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Chapter 1

Mean field formalism in the
quantum finite many-body system

1.1

1.1.1

The second Quantization

The occupation number picture and the particle-hole picture

Here we first supporse the “Non-interacting fermi system”, i.e. we suppose the single-particle mean field
potential for binding the fermions. For example, the Hartree-Fock potential, Woods-Saxon potential, and

SO Oon.
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Figure 1.1: (a)the ground state of the occupation

(b)

number picture. (b)particle-hole picture.
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In the quantum mechanics, the ground state in the
Non-interacting fermi system can be expressed by
the Slater determinant.(N-body wave function in the
fermi system.)

bk, (1) bk, (TN)

(le...k,v (’I"] .. .’I"N) =

1
T : :

v Pry (T1) Dhy (TN)
The Slater determinant is expressed the property of
the Pauli principle for each fermions. Now we will
introduce the second quantization formula for the
occupation number picture. First we define the cre-
ation and annihilation operator for fermion by using
the anti-commutator relation and the vacuum.

{ei,cl} = 635 ¢il=) =0

(1.2)

where |—) is the vacuum, in which no particle exists.

The Slater determinant can be expressed by using
these operators as

-) (1.3)

i=1,N

(1.4)

where |...), denotes the anti-symmetrization.

The Slater determinant(the ground state for the Non-interacting fermi system) has the property as

Cm|1k171k2777771kN> =0

(m > N) (1.5)



By using these operators the fermi vacuum can be defined

al)) (k> ke) |
b0} (kszsi>}‘°

Also in the 8-body system(Fig.1.2), 1p-1h states can be expressed as

[Te4s Trags s Tigts Okgts Lhats Thay: 05, Ligts s, 0) k—e—e—¢,

:CLGTCkg,L‘(]) k—e—e—¢ —— ——
- (0) (d)

= 403, 10)
h

= [T, 1eat) Figure 1.2: (c)Ip-1h state of

the occupation number picture.
(d)particle-hole picture.

So the Slater determinant is called “Fermi vacuum”. For example, in the 8-body system(Fig.1.1(a)), the
Slater determinant(Fermi vacuum) is given by

‘]-kﬁ‘:1k1i777771k4T71k4i> = ‘]-kﬁ‘:]-kb],:77771k4T71k4l707777770> (16)
= [0) (’Fermi vacuum.’) (1.7
0 k>ky=k
Cko'|1k1T71k1,L7:7:71k4T71k4i:07:7:7=0> = { ‘12 > Ek < ki :kli; (18)

Hence we can define the particle’s creation and annihilation operators(a’, a) and the hole’s creation and
annihilation operators(bf, b).
cx = Ok —kp)ax +0(kr — k)b} (1.9)
ch = 0k —kr)al +0(kr — k)b (1.10)

Note that the anti-commutator relation of a,a’, b, and, bt can be prooved like that,

{encl} = 8
= {0(i — kp)a; + 8(kp — i)b],0(j — kp)al +0(kr — j)b;}
= (i~ kp)0( — kr){ai,al} +0kp — D)0(kp — §){b],b;}
+0(i — kp)0(kp — ){ai b;} + 0(ke — )00 — kr){b], a}

7]

when i = j > kp(i = j < kr), a and a'(b and b') satisfy {a,;7a;} =1 ({bqb;r} = 1), and also satisfy
{a;,al} =0 = {b;,b!
self-evident.

0(i — kp)8(kp — j) and 8(kp —1)0(j — kr) are vanish when i = j from the step-function’s properties,

but when i # j these terms doesn’t vanish. So {a;,b;} and {b!, a;} must be zero when i # j.

} when i # j because a and af(b and b') are same kind of fermion. These are

1.1.2 Field Operators in the Coodinate space

By using the single-particle wave function, we can define the creation and annhilation operators in the
coordinate space.

Yiro)= Y dulro)a,  vlre)= Y gi(ro)d, (1.11)

kdall,s=1] k3all,s=1]

With the orthogonality and completeness of the single-particle wave function,

Z/ dr i}, (ro) b (ro) = duwdins = (ks (Z / drm><ra|> Ks') = (ksl's')  (1.12)



S Grs(ro)dh,(1'0") = Sppid(r — 1) = (ro| [ S ks)(ks] | Ir'o") (1.13)

k,s3all k,sDall
where  ¢ps(r0o) = (rolks) (1.14)

we can get the anti-commutator relation

{6ro), v o) = 3 D 6ksr0)bin (1'0") {ensi el | = Goordlr — 1) (1.15)

k,s3all k' ,s'3all

Note that
{ib(ro),d(r'a")} =0 (1.16)

2-body wave function

Using the expression of the Slater determinant in the second quantization, 2-body wave function is given
by

By 4y (r1,m2) = (r1,malck ek, 1)

S-S

(r1,72| Lk s Lis)a (1.17)

In terms of the coordinate space field operator,|rq,72) can be expressed as

r1,m2) = ¢ (r)YT(ra) | —) (1.18)

Hence

e b

q)kl,kz(rlar2) <T17T2‘CI:1CI:2|7>

(~[(ra)p(ri)el el 1)

_ r o)) = L ¢k1 (Tl) ¢k1 (T2)
(Qslm (rl)qskz (7'2) ¢kg( 1)¢k1 ( 2)) - \/5 ¢k2 (Tl) ¢k2 (’l"g) (119)

1.1.3 1-particle operator and 2-particle operator
In general, a Hamiltonian is given by

H = Z +Z o(ri,mj) (1.20)

7<_7

o(ri,rj) (1.21)
l#]
in the quantum mechanics.(Here we neglect spin.) In this Hamiltonian, the first term, the kinetic energy

term, is the 1-particle operator. The second term, the interaction term, is the 2-particle operator.
Generally, as seen in the Hamiltonian, 1-particle and 2-particle operators take the form thus

F = Z f(rq) (1-particle operator) (1.22)

N 1

T 5 ZU(Ti,Tj) — Z o(ri,r;) (2-particle operator) (1.23)
i#£j i<j

Using the coordinate space representation of the field operator, 1-body and 2-body operators in the
coordinate space representation are given by

Pz Lo = [arvnfe (1.27)
Vo= 2 vgueldan = —= drdr' T (r) T () o(r, v ) (r)y(r') (1.28)
> )



The matrix elements of these operators are defined as

GQlfliy = /w@wMM@w>

= (1.24) | . j
. A , — D ——
Gilolkl) = //ww & ()i, 7 ba () n (')

= 'Uq,]kl (1'25)

Second quantization rule for the 1,2-body operators

Using the matrix elements of operators, the second quantization
rule for operators can be given so as to obtain the same ex-
pectation value and matrix elements for F and V, thus

F=Yfr) - FEENWM
Si(riry) - V=s Zv”ucccmk

i#] 7]lsl

o (1.26)

DN | =

In many calculations the evaluation of the matrix elements leads to an antisymmetric combination, which

is threfore given a special abbreviation:
Vijkl = Vijkl — Vijlk

Using this abbreviation,

E ﬁjjklc c jCicr = E v”“c c cicr — E v”lkc c cep = 2 E v”“c c CiCh

ijkl ijkl ijkl ijkl

Then 2-particle operator can be written as

= = E ’U”“C C Cle = E ’U”“C C Cle

7]lsl 7]lsl

=*—//www*uu>x )y (r)e(r)

1 / / drdr' ! (r)t (r')o(r,r') (Y (r" ) (r) — (r)o(r")
i/ / drdr' T (r)yT (r')o(r,r") (1 —P,) ¢ (r' ) (r)

- %/ ./d’"d’"w(r)w*(r')ﬁ(r;T’)UJ(T’)U](T)

Then a Hamiltonian can be expressed in the second quantization representation:

H

gy Ly
Z<z|%v2\])c1c]~ +7 Z(z]\v(r,r’)\kl)cjc}clck

ij i#£]

/wW(%ivw s [ [ardrst et e o

Isovector type and Isoscalar type 1-body operator

In general, the isoscalar type and isovector type operator take the form as
Isoscalar type:(T = 0) Z firs)

Isoscalar type:(T = 1) Z 7. (i) f(7ri)

(1.29)

(1.30)

(1.31)

(1.32)
(1.33)
(1.34)

(1.35)

(1.36)

(1.37)



where 7, is the 3rd component isospin operator,

1

1 1
57—2 = 7‘;z 7‘;Z|p> = 7§|p> 7“‘Z|’n’> = §‘n>

Then the 2nd quantized expressions are

Bs = Y [aritenfeuen = [arslo)f e + [ drojm o))

By = % [drtennswrn = [aroiwsw) - [ drl e,

1.2 Density matrics

The density p(r) can be expressed by using the single-particle wave function as

pir) = > lgiro)l’

idhole,o

= 3 [bulro))?

k<kp,o

N -
= > > lgi(ro)l’

i=1 o

1.2.1 The density operator
Quantum mechanics representation

The density can be also expressed by using the Slater determinant.

N

p(r) = 3 60, ()

=1
_ / /dTl...dqu>;k1___kN}(r] ) [ — 1) 4 6 — )] By (1

N

= / /dT‘]...d'I‘N(I)?kl__kN}(T'] ...’I‘N) [Zé(r —Tj)] (p{kL--kN}(T] ...T'N)

= (@] [Z o - )] @)

Hence we can define the density operator like as

in the quantum mechanics.

