l

2l − 1
Y l−1,l,m(k̂)Y ∗l−1,m(r̂)jl−1(kr)

]
(l→ l − 1 and l→ l + 1 for the 1st and 2nd terms, respectively.)

= 4πk
∑
lm

il+1

[√
l

2l + 1
Y l,l−1,m(k̂)−

√
l + 1

2l + 1
Y l,l+1,m(k̂)

]
Y ∗l,m(r̂)jl(kr) (87)

Using the formula,

k̂Ylm(k̂) =

√
l

2l + 1
Y l,l−1,m(k̂)−

√
l + 1

2l + 1
Y l,l+1,m(k̂) (88)

finally we can obtain

∇e+ik·r = ikk̂4π
∑
lm

ilYlm(k̂)Y ∗l,m(r̂)jl(kr) = ike+ik·r (89)

If we choose k̂ = ez, i.e. θk = ϕk = 0, then we have

Ylm(k̂) = Ylm(ez) =

√
2l + 1

4π
δm0. (90)

With this condition, Eqs.(85) and (86) become

∑
m

Y ∗lm(k̂)Y ll+1m(r̂) =
∑

q=0,±1

√
2l + 1

4π

[
(−)−l

√
2l + 1

(
l + 1 1 l
−q q 0

)
eqYl+1,−q(r̂)

]

= −

√
2l + 1

4π(2l + 3)

[
√
l + 1e0Yl+1,0(r̂) +

√
l + 2

2

(
e∗+1Yl+1,1(r̂) + e+1Y

∗
l+1,1(r̂)

)]
(91)

∑
m

Y ∗lm(k̂)Y ll−1m(r̂) =
∑

q=0,±1

√
2l + 1

4π

[
(−)−l

√
2l + 1

(
l − 1 1 l
−q q 0

)
eqYl−1,−q(r̂)

]

=

√
2l + 1

4π(2l − 1)

[
√
le0Yl−1,0(r̂)−

√
l − 1

2

(
e+1Y

∗
l−1,1(r̂) + e∗+1Yl−1,1(r̂)

)]
(92)

Therefore we can obtain

e+ik·r = 4π
∑
l

il
√

2l + 1

4π
Yl0(r̂)jl(kr) (93)

∇e+ik·r = 4πk
∑
l

il

[
−

√
l + 1

4π(2l + 3)

{
√
l + 1e0Yl+1,0(r̂) +

√
l + 2

2

(
e∗+1Yl+1,1(r̂) + e+1Y

∗
l+1,1(r̂)

)}
jl+1(kr)

+

√
l

4π(2l − 1)

{
√
le0Yl−1,0(r̂)−

√
l − 1

2

(
e+1Y

∗
l−1,1(r̂) + e∗+1Yl−1,1(r̂)

)}
jl−1(kr)

]
(94)
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= 4πk
∑
l

il+1√
4π(2l + 1)

[{
le0Yl,0(r̂) +

√
l(l + 1)

2

(
e∗+1Yl,1(r̂) + e+1Y

∗
l,1(r̂)

)}

+

{
(l + 1)e0Yl,0(r̂)−

√
l(l + 1)

2

(
e+1Y

∗
l,1(r̂) + e∗+1Yl,1(r̂)

)}]
jl(kr) (95)

= ike0

[
4π
∑
l

il
√

2l + 1

4π
Yl,0(r̂)jl(kr)

]
= ike+ik·r (96)
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Operator Density

YLM → ρ

YLM∇µ → j

YLMσµ → s

YLMσµ∇ν → Jµν

TABLE I:

IV. REDUCED MATRIX ELEMENT(WIGNER-ECKART’S THEOREM)

The definition of the reduced matrix element is given by

〈j′m′|TLM |jm〉 = (−)j
′−m′

(
j′ L j
−m′ M m

)
〈j′||TL||j〉 (97)

where TLM is the so-called “polarization operator, and this relation between the matrix element and the reduced
one is called as “Wick’s theorem”. There are some correspondences between the linear response quantities of the
various density(density matrices) and the (polarization) operators. We show the correspondences on the Table.I.

