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1 Bessel function

The Bessel function Z,,(z) is the function wich satisfies
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where P, (z) and @, (z) are polynomials given by
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Note that J,,, N, and H, l(,i) are so-called Bessel, Neumann and Hankel functions as the solutions of Eq.(1).

2 Spherical Bessel function

By replacing v by n + 3 L and defining f,, (2 V3540 41 ), then Eq.(1) can be rewritten as
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The spherical Bessel j,,(z), Neumann n,,(z), and Hankel S (z) functions are given by
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Therefore we, finally, obtain
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3 Asymtotic behaviour & Wronskian

From Eq.(15), we can get the asymtotic behabiour of the spherical Hankel function at the limit of |z| — oo as
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Now let us introduce one of the very important quantity, the so-called “Wronskian”.
The “Wronskian” is defined by using two kinds of the linearly independent functions as
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Using the fact z f,,(z) obey
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the derivative of the Wronskian is given as
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Then, we can find that the Wronskian is a constant for z. Therefore, the Wronskian can be calculated by using the
asymitotic property of z f,,(z) at the limit of |z| — oo as
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Thus we can obtain the following results.
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4 Recurrence formula

Using Eq.(15), we can obtain
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( Recurrence formulas N

We can derive the following recurrence formulas using Eqs.(36) and (37) as
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S Wave function of free particle
The Schrodinger equation for the free particle can be expressed as

2 ~ ~
oAk Er) = Bk ) 0)
m

—ihVx(k kir) = hkx(k k), (41)

-~ . . . . . . = 2 2 .
where k is a unit vector which gives the direction of the momentum vector, i.e., k = kk. Also E(k) = % with

complex k. x(k, k; ) is known to be
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(Note that £* = k if k is real. In this study, we consider the complex % in most of the cases.)
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r the orthogonal and completeness relation for y N

In terms of the free particle wave function Y, the orthogonal and completeness relation is given by
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6 Free particle Green’s function

The free particle Green’s function is defined by
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It is very easy to prove G g (r7'; k) can be represented as
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In the expression of the partial wave expansion, this can be rewritten as
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where C' (C_) is the coutour integral path on the upper (lower) region of the complex momentum ¢ plane (see
Fig.1). We consider that h(*)(gr)(h(~)(gr)) is converged at the limit of |q| — oo on the upper(lower) region of
the complex g-plane.



Figure 1: Contour path C'y. on the complex momentum ¢-plane.
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