Second Quantization representation

Under the second quantization rule, the density operator can be defined
plr) = Zdi_;’CICj =t (r)p(r)
ij

dij = <7:‘5(7' - f')‘])
_ / dr' gt (r')0(r — ) (') = 67 () by (r)

where

Note that 7 is a coordinate operator, i.e.
roi(r') = (r'[#lf) =r'(r']j)
r'¢;(r')

(1.38)

(1.39)

(1.40)

(1.41)

’I‘N)

(1.42)

(1.43)

(1.44)

(1.45)

(1.46)



Using this density operator, its expectation value is the normal density.

(Op(r)10) = (0T (r) Zcﬁ r){0lc}e;10) (1.47)
= Z@ Mpidir) = 3 lei(r)? = p(r) (1.48)

i€hole
where Pji = <0‘CjCj‘0> (: 0(]{})? — kq)(s”) (149)

Here we defined the density matrix p;; in the configuration space representation. (But in the ground
state, the density matrix in the configuration space has only the diagonal element for hole states.) In the
coordinate space representation, we can also define the density matrix.

(Ofw* (") (r )\0> (1.50)

= Z¢J pﬂ Z ¢i(r (1.51)

1€hole

p(r,r')

1.2.2 Density matrix with spin indices and Spin density

Here we define the density matrix for the spin component and also can define the spin density p;.

p(ro,r'a") = p(rr')se = % (p(rr')é,m: + Z(a|aqja')pi(r7")> (1.52)
p(rr') = 1 < p(re!) + p.(rr')  pu(rr') —ip,(rr') > _ 1(1p(7‘r') +o-p(rr')) (1.53)
3\ pelr) +ipy(rr)  plrn) — plery ) T3 '
where
1 0 0 1 0 —1 1 0
“(01) w=(Va) »=(07) =00 4)
Loot =050t (02)aq = (0loal0’)  (0y)eor = (oloylo’)  (02)e0r = (olo:]0")

Using the Pauli-matrices properties the inverce relations are obtained as

N | =

prr') = Y bspp(ro,r'e’) = p(ro,r'c) = Tr[p(r,r')] <: pm(rr')> (1.54)

pe(rr’) = (plr 1.7 1) + plr 4,7 1))
S (@lolo)plra. o) = 4 py(rr') = i (pir T,r’i)fp(ri r' 1) (1.55)

>
=
3
3
=
I

oo’ p=(rr') = (p(r 7' 1) — p(r L, 7" 1))
= Trloip(rr')] (= 2p10,i(rr')) (1.56)
In addition, if one considers the isospin indices, then
1 1
pror,r'o't") = 5/}(1"7'77"7’)6”: +3 Z(U‘O’i|UI>qu(T7’,’I‘IT’) (1.57)
]‘ ! ]‘ ! !
= 5 [ 50080+ 5 St o0 7) | B (158)
J
1 ! ]‘ ! ]‘ ! !
3 S olorla’) | 5oiolr )6, + 5 S el o) (1.59)
i J
]‘ ! ]‘ ! !
= Zp(r,r )1 00er + 1 > (rlmilr)po (1,760 (1.60)
J

1 1
*1 > (oloila"ypio(r,r') o + 1 > (oloilo’Yrlri|TYpi(r, ') (1.61)

i i.J



where

Tr[74 p] > (7 lrlr)p(ror,r'o’r)

7,7’

1 1
= Epﬂ,k(rrl)(so'o" + 5 Z<U‘0—i|al>pi,k(rrl)

Trlorp] = Z(U'\ak lo)p(ror,r'o'r")

o0’

1 1
= oot + 3 3 (rlnlr ) pratrr)

Trfowmpl = Y. Y (o'lowlo)(r [n|r)p(ror,v'o'r') = pru(rr’)

o0 T,7'

1.3 Time reversal symmetry

Time reversal symmetry is supposed in the ground state of nuclei, then the density matrix has the
property:

p(ror's’) = (Bl ro (o)) (1.62)
= (®ITT W (o) TT (ro)TT®) (1.63)
= (TTo| (209t (r' — ")) (—20%(r — 0))|T®) (1.64)
= doo'p(r —o,r' — ') (1.65)

On the other hand, the density matrix is the hermite matrix.
p(ro,r'a")* = p(r'c’,ro) (1.66)

Thus

p(ro,r'c’) = % (p(ro,r'c") + 400’ p(r' — o', 7 — 7)) (1.67)

1 p(rr') + p=(rr')  pa(rr') —ipy(rr’) >
a ( pulrr’) +ip,(r1")  plrr”) - p.(rr) (1.68)

—pa(r'r) —ipy(r'r)  p(r'r) +p(r
where we suppose p(rr') = p(r'r)  pi(rr') = p;(r'r)

+< plr') = p-(r'r) —pm(f’r)wpyg:’r) )} _ % ( 9(1"07") 0 ) (1.69)

Consequently, under the time reversal symmetry the spin density is vanished.

p(ro,r'c’) = ép(rr’)rswz (1.70)

1.4 Wick’s theorem

Construction and Normal order

—
The construction symbol AB, which is used in wick’s theorem, is defined as

O (@)0(y) = (@[ (2)6(y)| o) (1.71)

The normal order “: AB :” is defined so as to be
(®|: AB: |®) =0 (1.72)

for some kinds of vacuum |®).



Example of the normal order

In the Hartree-Fock approximation, the mean field Hamiltonian can be expressed by using normal order
like as

ﬁg Z €k - czck : (— Z GkCLCk for the vacuum |—)> (1.73)

k k

= Z ek:azak:—k Z ek:bkbz:
k>kp k<kr

= Z ekazak - Z Gkblbk for the fermi vacuum |0) (1.74)
k>kp k<kp

Wick’s theorem for 2 or 4 operators can be given by

[l [ 1 1
AB =: AB : + AB ABCD = :ABCD :+:ABCD :+:ABCD :+:ABCD:
1 1 1

+:ABCD : 4+ : ABCD : + : ABCD :

— — | [ |
+:ABCD : 4+ : ABCD : + : ABCD :

1 1 1

= :ABCD :+AB:CD:—-AC :BD :+AD : BC :
i 1 i

+BC :AD: -BD:AC:+CD : AB :

— i 1 1 1 1
+ ABCD — ACBD + ADBC (1.75)
Note that the expansion by Wick’s theorem for the operators in the Hamiltonian is
= czck: D= clck: (for the vacuum |—))
CrCk' ¥ m .
= :qcp e (for the fermi vacuum |0))

=0(k —kr):alap : —0(kr — k) : blbp - +0(kr — k)Op

— . RN

= ¢, Cp,ChaChy @ = Cp Cp ChyChy (for the vacuum |—))

S | .
fot = .cklck20k4ck3 :
Cp Cp Ck,Ch
kq“ko “kaTks i - . i - . i - . i - .

' + clm Ckg + ckgck4 s clm Chy - ckgck3 e ck:gck4 . clm Chky = — ckngIi . clm Chy -
1 4] 1 I+ .
+ cLlckg CLQ Chy — cLlc,cd CLQ Chy (for the fermi vacuum |0))

Interpretation of the construction of the density operator

The Wick’s construction of the density operator 1 ()1 (z) gives the expectation value of the density
operator for some vacuum.

m(m) _ { < (=T (z)y(z)|=) =0  :|=) is the exact vacuum.(no particle)

1.5 Hartree-Fock arroximation

Using Wick’s theorem expansion, the Hamiltonian can be expanded for the Fermi vacuum,

=R, 1
H = Z(z\%vzmc}q—|—ZZZ(zﬂv(r,r')|kl)c:fc}clck

ij i#] k£l
. _h2 20 - 1 o~ NG - - o~ ! ..
= Y ilg VA Y (e - Gl r) i)
ki<kp ) (ki kj)<kp

=Ry
+ (il5 - V2l) el :
ij )

+% S Wkilo(r, v k) — (Kilo(r, 7)]jk)) « cle; -

k<kp 1,

10

|t (2)p(2)|®) = p(z) :|®) is the (Hartree-Fock) Fermi vacuum. (no particle and no hole)

(1.76)



+% ST (kla(r, v jk) — (ik|o(r, r")|kj)) « cle; -

k<kr i
+(residual int. term)

- Z il /dr\v@ \2+% > //drdr

ki<kp (ki ky) <kr

+/dr : 1/)T(r)_—V21/JT(r) :

/drzp’f /drzm Jo(r,r")dr(r)

k<kp

+(reszdual int. term)

If we suppose that v(r,r’) includes no exchange operaters, the Hamiltonian can be rewritten again

ot =5 [[ drar' e r)p(r'r)}

1
J

) )(r7

) (¢i(r)g;(r') —

dj(r)oi(r'))

+: /d’f‘l’l/JT(’l"l) [/ drp(r)v(r,r')} P(r') = // drdr’ - T () o(r, v p(r'r)(r) :

as:
H > |:/d’f‘—T //drdrp
+/dr : ’I/JT(’I‘)_—VQ’(/)T(’I") :
2m
+ (residual int. term)
where

:/dr'w(r’) U drp(r)v(r,r')} o(r') Direct term

- // drdr' T (r)o(r, ") p(r'r)p(r) : Exchange term

These terms can be represented by Feynman diagram as seen in the left
figures.(The upper figure is the “direct term”, the lower figure is the “ex-

change term”)

Direct term

\\rﬁ;{/

Exchange term

1.5.1 Mean field Hamiltonian and Hartree-Fock equation

Here we define the Hartree-Fock mean field h(rr')

h(rr') = OUH) U
Hence
N _ O(H)
S )

2
= 277— /dr”V”(S(r” —r)-V"5(r" —r") + /dr”p(r”)v(r”r)(s(r —7') —wo(rr)p(r'r)
m . .

