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Chapter 1

Renormalized Numerov method for
multi-channel system

1.1 Numerov method for multi-channel system

In this section, we describe the multichannel version of the Numerov method. The Numerov method is a specialized
numerical technique for solving second-order linear differential equations that lack a first-derivative term, typically
of the form y”/ (z) = f(x)y(z) + g(x). Originally introduced by B. V. Numerov for celestial mechanics [1, 2], the
method achieves a high local truncation error of O(h°) (global error of O(h*)) while requiring only one evaluation
of the potential per step. This efficiency and accuracy make it particularly well-suited for solving the Schrédinger
equation in quantum mechanics [3].

Let us consider the channel coupled differential equation is given by

[;:21 V)] dr) =0 (1)

where 1 is the N-dimensional unit matrix, V'(r) is the symmetric N X N-matrix potential and q;(r) is the N-
dimensional vector.

Eq.(1.1) can be solved by the Numerov method. Using the Numerov method, Eq.(1.1) can be solved by
calculating the following recurrence relation:

A(rpi1)G(rnsr1) — B(r)o(rn) + Alra_1)¢(rn_1) = O(hP), (1.2)

where
A(r,) = 1+ %hQV(rn) (1.3)
B(r,) - 2 (1 - 152112V(7~n)) (1.4)

Note that A and B are also N x N matrices.

A system of N x NN second-order differential equations has N distinct solution vectors, obtained by imposing
N different boundary conditions. Therefore, using these IV solution vectors, we can define an N x N solution
matrix P as

$= (g;(l) 5@ ... qg‘uv)) (15)
This solution matrix satisfies
32
[Wl " V(r)} B(r) =0 (16)

and the recursive formula of the Numerov method for the solution matrix is given by

A(Tn-‘rl)q’(rn-‘rl) - B(rn)(ﬁ(rn) + A(Tn—l)(ﬁ(rn—l) = O(h6); (17)



1.2 Renormalized Numerov method

The renormalized Numerov method was developed to overcome the numerical instabilities inherent in the standard
Numerov method, particularly when dealing with classically forbidden regions or closed channels where solutions
can grow or decay exponentially [4]. Instead of propagating the wave functions directly, this method propagates
the ratio of the solution matrices at adjacent steps, known as the ratio matrix. This approach effectively suppresses
numerical divergence and maintains the linear independence of solutions while preserving the high O(h*) accuracy
of the original Numerov algorithm. It shares a conceptual foundation with the log-derivative method [5] but
integrates it into the high-precision framework of the Numerov scheme.
By introducing

F(ry,) = A(r,)®(r,) (1.8)
U(r,) = B(r,)A ' (r,) (1.9)

Eq.(1.7) can be rewritten as
F(rpi1) —U(rp)F(rp) + F(r,_1) = O(hS) (1.10)

1.2.1 For regular solution

When F(r,,) is defined using regular solutions & (r,), i.e.
FO>r) = A@r)®™(r,) (1.11)
let the ratio matrix M ") (r,,) be defined as
M (ry) = FO () FO 7 (1) (1.12)
Eq.(1.10) becomes as
M) (rpp1) = U(rn) + MY (r,) = O(RE) (1.13)

Assuming that F(")(rq) and F") (r) are given as initial conditions, and since F")(r¢) = 0 is often specified
for regular solutions, we have M (r-1 (r1) = 0. Therefore Eq.(1.13) can be solved recursively as

M (ry) = Ul(r) (1.14)
M (r3) = Ulrs) — M7 (1) (1.15)
M (ry) = U(ry_1) =MD (ry ) (1.16)

Using M (r3),--- , M (ry) obtained in this way, F") (r5),--- , F")(ry) can be calculated as

F"(ry) = M (r)F"(r) (1.17)
F(rg) = MO (r3)F(ry) (1.18)
FOUun) = MY @n)F" (ry_y). (1.19)

according to its definition (1.12).
Finally, the solution matrix can be obtained as follows.

& (r) = AT'(r)F"(r) (1.20)
& (ry) = AT(r2)F"(ry) (121
" (ry) = A7) F(ry). (1.22)



1.2.2 For irregular solution

When F(r,,) is defined using irregular solutions & (r,,), i.e.
FO) = Alr,)®P(r,) (1.23)
let the ratio matrix M ) (r,) be defined as
MF(r,) = FE) (r, ) FE2(r,) (1.24)
Eq.(1.10) becomes as
M (1) = Ura) + M5 () = O(R°). (125)
Assuming that & (rn) and F& (rn—1) are given as boundary conditions, we have
MF) (ry) = FE (ry_ ) FH 7y (1.26)

and Eq.(1.25) can be solved recursively as

MF (ry_1) = Ulrn_y) — MBI (ry) (1.27)
MF (ry_ o) = Ulrny_g) — MFry_y) (1.28)
M® () = U(r) - MH (1) (1.29)
F®(ry), -+, FF) (ry_5) can be calculated as
FOry_) = MOy ) FO(ry ) (1.30)
FH () = M3 (r)FH(ry) (1.31)

according to its definition (1.24).
Finally, the solution matrix can be obtained as follows.