A. Reduced matrix element of the Spin-independent operator

〈l′j′m′|YLM |ljm〉 =
∑
σ

∫
dr̂Y∗l′j′m′(r̂σ)YLM (r̂)Yljm(r̂σ)

=
∑

m′
l
,ml,ms

〈l′m′l :
1

2
ms|j′m′〉〈lml :

1

2
ms|jm〉〈l′m′l|YLM |lml〉

=
∑

m′
l
,ml,ms

(−)l+l
′+m−m′+l′−m′

l

(
l′ 1

2 j′

m′l ms −m′
)(

l 1
2 j

ml ms −m

)

×
(

l′ L l
−m′l M ml

)
〈l′||YL||l〉

= (−)j
′−m′

(
j′ L j
−m′ M m

)
〈l′j′||YL||lj〉 (98)

where

〈l′||YL||l〉 = (−)l
′ L̂l̂′ l̂√

4π

(
L l′ l
0 0 0

)
(99)

〈l′j′||YL||lj〉 =

[
(−)j+l

′+L+1/2ĵ′ĵ

{
j j′ L
l′ l 1

2

}
〈l′||YL||l〉

]
(100)

Using Eq.(99), Eq.(100) and Eq.(10), one can get

〈l′j′||YL||lj〉 = (−)j
′+L−1/2 ĵ′ĵ√

4π

{
1 + (−)L+l+l

′

2

}
〈j1/2; j′ − 1/2|L0〉 (101)
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1. Example of the application: 〈l′j′||Y Lλ ·∇||lj〉

Using Eq.(80) and Eq.(73), one can get

〈l′m′l|Y LλM ·
−→∇|lml〉 =

∫
dr̂Y ∗l′m′

l
(r̂)Y LλM ·

−→∇Ylml(r̂) (102)

=
∑

l′′=l±1

(−)
1
2 (l

′′−l+1)

l̂

√
l′′ + l + 1

2

∫
dr̂Y ∗l′m′

l
(r̂)Y LλM (r̂)·Y ll′′ml(r̂)

×

[−→
∂

∂r
− (−)

1
2 (l+1−l′′)

(
3l + 1− l′′

2

)
1

r

]
(103)

= (−)l
′−m′

l

(
l′ L l
−m′l M ml

)
×
∑

l′′=l±1

(−)L+λ+l
′+ 1

2 (l
′′−l+1)L̂λ̂l̂′′ l̂′

√
l′′ + l + 1

8π

(
λ l′′ l′

0 0 0

){
L l l′

l′′ λ 1

}

×

[−→
∂

∂r
− (−)

1
2 (l+1−l′′)

(
3l + 1− l′′

2

)
1

r

]
(104)

= (−)l
′−m′

l

(
l′ L l
−m′l M ml

)
〈l′||Y Lλ ·

−→∇||l〉 (105)

where

〈l′||Y Lλ ·
−→∇||l〉 =

∑
l′′=l±1

(−)L+λ+l
′+ 1

2 (l
′′−l+1)L̂λ̂l̂′′ l̂′

√
l′′ + l + 1

8π

(
λ l′′ l′

0 0 0

){
L l l′

l′′ λ 1

}

×

[−→
∂

∂r
− (−)

1
2 (l+1−l′′)

(
3l + 1− l′′

2

)
1

r

]
(106)

= (−)λ+l
′+1 L̂λ̂l̂l̂

′
√

4π

[(
λ 1 L
0 0 0

)(
l l′ L
0 0 0

)−→
∂

∂r

+
1 + (−)λ+l+l

′+1

2

√
2l(l + 1)

(
λ 1 L
0 1 −1

)(
l′ l L
0 1 −1

)
1

r

]
(107)

= 〈l′||YL||l〉(−)Lλ̂

(
λ 1 L
0 0 0

)
×

[−→
∂

∂r
+

{
λ(λ+ 1)− 2− L(L+ 1)

4L(L+ 1)

}
l′(l′ + 1)− l(l + 1)− L(L+ 1)

r

]
(108)

〈l′m′l|
←−∇·Y LλM |lml〉 =

∫
dr̂Y ∗l′m′

l
(r̂)
←−∇·Y LλM (r̂)Ylml(r̂) (109)

=
∑

l′′=l′±1

[←−
∂

∂r
− (−)

1
2 (l

′+1−l′′)
(

3l′ + 1− l′′

2

)
1

r

]
(−)

1
2 (l

′′−l′+1)

l̂′

√
l′′ + l′ + 1

2

×
∫
dr̂Y ∗l′l′′m′

l
(r̂)·Y LλM (r̂)Ylml(r̂) (110)

=
∑

l′′=l′±1

[←−
∂

∂r
− (−)

1
2 (l

′+1−l′′)
(

3l′ + 1− l′′

2

)
1

r

]
(−)