Then the Hamiltonian can be expressed by using the mean field

// drdr'h(rr') : T () (r') : +(residual int.)

11

(1.79)

(1.77)

Y(r') - // drdr' : 't (r") Z o5 (rYo(r, v ) or(r ) (r) :

k<kp

(1.78)

Sp(rr) where (H) = [/ dr%r(r) + %// drdr' p(r)v(r,r")p(r') — %// drdr'p*(r'r)o(r, r")p(r'r)



= (H)+ // drdr'ZgbZ(r)h(rr')gbkr(r’) sl ew s +(residual int.)

k. k'

(H) + / / drdr' > " hyw : chew : +(residual int.)

k, k'

The Hartree-Fock equation for the single-particle wave function is given by

/ dr'h(rr') g (r")

= 2:’5 V2 (r) + [/ dr’p(r’)v(r’r)} or(r) — / dr'v(rr ) p(r'r) i (r') = erdr(r)

which is based on the variational principle.
Consequently the Hamiltonian can be expressed as

H = (H)+ Z €k c};(zk : +(residual int.)
keall
= (H)+ Z ekalak - Z ekbzbk + (residual int.)
>k k<kp
- (H)+ ho + (residual int.) ho = Z hpp - c};(zk = Z Ok €k ° c};(zk :
k! k!
Note that
holk) = ﬁ0a£|0) =D kiske ek/az,akfal\(]) = ei|k) (|k) is a particle state. i.e. k> kp.)
O hobl|0) =~ Y, ch, el bibl|0) = —exlk) (k) is a hole state. i.e. k < kp.)

This relation can be represented in the coordinate space.

(rlholk) = <—|¢(r)//dmdrah(mz)w*(m)w(rz)lk>

[ drshtrra)i-putra)
= /drgh,(rrg)(rg\k) = tep(r|k)
This is the Hartree-Fock equation itself.

The mean field of the Coulomb interaction

In terms of the quantum mechanics, the Coulomb interction is given by

= { el
where  7i3¢(i, T) —{ - (i) (r=-1)

e? (1+ 7i3)(1 + 753)
Hc — 2 Je
4 Z; |ri — ;]

Hence 2nd quantized Coulomb interaction is given by

H - %le I/ drdr’¢>2‘(TT)¢>}(T’T’)MM(M)@(T’T’)] elaicy

ijkl L7’ |rirl‘
2
- < / / drdr'¢;<r>¢;<r'>ﬁlr,‘wmwm')
Then
e (T T)pp (1) = (1) pp(r)]
) = = [f arar e S
, dripp(r1)
SH.) L pelrr) / oy '
e R e el RS

(1.80)

(1.81)

(1.82)

(1.83)

(1.84)

(1.85)

(1.86)

(1.87)

The first term is so-called the “exchange term”, which is often neglected in the H.F. calculation. The

second term is the “direct term” of the Coulomb interaction.

12



1.6 Linear responce theory

The time dependent Schrodinger equation is

., 0 -
zha@(t)) = H|®(1)) (1.88)
Applying this equation to the (time-dependent) density we can get
ot = (@) [v (). 1] [2(0) (1.89)
= [ e ple’crit) - plr s (= (o). ) (1.90)

But if the Hamiltonian does not include the time-dependent perturbation(external field), [h(p), p] will be
zero because |®(t)) — |®) or p(r;t) — p(r).
Here we add the external field to the Hamiltonian as a perturbation.

H— H+ F(t)
where
B0 = Y fue (Oclewr = [ drot(r) (i 0)(r)
Hence
o) = (@) [ ), A+ P [@0) (1.91)
= [ (e )ota t) gl O + [Frst) p(r)
(= [h(p) + £(2). p)) (1.92)

This is so-called “Time-dependent Hartree-Fock equation”

1.6.1 Linear responce equation

If the unperturbed gorund state of the nucleus has a density matrix pg, the time-dependent one can be
expanded as

p(t) = po + dp(t) (1.93)

The mean field hamiltonian can be also expanded as

dh(p)

(p) = hipo +0p(0)) = hipo) + L2180 (1) (1.94)

Substituting these expansion to the time-dependent Hartree-Fock equation, we can obtain

o) = (o) + 5 d0l0) + 500+ 5000

< D)0+ | 52000 o] + 1700 ) (1.95)

Using The Fourier transformation, (1.95) becomes

nodp() )0 + | T dpl) + £0), 0] (1.96)

The explicit coordinate representation is

hwip(r;w) = / dr' [h(rr")ép(r'r;w) — dp(rr';w)h(r'r)]

+/dr'//dr1dr2 [%p_poép(mrg;w)po(r'r) —po(rr')er))b_pO&p(r]rg;w)

+[f(r;w), po(r)]

(Sp(’l"l’l‘g

13
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1.6.2 Time dependent perturbation theory
The time-dependent single particle wave function
or(r(t)) = (r:tlk) = (=[o(rt)[k)
A T A
(=[U(£)(r)U(t)[k)

where U(f) is the time evolution operator, which is given by
U(t) = e wlt-to)ho ( holk) = +exlk)  hol-)=0)
Then the single particle wave function satisfies
0 A RN
ihseon(r(®) = (=10 [0(r), o] O(O)IR)
[[ dridranrira) 10" [, 0! rw(ra)] D)
= [ a0 0sE) DO = £as )

This is the time-dependent Hartree-Fock equation for the single particle wave function without the time-
dependent external field. The solution of this equation is given by

P (r (1)) = eFho(t=t0) gy ()

The additional weak external field is a perturbation, and changes the time-dependent wave function and
the mean field.

Oulr(t) = TR gy () TR (4 (r) 4 b (r1))
h(rr")y — h(rr') + %(rr' i t) + f(rt)

dp
Thus the time-dependent HF equation becomes
. 6 ! ! ! (Sh’ ! !
terdor(rt) + zha(sqﬁk(rt) = dr' { h(rr")d¢(r't) + %(rr ct)or(r') | + f(rt)dr(r)

By the Fourier transformation, this equation can be rewritten.

outrt) = o [[doe “bon(r)  flrt) = o [ doe " f(r0)
Thus

/ dr'h(rr')gp (r'w) — (hw £ €;) ddr(rw) = — / dr'g—Z(rr’ cw)or(r') — f(rw)dr(r)

If we use the delta-type interaction in the Hartree-Fock mean field like as the Skyrme interaction, this
equation takes the form as

(—V%-vw(r)—hwq) sontre) = (w4 f) ) aulr) (199

This type equation is so-called “Sturm-Liouville equation”, and the solution is given by using the Green
function.

S (rw) = /dr'Gg(rr' t hw + €, +1in) (%(T’ Tw) + f(r'w)) or(r") (1.99)

The Green function is defined as

h2 -, - 5(r — '

14



The spectral representation of the green function

If one expands the HF green function in terms of ¢; as

Go(r,r';E) = Z;l (6i(r)Ci(r")) (1.100)
one can get -
(ho(r) ~ B) Golr,7B) = 3" (B~ e)i(r)Ci(r"))
= —6f;”— ') (1.101)

By using of the orthonormality of the wave function, one can obtain C.

Ci(r') = % (1.102)

So the HF green function can be expressed as

Go(r, v E) = <M> (1.103)

. E —¢
1€all

1.6.3 Energy weighted sum rule

The energy weighted sum rule S; can be written as a double commutator

§1= 30 (B, — Eo) [ Fl0) = (0 [#, [, 7]] 0)

v

This double commutator can be expressed in the configuration space as where we put the Hamiltonian
and the external field

[# 1)) = 2 s S o [l e

=" Y it Y fon el [Fumchien = dunchiar]]

_ ijfj i i g foun {8t (Bj6len — Sinelies) = bun (Simeler — duches) }

- ZJ:Z Zihﬂf:zjcﬂ > Z hufuifichei = Z fisfiehucte + 32 fmihuifischic;
i i i

In ij km

= ZZ (frihjifir — bej fiafu — fujfiiha + fejhgifa) Ckcl
ikl

where  [AB,CD] = {B,C}AD — {B,D}AC + {A,C}DB - {A,D}CB
(Olcle;[0) = éle; = O(kr — k)3,

H =Y hicle; F=3" ficle
ij ij
Thus
<O|[ { H Z Z {2fihjifir — hajfiifie — fajfiihin}

ij k€hole

Also in the coordinate space,

7. f.5])

/ / / / drdr'drydrs £ (r) £ (#'Vh(rrrs) [0 ()0 (e), [} (m)(ra), 1 () ()]

////drdr dridrs f(r) f(r')h(rirs)

15



< [0t (r)(r), 50— ro)dT (r )b (r") — 6 — r0)bT () b(ra)]]
////drdr drydra f(r) f (r' ) h(rirs)
) [0 = r2) (8 = r0)Yt (Pe(r) = 8(r = )0T (r ) (r)
5" = 1) (80 — )T (r)b(ra) — 8 — )0t () (r))]
[[ ardr’ ot @)t £ 0 - 6 ) £ @) - 9P oe)