H(r) = AT'(r)FH () (1.32)
B (ry)) = ATV (ro)FH(ry) (1.33)
H(ry) = A7) FF(ry). (1.34)

1.3 Wronskian

The Wronskian between the regular and irregular solutions of the system given by Eq.(1.1) is given by

() (T

or or

It can be proven by Green’s theorem that the Wronskian, defined in this way, is independent of coordinates when V'
is symmetric in Eq.(1.1). Within the framework of renormalised Numerov, it is possible to obtain a high-precision,
coordinate-independent finite-difference representation of the Wronskian.

We evaluate W at the midpoint r = (r,, + r,—1)/2. Let h = r,, — r,,_1. The Taylor expansions of ®,, =
®(r 4+ h/2) and ®,,_1 = ®(r — h/2) around the midpoint r are:

w <¢’<’“>7q>(i>) (1.35)

h 0®(r) E 0?®(r) hj’ P®(r)
2 or 8 Or? 48 Or3
h 0®(r) n h20?®(r)  h303®(r)

2 or 8 Or2 48 O3

®, = ®(r)+ + O(h"), (1.36)

&, = ®(r) + O(hY). (1.37)




From the sum and difference of these expansions, we have the following midpoint expressions:

o, +®, , h2d’d

_ _ 4
®(r) = 5 3 92 + O(h?%),
o®(r) B, —P®,1 h203®(r) 4
or N h 24 ord +O(R)
2®(r) P®(r) IV d(r))
1 = — @ = — . . :
Using 52 V&(r) and 53 o from Eq. (1.1)
P, + P, h?
B(r) = T2 DVa) + O,
o®(r) B, -,  h2PO(VE(r)) 4
or N h + 24 or +O(RY).
Substituting these into Eq. (1.35):
T
&M L & 7")1 h2 & _ ) B2
— n n— e (r) n n—1 e (£)\
w — + 8V‘I> - +24(V<I> )
T
) _ .I,(r)l n2 ) L pE g2
Zn Teol D yeny Bk it ol SRR Vo NCO) %
. + 24(V ) 5 +3 \%4 + O(h?)

Thus, the continuous Wronskian at the midpoint is:

_eel e

w 3" Tyved _ Ty h).
- + 5l |+ 07

Applying the following identity to the second term,

T T +

Q(T)TVQ(i)/ _ @(T)/Tvé(j:) — n— h n—1 + 0(h2)
we obtain W as
1 - h? h?
wo= - [@5}{ (1 + GV) ) — T (1 + 6V> q»ﬁ} +O(nY).

(1.38)

(1.39)

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)

(1.45)

Eq.(1.44) can be easily proven by substituting the first two terms of the right-hand side of Eqs.(1.36) and (1.37)

into ®,, and ®,,_; on the right-hand side of Eq.(1.44) as follows:

r)T T +
& Ve -2 TvaeD,
h

1 h
h 2

_ l {(.I)(T)TV@(:H + g@(T)TV(I)(i)’ _ g

2

_ (@(T)TV(I)(:‘:) _ gQ(T)TV'b(i)’ . g@r)wv@(ﬂ _ T@rwv@(i)/)] + O(h?)

—aMTyved _ Ty e® L 0n?)

T T
(q)m _ h¢<r>/> v (@i) n hq,(i)/> _ <(I,<r> hq)w) v (q,&) _ hq)(i)/)
2 2 2

+ O(h?)

(1.46)

Although Eq.(1.44) is a second-order approximation, substituting it into the second term of Eq.(1.43) results in a
fourth-order approximation for that term, and Eq.(1.43) as a whole thus becomes a fourth-order approximation.

Finally, we relate the matrix 1 + %V to the product of Numerov factors A,, =1 + %Vn:

2

h? h? h
Ap 1A, = (1 + 12Vn1) (1 —+ 12V’n> =14+—

12 6

2
(Vaor V) 00 = 14 -V () + O(hY). (1.47)



Substituting Eq. (1.47) into Eq. (1.45) and using A,TL =A,:

(A2 )T (A,2)) - (4,87)7(A4,_ 18"

W = S n-1) +O(hY). (1.48)

Equation (1.48) leads naturally to the definition of the renormalized variables F',, = A, ®,,, yielding the final
discrete form W ,:
Fgr_)-lngli) _ F,,(,LT’)TF(i)

W= - L=y, (1.49)

1.3.1 Proof of exact coordinate independence

We prove that W, is strictly constant for any n. From the Numerov recurrence F',, 1 = U, F,, — F,_; where
U,=B,A, Lis symmetric:

Wi = Fg)TFﬁ)l - ngrEF%i)
= FUTUWFE - F2) - (U FD - F)TFE
r)T + r)T + r)TrrT + T +
= FOTy,F& _pOTp® _ pOTyTEp® 4 pOTRE)

n—1 n—

= FOIF® - FOTFD = 0w, (1.50)

Thus, W, 1 = W, holds exactly, providing strict coordinate independence.
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