1
2 (l

′′−l′+1)

l̂′

√
l′′ + l′ + 1

2

×(−)l
′+l′′+1+m′

l+ml

∫
dr̂Y ∗l−ml(r̂)Y LλM (r̂)·Y l′l′′−m′

l
(r̂) (111)
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= (−)l
′−m′

l

(
l′ L l
−m′l M ml

)
×

∑
l′′=l′±1

[←−
∂

∂r
− (−)

1
2 (l

′+1−l′′)
(

3l′ + 1− l′′

2

)
1

r

]√
l′′ + l′ + 1

2

×(−)λ+l+l
′+l′′+1+ 1

2 (l
′′−l′+1) L̂λ̂l̂

′′ l̂√
4π

(
λ l′′ l
0 0 0

){
L l′ l
l′′ λ 1

}
(112)

= (−)l
′−m′

l

(
l′ L l
−m′l M ml

)
〈l′||←−∇·Y Lλ||l〉 (113)

where

〈l′||←−∇·Y Lλ||l〉 =
∑

l′′=l′±1

[←−
∂

∂r
− (−)

1
2 (l

′+1−l′′)
(

3l′ + 1− l′′

2

)
1

r

]√
l′′ + l′ + 1

2

×(−)λ+l+l
′+l′′+1+ 1

2 (l
′′−l′+1) L̂λ̂l̂

′′ l̂√
4π

(
λ l′′ l
0 0 0

){
L l′ l
l′′ λ 1

}
(114)

= (−)L+λ+l+1 L̂λ̂l̂l̂
′

√
4π

[(
λ 1 L
0 0 0

)(
l l′ L
0 0 0

)←−
∂

∂r

+
1 + (−)λ+l+l

′+1

2

√
2l′(l′ + 1)

(
λ 1 L
0 1 −1

)(
l′ l L
−1 0 1

)
1

r

]
(115)

= 〈l′||YL||l〉(−)Lλ̂

(
λ 1 L
0 0 0

)
×

[←−
∂

∂r
+

{
λ(λ+ 1)− 2− L(L+ 1)

4L(L+ 1)

}
l(l + 1)− l′(l′ + 1)− L(L+ 1)

r

]
(116)

2.

〈l′j′m′|σµYLM |ljm〉

=
∑
JMJ

(−)j
′−m′

(
j′ J j
−m′ MJ m

)
Ĵ ĵĵ′
√

6〈l′||YL||l〉

 1 1
2

1
2

L l l′

J j j′

 Ĵ(−)−L+1−MJ

(
L 1 J
M µ −MJ

)
(117)

On the other hand,

σµYLM =
∑
JMJ

Ĵ(−)−L+1−MJ

(
L 1 J
M µ −MJ

)
Y JLMJ

·σ (118)
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Therefore we can obtain

〈l′j′m′|Y JLMJ
·σ|ljm〉 = (−)j

′−m′
(

j′ J j
−m′ MJ m

)
〈l′j′||Y JL ·σ||lj〉 (119)

where

〈l′j′||Y JL ·σ||lj〉 = Ĵ ĵĵ′
√

6

 1 1
2

1
2

L l l′

J j j′

 〈l′||YL||l〉 (120)

and also

〈l′j′m′|σµYLM |ljm〉

=
∑
JMJ

(−)j
′−m′

(
j′ J j
−m′ MJ m

)
Ĵ(−)−L+1−MJ

(
L 1 J
M µ −MJ

)
〈l′j′||Y JL ·σ||lj〉 (121)

B.

〈l′m′l|
←−∇·YLM

−→∇|lml〉 =

∫
dr̂Y ∗l′m′

l
(r̂)
←−∇·YLM (r̂)

−→∇Ylml(r̂) (122)

=
∑

η′=l′±1

∑
η=l±1

(−)
1
2 (η

′+η−l′−l+2)

2l̂′ l̂

√
(η′ + l′ + 1)(η + l + 1)

∫
dr̂Y ∗l′η′m′

l
(r̂)·YLM (r̂)Y lηml(r̂)

×

[←−
∂

∂r
− (−)

1
2 (l

′+1−η′)
(

3l′ + 1− η′

2

)
1

r

][−→
∂

∂r
− (−)

1
2 (l+1−η)

(
3l + 1− η

2

)
1

r

]
(123)

∫
dr̂Y ∗l′η′m′

l
(r̂)·YLM (r̂)Y lηml(r̂)

=
∑
IJMJ

(−)J+I
l̂L̂η̂Î Ĵ√

4π

(
η L I
0 0 0

){
1 I J
L l η

}(
L J l
M MJ ml

)∫
dr̂Y ∗l′η′m′

l
(r̂)·Y ∗JIMJ

(r̂)