Thus
O\ [ [fr.F] o) = [ [ drar’ (240) 1 bt )oto'n) = hloe!) 2 0pta'r) = 1) ypte'r)

where we put the Hamiltonian and the external field

i = [[ararahiriret v F = [defet e

For the most simple example, we put
—B _.
h(rr') — 2—V26(r —r")+U(r)d(r —r') No velosity terms in the potential
m

Then

ol [£, [, 7] o) = /drﬁw Z/dr— Vi) éi(r)

B2
= \Y
()
Next example is the Hamiltonian which is contained the effective mass.
2

h(rr') = V- W

Vé(r — ")+ U(r)d(r —r')

Also in this case,

ol [£, [, ]] 10y

[ F() dilr)

I
—
U
3
3

* | v
Am

Z/drd)

= (— V")

Example : Sum rule for the multipole operator

For the multipole operator, f = Zu r*Y),, by using the gradient formula[(6-171),B.M.vol.I,p401],

z“: VAT, VeI = 2A4: : <<%>2 +FAN+1) (9 2)

the gradient (V f)? becomes

‘ ACA+1)% .
A 2 _ 22—2
EH |CT‘ YAM| = A r

Then

=2 / dro;(ro) > (Vr'Va,)” gilro) = 2“1 > / dr o ()72 i (r)

nlj

_ A(QA + 1) <T,2)\72>

4

16



¢i(ro) = Vijm M

~ 1 )
Vigm(#0) = 3 (1mu; 55/ m) Vi, x4 (0)

mys
Thus one can get the Thomas-Reiche-Kuhn sum rule

_ AR+

"~ 2m 4

Si 2\ + 1)(r2*2)

17



Chapter 2

Multipole field

2.1 Charge density

We have already studied the density operator. In addition, here we will study the charge density operator.
The charge density operator is defined by

A

pe(r) = e G - t3(¢)> S(r —7;) (2.1)

i=1

e (Lou)m=o (4ou)mer

For the Slater determinant, the charge density operator satisfies

A
(®|pe(m)|®) = (9 [Ze (% —tg(i)> o(r —fn:)] |®)

i=1

// dri...dra®f, o (ri...ra) [ie <% - fr;(?)) 5(r — f“l)] Prpy hay(T1-..72)

z
= //dﬁ---dT‘Z‘I’?kl__kz}(T] S T7) [Zeé(r —f'qj)] LTI CIIN )

Z
2
= Y elgpr ()’ = pylr) (2.2)
i=1
where A=Z+ N Z is the proton number and N is the neutron number.

2nd quantized charge density can be expressed as

pe(r) = Z Z/ dr' ¢l (r'7)e G — t3> 5(r — #)pi(r'T)cl s (2.3)
= el (r) ey, (r) (2.4)

2.1.1 The multipole expansion of the electro-magnetic field

The interaction Hamiltonian between the electro-magnetic external field and the nucleus is given by
1 3 3 L.
Hinf, = -~ d T];LAH = a’r p(’f‘ﬂf)@(’f‘ﬂf) - —J(T,t) A(’I"t)
¢ ¢
= [ @r a0 - w0 Be.y)

where p is the magnetic moment and B is the magnetic flux density, which are defined by

j(r,t) = eV x u(r,t) B(r,t) =V x A(r,t)

18



If the sorces are far from the nucleus, and the quantities ¢ and B are static, these quantities satisfies the
homogeneous Maxwell equations,

Ad(r)=0 VxB(r)=0 V- -B(r)=0
This means that B can be written as
B(r) = -VE with  AE(r) =0
The general solution of the Laplace equation is given by

2 2
= Z“MTAYAu(f) with  Af(r) = <l%r - l—> f(r)=0 (Laplace equation)
r Or

r2

Then the Hamiltonian can be rewritten as

i = X {avs ([ ars1 @) + o0, ( [ arutr) -3 (212,69 )}
/

Ap

= 3 {an ([ oty @) + o ([ e ) 4,005 (P13,00) ) |

Ap

2.1.2 Isovector, Isoscalar operator

1st Quantized representation

ZZTB‘ (0)Yau (2), qu ZZT i)Y, ()

m

_Q)\ Q)\ _QA+QA

2nd Quantized representation

Qv =>.> / dre; (1) i Yaudgj(r)cle;, Qg =Y / dre)y (1) Vaudy i (r)cle;,

3 K ,J 19
=Y [ ard; ) o), =Y [ ardy )i ),
ma Boa
=QN—Q =Qh+Q)
Note that
“ 1. R ~
ts = 573 73ln) = |n)  T3p) = —|p)

2.1.3 E1 operator(Mass Center removed Isovector Dipole operator)

A
. 1
Cp = PZZQ (1= 75(i) r(i) Y1, (i)
p=—1i=1
A 7z +1 A 3
SEP P OIS LI SENCES S Y
p=—11i=1 i=1 p=-—1 i=1
Note that
1 .
TYlH:TI—l: Ti::Fﬁ(miZy) rg = 2

In terms of the Center of Mass system, the total linear momentum vanishes. In general, the coordinate
of the center of mass system 7 is given by

A A N
r,=r,— R = ZT_]: Z Z

D>|
h>|

N h>|~

19



then one can get the center-mass removed E1 operator by replacing r, — 7,

O
=0
R

I
| w0

M“

_:ﬁl

- Y (% @Y - 5 Zrmm)
. Ry
= e i) | FY) - 5 Yo r)Yial)

20

N

i=1



Chapter 3

Random Phase approximation

3.1 Liner responce theory

3.2 Derivation of the unperturbed responce function

The formal expression of the unperturbed responce function is given by

Ro(rt,r't') = —i6(t— )] [03(05(r) 0 (1), T3 (1) U ()] [0)

= =it~ ') S (O[T (1) (r) Do (8) mi (mé | T (1) 'Y U (£)]0)

"

= b)Y {e“”’)(‘m“>/ﬁ<0|ﬁ<r)mz’><mz’|ﬁ(r'>|o>

—ei =) em =< /()| 5(") mi) (mii | p(r) 0)}

where Uy (t t)y=e" i(t=to)ho/h | ;) is a particle state and |i) is a hole state.
Note that ho is the mean ﬁeld hamiltonian, which has properties as

hol0) = 0, ho|mi) = hoal b1|0) = (e — ) |mi)
ho = Z €mal am — Z eibi b; (m € particle i € hole)
Applying
1 00 Iia;(tft') 1 ;ia;(tft’)
IO — / I p— / I — (3.1)
21 ) _ w —1in " 2m oo W +1in

to Ro(rt,r't'), one can get

Ry(rt,r't") = Z/ w - |: i(t—t")(O—(em—ei)/h) (01p(r) |mi) (mi|p(r")|0)

= @m0 i) (mil () 0)

21



Then, the Fourier transform of the unperturbed responce function can be obtained

Ro(rr',w) = % O:O d(t —t)e™ ") Ry (rt, r't")
= o > / T [w b+ = (e = )WL) mi mil )0
~ 6+ (e = ) WO mi) i) 0

The proof of (3.1)

-1 oS} —iw(t—t")
G(t—t’):—,/ At

21 J_ w ~+1in

To show the proof of this relation for the step func-
tion, we think the contour integration(left figure).

0 When t —t' > 0(t — #' < 0) one takes a path Cy +
C1(Co + C3), because e~ (=) converges on C1(Cy)
C plane at the limit w — oo, and also

dw efiw(tft')
-/;'1 (02) % w + ZT}

Then one can calculate by using the residue theorem,

A efiw(tft') duw efiw(tft')
[WTM w+1in _,/OOQ_M' w+1in

d Ifiw(tft')
(t—t >0) / S CE N
Jogro, 2mi w +in 0

d —iw(t—t")
(t—t <0) / e 0
CotCy 2T w +1in

>

— 0.

R— o

3.3 Sum rule

The RPA responce function is given by

Rirr i)=Y <<0ﬁ(T)IV)<Vﬁ(7")0> <0|/3(T’)|V)<Vﬁ(r)0>>

S \w — (E, — Eg) +ie hw+ (E, — Eg) + ie

where |v) is an excited state which satisfies H|v) = (E, — Eg)|v). If one use the relation,

P [arswitr) (= [ arsirrit i)
and 1/(w + i) = P(1/w) — ind(w), then one can get

) OIEW) v F10) — (0[F|v)(v|E|0)
hw—(E,,—Eo)-Fie hw+(E”—E0)+i6

Re(w) = [ [ drae s R o) f)

) 1 1
= Z(O‘FW)(V‘ lhw (H — By) + ie B hw + (H — Eg) + ie

v>0

- V;}{P <hw—(Elu—E0) hw+(E1V—E0))

_in (0w — (B, — By)) — 8(he + (B — Fo)) }|<VF0>|2

|v){v| F|0)
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So one can get the relation for the positive frequency(w > 0)

3

Im / / d’l“dr’f(’l“)R(’l“,r’ : u))f(r') = 77725(77/&) _ (EV _ EO))‘<V|F‘O>|2

v>0

One can get the energy-weighted sum rule by integrating this relation,

h? [ , . n o B JIEI0Y12
my :—?/0 dwwlm//drdr fr)R(r,r .w)f(r)fz(Eu Ep)|{(v|F|0)|

v>0

In general, a sum rule my, is given by

mi = 3 (B, — Eo)! (0] FI0)? = (O[F(H — o) F|0)

v

3.3.1 Normalization of transition density and B(QL)
The strength function is defined by

S(hw) = Z |(v|F|0)*6(hw — E,) = / dr f (r)Imdp(r : w)

In the case hw ~ F,, then

S(hw =~ E,) ~ S, = |(v|F|0)|* = /drf(r)lmépu(r tW)|wa B,
B(QL) value is defined by

B@) = [ dwsie) = Y| 0)?

J0

3.4 Static polarizability and Spurious solution

When we think next Hamiltonian
H = Hy+ \F (Hy is the exact hamiltonian, or HF hamiltonian etc.)

here, F'is the external field. The external field, can be expressed by the one body operator, can commute
with H.

[H,F] =0

For a state |\) = e*|0), the expectation value of the hamiltonian (A|H|\) can be expanded by A as

(O|H + iA[H, F] + %2[[1{, F],F]+...]0)

(01H10)

(A[H|A)

|A) is so-called ’the spurious state’ which is caused by the spontaneously symmetry breaking in |0). Where
|0) is the Hartree-Fock basis RPA ground state. The equation

(OI[[H, F1, F][0) = 0

can be expressed in matrix language as
A B F —0
B* A* —F* )

(Ol[[H, F1, F]|0) =

3

Also
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3.5 RPA with Skyrme interaction

Skyrme Hartree-Fock equation is given as

ho.q[pl@g.i(1T) = €idg.i(T)
ho,q[p]@q,i(T)

= - (;— + Bsp(r) + B4pq(r)> Adg,i(r) + [Bs2ij(r) + Ba2ij,(r) — BsVp(r) — ByVp(r)]-Ve,i(r)
+ [2Bip(r) + (o + 2) Brp® 1 (r) + 2Bap, (1) + aBgp®~ qu + 2Bgp® (1) py (1) | ¢g.i(T)

+ [Bg (r(r)+iV-j(r)) + B4 (Tq(’l") + iV-jq(r)) + 2B5Ap(r) + 2B6qu(r)] ¢q,i(T)

Here we ignored spin-dependent terms, but time-odd velocity dependent terms are included.
Random-Phase-Approximation in the density functional theory can be formulated from

oh -
he(t) = hoglpl + 4 [v" + > ;”’[p]épq/ e ™'+ he.
q' pql
¢q,i("';t) — efifh—"t qﬁq’i('r‘)+(5¢((1;)(7‘)67th+(5¢E]§)(T‘)€+i‘”t
., 0
Zha(hq,i(rvt) = hg(t)¢g,i(r,t)
4 in the first order approximation
_ oh
(hw + € = ho,g) 69}, (r) = Z ;p"{ 90.(r)
L .
h h 5 (+) _ P'I‘f 6h0:q
(—hw + €; — ho,q) ¢q,i (r) = + Z 3y Bq,i(T)
- ql -

These two equations are the “Strurm-Liouville equation”. The “Strurm-Liouville equation” takes the
form L®(r) = v(r) and the Green’s function is defined as LGy 4(r7r') = —6(r — r'). The solution can
be given as ®(r) = [ dr'Go ,(rr')v(r').

Here one can deﬁne Hartree-Fock Green’s function as

(€ —hoq) Gog(rr';e) = —6(r — 1)

Note that the Lehman representation of the Green’s function, with use of the orthogonality of the
wave functions Y, ¢, :(r)¢; (r') = é(r — r'), can be expressed as

icall
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Therefore the solutions of above two equations can be given as

6¢g;) (’l") = /dT’Go,q(T‘r'; iw + 61

- 1

v+ Z 5h°‘1 } q,i(r")

jEall q

;
5g25((:;) (r) = /dr'GO,q(rr'; —hw + €; {v”t + Z 6h0 Oho.ql] 6@1} bq,i(r")

/ Z ¢q] () [Uﬁmt + Mép /-I T bg,i(r")
_ dpgr ! J "

jean € F’+hw [

q/
With use of the Skyrme interaction,

oh q l(Sh' »q q.1 !
S50 65(r) = [ ar gy, )

— (B3 + dqq' Ba) dpg (1) Ayg,i (1) + (B3 + dqq' Ba) [2i6jq, (r) —Vopy (r)] Vg.i(r)

+(2B1 + 04q2By + (a + 2)(a + 1) B7p®(r)

+a(a —1)Byp™? qu,, )+ 20B5p™ (1) (g (1) + py(r)) + 2Bsp (1), | pyr ()6.4()

+ [(B? + 5qq’B4) ((STq’( ) + ZV-5]q,( )) (2B5 + (Sqq’ QBG) A(Spq’ (T)] d)q,i(r)

= 2byq 0pg (1) Ady,i (1) — 2byq [2i6jq, (r) — Vopy (r)] Vgi(r) + age (r)dpg (1)dg.i(T)
—2bgq (6771’ (r) + N-(qu, (7')) d)q,i(r) + (quq’ - qu’) Adpy (T)(z)q,i(r)

Therefore

[ art i) T s 6,007 = [ a5 530 ()
b [, ()00 g A ()
/dr 03,50 (V= ) 000" by 2005, (1)
/dr o (‘\7 + V’) b0.i (1) Vpg (')
+ / ar' gy ;') (8 + X)) 0,00 )bag 0p0 (1)
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And also

Then one can get

5. (

5o (r) =

5h07q [p]

py

/dr Zd)q,

j€all

/dr ZQSM

jEall

/dr ZQSM

jEall

/dr ZQSM

j€Eall

/dr Zd)q,

j€all

/dr Zd)q,

j€all

/dr Zd)”

J€E€all

/dr ZQSM

J€E€all

/dr Zd)q,

j€E€all

/dr Zd)q,

j€E€all

/dr Zd)q,

j€E€all

/dr Zd)q,

J€E€all

t
(5qu:| ¢q,i(7") =

—61

TR el

/ 08’ 87 ()b () atgyr (') (')

vé00)

*

+ / A8’ 8 () g s (7)o D S ()

+/w¢

g

+/dr’¢>;’i(r’) (5 +

oh
- /drl¢;,j(rl) O’q[p](qu’(f)q,i(rl)

! ¢;,j (r") ((vl

i —€; — hw

26

(') (‘ﬁ - V’)
() (V+7)

Spy
: — (7 g i (7)o"
ﬂ ") ¢a,i(r Zaqq
*hwd) ()i (7
ﬁ(ﬁ‘”( ) (B +2) ¢yt
et (74 9 ) st

V) 6yt

¢q,]’ (T

¢QJ

Z)) Pq.j (rl)bqq’ dpg (rl)]

r')opy (7

L 2007 (r')
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Here we define the transition density

pe(r,t) = Zdﬁ,‘q 73 )¢q,i(71)

Z ¢q (1) dg.i( = py(r)
ety {¢q7i<r)(s¢;;} (1) +04(r)0gy" ()} = e top, ()

+h.c. - ei“’t(sp;(r)

Linear responce equation

5py(r) = Z{as* (1365 (1) + 64, (r)dsly)" () }

i€Ebound J€all

+ Z Gqi(r hw¢ (1) dg,i(r") Z(qu’ (r")dpy ()

j€Eall q
+ 3 dylr ﬁas;j(r'm,i(r') 3 b Dby (1)
j€Eall E ) q'
Y 00y ) (54 B) 00a0) 3 by ()
j€Eall €i q’
+ Z bg.i(r ﬂ (v +V' ) bg,i(r") Zcqq/V+6pq/ (r")
j€Eall q
+ 3 bai(r ﬁas;,j () (V' = 9") 00i(r) Y bayr 2083, (r')}
j€Eall ! ) q'
+¢q i { Z qu i qu 7 %W¢Z1j(7l)vemt
j€Eall E )
1
2 03480 () 90 (1) 2w (M) ()
j€all ! q'
1
+ Y 6ri(r) g (r m quqA+5Pq( )
j€Eall
1 1
+ Z ¢y.:(r") ((Z + & ) Gq,5(r )m quq dpy (r
j€Eall
1 1
+Z¢;,q ((v +v))¢q1 m Zcqq Vi opg (r')
j€all
+ Z g (1 (v v ) g5 (7 7*( T he Z bgq 2167 4 (7 } ]
j€all
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Here one define the responce function

Z Z { (r)¢q,5 (T )%Mﬂsz,j(w)é,@(?")@sqn(?")