= (−)−m
′
l
l̂L̂η̂η̂′ l̂′√

4π

(
η L η′

0 0 0

){
1 η′ l′

L l η

}(
L l′ l
M −m′l ml

)
(124)

where

YLM (r̂)Y lηml(r̂)

=
∑
IJMJ

(−)J+I
l̂L̂η̂Î Ĵ√

4π

(
η L I
0 0 0

){
1 I J
L l η

}(
L J l
M MJ ml

)
Y ∗JIMJ

(r̂) (125)

and ∫
dr̂Y l′η′m′

l
(r̂) · Y JIMJ

(r̂)

=
∑
J′M ′

J

(−)l
′+η l̂

′Ĵ η̂′Î Ĵ ′√
4π

(
η′ I J ′

0 0 0

){
l′ J J ′

I η′ 1

}(
l′ J J ′

m′l MJ M ′J

)∫
dr̂Y ∗J′M ′

J
(r̂)

= (−)l
′+η′ l̂′Ĵ η̂′Î

(
η I 0
0 0 0

){
l′ J 0
I η′ 1

}(
l′ J 0
m′l MJ 0

)
= (−)−m

′
l l̂′η̂′

{
l′ l′ 0
η′ η′ 1

}
δl′Jδm′

l
,−MJ

δη′I = (−)l
′+η′−m′

lδl′Jδη′Iδm′
l
,−MJ

(126)
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1. In case of L=0.

〈l′m′l|
←−∇·Y00

−→∇|lml〉 =

∫
dr̂Y ∗l′m′

l
(r̂)
←−∇·Y00(r̂)

−→∇Ylml(r̂) (127)

=
∑

η′=l′±1

∑
η=l±1

(−)
1
2 (η

′+η−l′−l+2)

2l̂′ l̂

√
(η′ + l′ + 1)(η + l + 1)

∫
dr̂Y ∗l′η′m′

l
(r̂)·Y00(r̂)Y lηml(r̂)

×

[←−
∂

∂r
− (−)

1
2 (l

′+1−η′)
(

3l′ + 1− η′

2

)
1

r

][−→
∂

∂r
− (−)

1
2 (l+1−η)

(
3l + 1− η

2

)
1

r

]
(128)

=
∑
η=l±1

(−)η−l

l̂2
√

16π
(η + l + 1)

×

[←−
∂

∂r
− (−)

1
2 (l+1−η)

(
3l + 1− η

2

)
1

r

][−→
∂

∂r
− (−)

1
2 (l+1−η)

(
3l + 1− η

2

)
1

r

]
(129)

∫
dr̂Y ∗l′η′m′

l
(r̂)·Y00(r̂)Y lηml(r̂) = (−)−m

′
l
l̂η̂η̂′ l̂′√

4π

(
η 0 η′

0 0 0

){
1 η′ l′

0 l η

}(
0 l′ l
0 −m′l ml

)
(130)

= (−)
1√
4π
δηη′δll′δmlm′

l
(131)

V. SPECIAL REDUCTION FORMULAS FOR 6J, 9J SYMBOL

There is a relation between 6j and 9j symbol,

∑
X

(−)2XX̂2

{
a b X
c d p

}{
c d X
e f q

}{
e f X
b a r

}
=

 a f r
d q e
p c b

 (132)

One can obtain a formula as following,

∑
r

r̂2
{
e a r
b f X

} a f r
d q e
p c b

 =
∑
X

(−)2XX̂2

{
a b X
c d p

}{
c d X
e f q

}∑
r

r̂2
{
e a r
b f X

}{
e a r
b f X

}
(133)

=
∑
X

(−)2X
{
a b X
c d p

}{
c d X
e f q

}
δ(e, f,X)δ(a, b,X) (134)

1. Special case

∑
jf ji

ĵf ĵi〈lf jf ||YL||liji〉

 lf 1/2 jf
li 1/2 ji
λ S L

 = 〈lf ||YL||li〉
∑
jf ji

(−)ji+lf+L+1/2ĵ2f ĵ
2
i

{
ji jf L
lf li

1
2

} lf 1/2 jf
li 1/2 ji
λ S L

 (135)

= 〈lf ||YL||li〉
∑
ji

(−)ji+lf+L+1/2ĵ2i
∑
jf

ĵ2f

{
1
2 lf jf
L ji li

} lf 1/2 jf
li 1/2 ji
λ S L

(136)