€; — €;
i€bound jEall 7 v

+¢;,J«(r)éa(r)as%,:(rw;,i(r')éﬁ(r'm,j(r')ﬁ}

= {¢Z,i(r)0a(r)Go,q(rr'; he + €)05 (1) dg.i(r') + & (1) O (1) Go, (r'r; —hw + €)Oa (1) by i (r )}

i€bound
— papf I,
= Rgl,(rr';w)
where

Ou(r), 05(r) € {1,% +V.¥ 954 K}

The linear responce equation is

0paq(T Z /dr Ri(rr'sw) > ol (1)0p, (r') + R (rr'sw) 12“(7")}

q

3.5.1 Strength function and energy-weighted sum rule

The linear responce equation becomes

0paq(T) /dr Ry (rr';w)ol™ (r')

V5 o i S e

1

q

/dr Rf)“q(rr w)oe™t (')

+> / dr' / dr'" | Ry (rr'sw) S° 0B (# )RS (7' w)ug ()
. : "

+ Z /dr /dr” . (”6 (rr'; w)ngh”q,(r’)RQ’B (r'r"; w)nghﬂlq (r'"y -

BB q’ q"

The strength function and its energy-weighted sum are defined as

1 ext,*x
—;Im drvy L (r)0p1 4 (1)

Sq(hw)

1 ext,*
= —;Im drog™* (r)

/dr R(ljlq(rr w)v”t(r)

+y / dr' / dr'" § Ry (rr'sw0) Y ol (r )R (1 w)osE () 4

R . "
= ——Im/dr/dr’v”t* )Ry (rr';w)oet (r')
722 Im/dr /dr /dr” extx( (rr w) JZh’qql (r')Réi1 (r'r"; w)ogt (r")

1 ext,* 11 ezt ezt* 1ﬂ ph,qq' Bl . ext
= ——Im(uy™" Ry ZZI Ry w)ub™ " Ry Gw)vgt)

q
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The contribution for the energy-weighted sum of the first term is

q

i [T e [ars ¥ z{ R )63 ) o ()

i€bound jEall

—Im/ dww ezt *Rll ( ),Uezt>

1
* ext,* * ext
07, (1) ()05 () () e }
:—Im/ dww Z Z| v )] !
F*F*h&)*?(‘ € — € + hw — ie
i€bound jEall
1
— 1 d ezt
m/ we Z Z 1721 {qeihwie}
i€bound jEall -
:—Im/ dww Z Z wet ) )?h ¥+i7r6(6j_6i—w)
—5 A
i€bound jEall h
= > D (e [(ilog ™ 1P =D (ep — en)|(hlvg** p)|?
i€bound jEall p,h

Or} the other hand, the double commutator relation of Hartree-Fock hamiltonian ilo and the external
field f becomes

O [£. [ho. £] 10y = S0l [, Iph) (o1 [, £] ] 10)

p.h
= Y (01fIph) (phl [ho, F]10) = = S (ep = en) (BIF P
p,h p,h
where
holph) = (¢, — €n)|ph) hol0) =0 (Olf|ph) = frp = (hlfIp)
i70 Zel : (’ e = Zep »p — Z%bl,bh f = Z fl-j(:i(:j
h i,J

And also, one can get from the coordinate space representatin Hartree-Fock hamiltonian,

2

o[s foJ -

V1)

Therefore, the energy-weightes sum of the first term can be obtained as

—Im/ dww (v ewt *R(lj}q( Joeety = (0| [quwt7 [ﬁ07f/qezt:|:| 10) = —(

q

[V,Uezt]2>
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The contribution of the second term is

—ZZIm/ dww ”t’*Réi(;w)vgh”qquO’B’]q,(; w)vett)
_ZZ | 1" ezt* R ph,qq' (. .1\ pB1 100, ext
m dww dr [ dr' | dr'v )Ry, (r7'; w)vg M (r') Ry o (r'rw)vg (r")
= Z Im/ dww/dr/dr aqq ( /dr” e (P Ry (rr' s w) R (' s w) vl (')
—1 d d dr'b d
+%:7rm/0 ww/ r/ T byq / T
+lem/wdww/dr/dr’b /
" m Jo . . a
+Z—Im/ dww/dr/dr Cqq’ /dr”v”f’k (]]V+(rr w)ROV’;,](r'r” w)vert (r')

+Z—Im/ dww/dr/dr bag [ dr'vi™t (v (1]vq (rr';w)RZ;](r’r";w)veft(r )

"y ”t* R(ljlq(rr w)R J(r'r"; w)v;,“(r )

"y ””* (]]Aq(rr w)RO ,(r'r” w)v;;”(r”)
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where
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Appendix A

Isospin operator

If we consider only neutron and proton system, isospin operators have the properties as

.2 1/1 . 1 + (g = n: neutron)
t = — — 1 tq = :*:_
la) =5 <2 + ) @) =) 2q>{ ~ (g=p: proton)

where t = %T. 7 is the Pauli’s spin matrices.
So

[Ti, 7;] = 2i€;j i (Iti,1;] = iesjuts)

The isospin ladder operators can be defined as

s b o tylp) =1In) i-lp)y=0
Py =1, +if { ' L
v Pln)=lp) iiln) =0
A.1.2 2 particle system
PN PN PN A 1 . . P PN
ti-ta = tialon + iylay + ti2lo. = B (fiptae + t1_foy) + t12tos
ity = 2(hipta +Efoy +281.152)
(nn|mi-mo|lnn)  (nn|m-menp)  (nn|m-melpn)  (nn|T-T2|pp) 1 0 0 0
(np|mi-Ta|nn)  (np|mi-ma|np)  (np|Ti-me|pn)  (nplmiTalpp) | [ 0 -1 20
(pn|mi-o|nn)  (pn|m-m2np)  (pn|m-T2lpn) (pn|T-T2|pp) 0 2 -1 0
(pplmi-m2|nn)  (pplTi-m2Inp)  (pp|T1-T2|pn) (pp|Ti-T2|pP) 0 0 0 1
. oo no_ 1 (¢=4") 1
179 = (qq'|T1°T2lqq") = 204y — 1 = { (q#q) _1
T = 4+t
.2 - - - - PO 3 1 .2
T = (t1+t2) :t?+t§+2t1t2—§+§+1+2 — ‘IA'1‘IA'QZQT -3

TT:)) = T(T+1)[TT.))
TT:)) = T.|TT.))

5 (Inp) = lpn))

Sl

[L1)) = |nn),  [1,0)) = \np +lpn)),  [L,-1) =pp), 0,0)) =

%|
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By using these kets, the matrix elements of 7y -5 become

T+ 17 |1+ 1)) (14 1]7-72]1,0))
(1,07 -12|1 + 1)) ((1,0]T -m2]1,0))
(1 =1jm-m(1+1)) ((1—1|r-712|1,0))
<<0,0|T1'T2|1 + ].>> <<0,0‘T1'T2‘].,0>>

((T+ 17121 —=1)) (14 1|7 -72/0,0))
<<170‘T‘['7—2‘1_1>> <<10|T]Tg|00>>
((1 =1l -m2[1 = 1)) ({1 — 1|1 -72|0,0))
(0,0 721 — 1))  ({0,0]r1-72]0,0))

A.2 Exchange operator

The spin and isospin exchange operators are given by

P,(12) = (1+71:72)

DN | =

(1+0’1'0’2) P.,—(12)E

DN | =

because spin, isospin operators Ty -T2, 01-02 can be expressed as
6162 =2(81182_ + 8§1_8aq + 251.82.), T1-To =2 (£1+£27 + £]7£2+ + 2£1:£2z)
then

P,(12)|o102) = |o201)  P-(12)|q1q2) = |g2q1)

34

O OO

oo = O

O = OO

o OO



Appendix B

The Density Functional Derivatives

The density functional derivatives can be defined as

SF[f(x)] Flf(z) + ed(z —y)] — Flf(x)]

6f(y) - €
Example(1)
Flo@)] = ple)
@] Flple) + edle —y)) - Flo()
p(y) -0 €
e o) £ e )~ pl@)? | 2~ )ola) - E0 e —y)
= @ -yol) |
Example(2)
Flp(z)] = [Vop(a)]’
SFlp@)] . Flple) + (e —y)] - Flp(e)
oply) €0 €
iy epla) + Vbla =) = (VoI 2Vl V8la =) = (o8l =)

= 2Vzp( )Vad(z —y)

Then we can get the result

/dy 6F[p(z)] 0p(y) = 2V.p(z)V.op(x)
ép(y)

Functional derivative of the current density term

Next, we will show the special example, we think the current density.
The current density can be defined as

. 1
](CU) = Z (v'rp(m7ml)|r’:r - Vm’p(xleﬂm’:m)
57 (x) [ a8 ) [ [ a0 5 st
dy— ) = dy2j(z)—=46 =2j(z dydy'§(y — : )
[ o = [ a2 s =20 [ [ duay'st ) D50t
Because the right hand side of above should be 2j(x)dj(z), then
6](:17) 1 ! ! ! !
=—=(0(z' —y)Vi0(z —yY)|ar=2 —6(x —y)Vad(z' —y')|a=2
S = 5 6 —1)Ved(w = 9)lms = 8o = ) Vard(a’ =)o)

35



= 2% {V.op(xa') — Vadp(xa)} |o—e = 5j(x)

Functional 2nd derivative of the current density term

//dmldmf(ml) {/du% (y } ) //drldr2 { 1) ;1332)(;(.7:2)} 87 (x)

N / / iy [f(ml)%( a' = 12)Vaed(x — x1) =0 — 6(x — 21) Vo (o' m2)z’z)g(m2)j| 8j(x)
= 1[0 (7 7)o = [0 (7 - ) o] -0t

Example(3)

By following these rules for the calculation, we can also calculate the 2nd derivative of p7 in the energy
functional with the Skyrme effective interaction.

//dTldTQf 1) V W@ } ) //drldqu«l )[ (2)0p(x) + p(x)o7(x)] g(2)

V /drldrgf 1) 5T (z) } o7 ()

= - [AU@ate) ~ £) (A + A) g(x >} Sp(x) + f(m)g(m)§ (Adp() — Ay dp(x))

If the last line is in the integration f dx, the partial integration can be executed as

1

[ s[5 [AU@aG) - 1) (54 B) o) 80(0) + 1(olale) (A0pta) - As0(0)

[ 80(2) + 5V (£@)g(a)) Vép(a) + 51 (@)g(a) Ay 5p()
)

- [ e |5 U@ Voot + 5
( ) a(a)] (a) + 3 D)a(a) 1 o)

:—/ “ (‘€+T/’) ]vap)

Here we use

(z)
N+ X

f(z) (K + Z)) g(z
3 [f@)

//

! 1 ! !
7(#) = VoVaop(aa) e =+ (Bp(@) ~ Asp@)  where  Ayp(e) = Auplaa')los + Aplaz)ms
1
01(2) = VoV dp(xx')|pr—a = 3 (Adp(z) — Ay dp(z)) where A dp(z) = Apdp(xz') =2 + Ap0p(22") |21
Example(4)

//dT1dT2f ) V # } w2 = [ [ dnsdoafon) w]wz)ummp()wp( 2)3p(x)] 9()
)9()Adp() + A (f(2)g(x)) dp()

If the last line is in the integration f dx, the partial integration can be executed as
/dfv [f(@)g(z)Adp(z) + A (f(z)g(z)) dp(z)] = /dm [V (f(z)g(z)) Vép(z) = V (f(z)g(z))-Vip(z)]
- / [=27(2) (¥ + ) g(2)-V46p(a)

36



Summary of examples

/ 6!’ T1T2 6p { dzp(z)7(z )} 69(3/)} g(x2)
- /d [ [ (‘W + ﬁ) g(z) } Vép(z) — 1 {f(:v) (Z + —>) g(az)] op(z) — —f(w)g(a:)A+5p(g;)}

//dmldxzf(

//dmldxzf(
//dmldxzf(

/ 5!’?‘1 2(5p {
/ 5!’7“1 2(5p {
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B.1 The energy functional with the Skyrme interaction
Skyrme effective interaction is given by
o(r, ) = t0(1 + 20P,)0(r1 —12) + %3(1 + 23 Py)p"5(r1 — 1)
2 (1 + 1 Py) (k + e ) o(r1 —ra) + (1 —|—a:2P,,)(E-5(r1 — 7'2)?
+iW00'-% x o(ry — rg)?

(V1-V2)

where & = > (v)l 77’2) is the relative momentum operator acting on the right, and % =
is its adjoint action on the left.
The 2nd quantized Hamiltonian using 2-body interaction is given by

1
2i

Z / dript (ror) ;—ZjVQw(rm')

+> ZZ//drdr Yoyt ('o' o(r, P ) (r'a' T ) (ror)  (B.1)

oo’ 171!

and its expectation value in the ground state is given by

(Ho) = > Z//dmdrgT(l,Q)p(Q,l)
+— Z Z //dn dr4(12]v12(1 — P)|34)p(3,1)p(4,2)
+— >y //dn Ar 4 (12|vpair (1 — P)[34)205045%(1,2)5(3, 4)
= > (H); +(H)
7T\ 1 (r) ~ 2
() = [l + B+ B Y ) = b (-2 /d’";pq(’“)
(H), = / rBsp )—j ( ] B = %to(l + %wo), B, = —%to(ﬂfo + %)
1 1 1
() = [arB Y loy(r)r(r) () B = gt gr)+ b0+ ge))
q 1 1 1
B, = —Z{tl(:m +§)—t2(ﬂf2+§)}
(Hy, = /qup(T (r) 1 1 1
Bs = —qpi3t(l+gm) —ta(l+ 5m)}
(H)s = /dTBG qu T)Apy(r 1 1 1
B(; = E{&fl(.’tl + 5) + t2($2 + 5)}
(HYse = /dT(B7pf’+2 + Bsp®( qu B; = %m(l + ;ng) Bg = —%m(m + ;)
1 1
(H); = /dng{(p(r)V-J(r) + j(r)Vxp(r)) By = fEW, Big = Ztozo, By = *Ztm
. 1 1
+ D (g (1) VI, (r) + 5, (r)Vxp, (1)} Bz = gytars, Bz = - s
q VJ(’I‘) = 77:Z€i‘7‘kvivgpk(’l‘,’l‘l) pr—p
(H)s = /dT[B10P2(T)+B11 ZP;(T) ik
: m(r) = V-V'p(r.r'),._,
+  Bizp®(r)p?(r) + Bizp®( qu j(r) = %(Vp(r,r') =V'p(r.m") |p_y
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B.1.1 2nd derivative of the energy functional with the Skyrme interaction

[ rigir)

5 (H)
Z/ O a0y (r2) <r2>] 94(r)

/drlfq(rl) Z /dr26p

q

5/Jq (r- )(qu (TQ)_ gq(r1) = /d’l“ {fq( ZQ{Bl + 0gq B2} dpy (T )}

q'

'/drlfq(rl) Z/ m50q’(r2) 9q(T1)

= [ar[smam Y (-58) Asdoy 41,0 (5 3) ) S (580 ) b0 )

q' q'

+fy(r ((5 + V’) gq(r Z —B3)Vidpg(r) + fo(r ((ﬁ V’) gq(r Z (éBq) V_dpg (r)}

q' q'

/dqu T1) |:Z/d’f‘g Spo(r 5pq( )5pq (Tz)] 9q(T1)
= [ar[1ar1ar) S (= 5008 ) Asdp(r) + 50) (54 B ) ) (= 50001 ) 3o

q' q'

+fo(r (1v + ﬁ) 9q(r Z —0qq Ba)V46pg (r) + fo(r (v v) gq(T Z <_%5qq’B4> V_dpy (7')]

q’ q’

/d’f‘]fq 1) Z/demfqu (Tz)} 9q(T1)

/dr {fq ) (V+9) gy(r Z —2B5) Vidpy (r)}

/drlfq T1) Z /d 2m50q’(7'2)} 94(T1)
/dr {fq (% + ﬁ) gq(r Z —2044'Bs) Vidpy (T)}

/drlfq ) Z /dr26p opy (T2)} 94(T1)

o 6/’q (7r2)

q'

=/dr[fq(r)gq(r)z{37(c«+2)(c«+1) *(r) + Bsala — (qu )

+2Byap” " (r) (py(r) + py (1)) + 20,9 Bup” }m/ (r)]
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Then summarized the calculation as,

/dqu T1) Z/dm H) pq (12)

T
5pq 1 5pq (r2) 9a(r1)

—_ 1

= /d’r [.fq(r)gq(r) Z(qu' (r)dpy (1) + fo(r) ( + Z)) 9q(T quq opg (1) + fo(r quq Aydpy (r)

1

q q'

+£0) (¥4 9) 00() D caur Va0 (1) + £,r) (T = F) 94(1) Y ba V- 0pe ()

q'

where
Qg (p(r)) = 2By + 20,y B> + Br(a +2)(a + 1)p%(r)
+Bya(a— 1)p (Z i ) +2B3ap™ (1) (py(r) + pyr (1)) + 28,0 Bep®
(a=14") Fto(l —z0) + (a +2)(a + 1) 15t3(1 + 533)p*
- — bt (25 + 5) (a(a—l) 2N 2+ dap” oy + 207
B (a#4q) to(1+ 3z0) + (a4 2)(a+ 1) F5ts(1 + Fz3)p™
—Lta(zs + ) (ala = 1)p> 2 8,0 2 + 2ap°)
1
bqq’ = *§(B3+5qq’B4)
_ { (q:q') %(f1(17T1)+3f2(1+’1‘2))
(¢ #4q") %{1‘1(1+ T1)+7‘2(1+ 5%2)}
oo = —(Bs+2Bs) =84y (Bs + 2Bg)
(¢=1q") —15(ti(z1 — 1)+ 92 (22 + 1)
1

_ { (t1 )
(@#4q") g{ti(L+g521) — 3t2(1 + 5a2)}

In Sagawa’s paper, he defined

P = Pn+ Pp; Pt = Pn — Pp
p? = pf, + P+ 2pnpy, pi = Py + Py — 20npp

- quf (0" + 07)

and using

T1-12 = (qq'[7 T2lqq’) = 20, — 1 = { (q ; 7) 1

Then the residual interaction a,b and c are expressed as

301 1 .
Qg = Zto + ﬁtg(l + 2x3)(a + 2)(a + 1)p(r)
1 1 1 _
~1ats(@s + 5P — ta(2ws + Dafa —1)p" 2(r) (0° + p})
1 1. . (1 1 1 .
—6t3($3+§)aﬂ (r) 5(1+T1'T2)(2/Jq—9)+ﬂ =TT Zt0(2$0+1)+ﬂt3(2$3+1)ﬂ

4 48" 48 24

3 3 1 1 1
= Zto+ —t3(a+2)(a+1)p* — —t3(2x3 + Dala — 1)p* 2pf — 111 <Zt0(2$0 + 1)+ —t3(2z3 + 1)p”>

—ts(2rs + o (1) 5 (14 77) (20, ~ p)

12
1 1
bqq’ = _ﬁ(?)t] +t2(5+4ﬂ?2)) +T]'T23—2(t] (2:17] +1) —t2(2;l?2 +1))
1 1
Cqq' = 3—2 (3t] — t2(15 + 12:172)) —T1- TQ@ (t] (1 + 233]) + 3t2(1 + 2332))
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where one used a below relation too,

patpy = (Ogg + (1 —2549)) (pg + pgr)
8qq' (pg + pgr) + (1 = 0qq ) (pg + pgr)
= 2040 pq + (1= d4q)p

= 040 (204 —p) +p=

(1+7m2) (20, —p) +p

N | =

B.2 Sum rule with the Skyrme interaction

Hartree-Fock mean field Hamiltonian can be defined as

hur = // drldmiﬂ(m)%ﬂ’(ﬁ) = // dTﬂM%W(HW(M)

Residual interaction can be also defined as

. 0%(H)

6p(r4r1)6 (r3r2)

U T st vy P
= 3 [ [t i) S ()

Here I note that field operators take “Normal order”. So the expectation value for the HF ground
state is zero. That is

Y(r3)ih(ra)

% // dry - - dr gt ()0 (2)

(Olhpr + hy|0) =0

B.2.1 Hartree-Fock Mean field Hamiltonian with Skyrme interaction

If one uses the Skyrme interaction keeping with the velocity dependent terms, the Hartree-Fock mean
field Hamiltonian is given by

hap = /dr l{% + ng(r)} 7(r) + By qu(r)i—q(r)]
o
+ /dr

where p(q), 7(q), and V() are defined as

2B;Vp(r)Vp(r) + 3 QBﬁvmwv/sq(r)]

{2Bp(r) + Bs7(r ) + Z{QBqu ) + Bary(r )}ﬁq(r)]

plr) = Zi/ﬂ =D hylr)

7(r) Zw* iy (r) =D 7y (r)
=3 i) (F+9) war) =Y Vi)

Important double commutator relations

OI[a(r"), [F(r), p(rINN0) = 2[p(r",r")Vi(r —7")-Vi(r —r") = Vp(r,r")-0(r' —7")Vi(r — r')]
| 0= (0|[p(r"), [A(r), p(r")]]]0)

=
~
ﬁ\
—
<
>
~
<3
N2
>
~
=
=
=
=
|
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By using these relations, one can the double commutator relations

(0] [F [E,HF,FH@ /drz{ 4 2Bap(r )+QB4pq(r)} pa () (VF(r))?

/drz{ | @10

where an 1-body isoscalar-type operator Fis given by

P [argir DI r) = [ dars)i)
( On the other hand, isovector-type operator is )

= [ar S 5o

Note that, by replacing f(r) with f,(r), one can get the double commutator relation for the isovector-type
operator.

B.2.2 Residual interaction Hamiltonian with Skyrme interaction

If one keeps same terms with the previous subsection, the resdual hamiltonian is given by
2 « N 22 « . A2
hy = /dr By o)) 3} + By Y a7 () — ()
' q
— /dr
+ /dr

where the current density operator can be defined as

BsVp(r)Vp(r) + Bﬁv/sqmv/sq(r)]

q

Bip*(r) + > Bajp(r)

. 1
i(r) =5 (W) Ve (r) — Vi (r)yp(r))
To calculate the double commutator relation, one prepares the commutator relations for each operators.

A =0
7). )] = 80 = ) (T (1)) — 01 () T )
(3. 5] = o (96 — ') (1 (rystr') + ' (b)) = 6 — ') (91 () V() + Vo ()b (r”))]

Further here one calculates the double commutator relation for the non-zero commutator relations.

("), (), 5] = Vo = 1) [Vo(r = ") (6 (") (') + 67 (")
S0 ") (Ve m)e(r) + 0t ) V() |
[, [im o)) =~z 5 =) {5 = o) (01 ) Vtr) - Vil ()0
(e = ") (8 () = ot ")) ]

And if one uses the relation as following,
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[A,[BC,D]] = [4,B][C,D] + B[A,[C,D]] +[A4,[B,D]|C + [B, D] [A, C]

one can get

O [p(r"), [p(r) 7 (r), A(r")]]10) (Olp(r) [p(r"), [7(r), A(r")]]10)
2Vo(r —r')Vo(r —r") (p(r)p(r',r") = p(r,v")p(r" 1))

—0(r" =r")Vo(r — ') 2p(r)Vp(r,r") = p(r,r")Vp(r))

Ol [, [3” @) o] 10y = o{de)-[a, [50).50)] | + [0 [§). 66] |- ()
i) p@)]-[i)aw] = @) s[5, 5] Flo)
= [wr r)-Va(r =) (p(r,1)p(r,v") = p(r)p(r’, 7))
S (5~ #)3(r — ) ol n") V()
—§(r —r'")Vé(r —r')
X (Qp(r,r’)Vp(r,r”) — p(r,?")Vp(r, r’))
—§(r —r")Vi(r —r")
X (2p(r,r”)Vp(r,r') - p(nr')Vp(r,r”))]

where
(0l [3r), 5] [im). o] 10) = 5[0~ #)- T8 — 2" (ol )l 7") — o)l )
+o(r —7') <i >
—§(r —r")Vo(r —r'")
x (o #) V(. 7") = S (s, 7)Y plr)

+o(r, ) Vp(r,r") = p(r, ") Vp(r,7"))
—§(r —r")Vo(r —r")

< (o, w")V plr,#") — S (") V plr)
+p(r, 7" Vp(r,7') — p(r, 7 )Vp(r,"))]

=l [i).50™)] - [5). 5] 10)

L) o6, i o] 10 = 5[50 w5 o) (rtrptr) - 3(T0(r)?)
= 0l [pe"), [3(r). 5] |- )0y

Then one can get the result
[ Jarar a0 56 (67w, 500 05 = 0

[ [arart sy fo 30| 0010 = ) (ptr)ee) - (900

[ Jarar g0l (50, [pmite) = 3. oe] | 0067 = 0 (z (Vo(r)* - p(r)m))
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Appendix C

Matrix element of the operator
the spherical symmetry

C.1 Spherical harmonics case

Scalar operator includes the Spherical harminics can be expressed as
Q(r) = Qu(r)YLum(?)

Matrix element of this operator can be obtained by the Wigner-Eckart theorem,

(n'l'j'm'\Q|nljm)

Z / Ar it jr (ro)Qr(r)Y Lyt (#)bntjm (o)

in

= () e [ e [fetg

In the case that Q(r) is the deribative operator for a radial coordinate, Q(r) operates only in [...].

~2

For example, in the case of lapracian i.e. QL(T) =A= ];(,?—:Qr — %—2

r
r r r Or? r2

Jrofesptsnt] - e[ (- ) ]

/ dr {qs;,l,_,., (r) ((f—; - l(l%l)) ut (r)}

The complex conjugate of this can be expressed as

(nljm|Q*[n'l'j'm') = > / Ar @} im (P)QL(P)Y 7,0y ()bt jroms (P7)

Y / G POV QL ()Y 1t (F) Bt (707)

r(r)

Pnij (1) }

N ()jm+M< —J;n —Z;\J Tjr';' ><l.7'|YL|lljl>'/T2dr{ :"’i(r) QL(T)%'I:' (r)
= (2w DY aivaler) [ a0 g e )]

where we used the 3-j symbol’s property, —m' + M +m = 0, and M is integer.

(7).7*m+M — (7)]’7me — (7),7‘7m

Now we calculates the quantity
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> Z (nljm|Q|n'l'j'm" ) (n'l'j'm'|Q|nljm)

nljm n'l'j'm

o (7 L5\, o .
=S X e () W)

nljm n'l' j'm’

/ r2dr '{ ;l';,(r,)QL(TI)¢RIIZ,,(TI):| / r2dr [MQL(@M}

r

T LY el

DIDIE

nlj n'l'j’

</ d{ 0 g, gy 2oty ) | g S D, 0 )

where we used

(=)2m = (=)™ (=)* = -1

(2 = (P = 1o () = (=)
then

(7).7‘+.i’72m’ — (7).i+.7"71 — (7).1’7.7"

And also

S QR -
-m' M m 2L +1

mm/’

C.2 DMatrix elements of the tensor operators

A matrix element is given by

(I'mi|Ypaellmg) =

_ \/(QL +1)(20 +1)

4m(20 + 1)

_ (_)ml\/(2L+1)(2147;1)(21’+1) (S (l) l())(]\L/[ ni,,

on the other hand, Wigner-Eckart’s theorem gives

Yy (7)Y 00 (7) Yim, ()

(LO : 10|I'0)(LM : lmy|l'my;)

RTINS A
Yol = ) (0 L) il

my

where (||---||) means a reduced matrix element. Then one can get

AL <)l’\/@“”(m;”@"“)(ﬁ 0 0)

and using the relation

=

Wi'NYLIlG) = (=) (25 4 1)5 (25 + 1)

j/ I 1
{0 3 bemin e
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From the property of the 6j, 3j symbol,

L1y (7).7‘+J" (1+(7)L+l+l’) o
} ( 000 ) N \/(2L+1)(21+1)(2l'+1)<‘71/2’] —1/2110))

—N
— =
. T2
o=

one can get

il = (o (1 ) DO ooy
= (=)imiHE (1 i (_)L+l+l’) \/(2j + 11)6(72rL +1) (j1/2; LOJj'1/2)

C.2.1 V and angular momentum

The goal is the derivation of

(U5'1Y La-VI|15)

by using
) rxL
V= ’I‘E —1 3
C.2.2 (/’m’\YL)\MV|Im>
0 L
I'm!|Y pan-V|im) = / ArYy,  (R)Y panr(7)- (fa L :2 ) Yim (7)
Sk a s ] 9 . . 1
= /drY},m,(r)Y”M(r) 7Y (7) e /drY},m,(r)YmM(r)-zr X LYym (F) -
where one can apply basic formulae to underline parts
i (7)== > (10 : 10[50)Y 1y (7) (Rose p122 (6.32))
n=Il+1
- H—l%Y (7) + A (7) (Edmonds p84 (5.9.16))
= A+ 1 U+1m\T A+ 1 H—1m\7T monas p -7
it x LY () = [61(1+1)(20 + 1)]% Z (10 : 10|n0)W (Inll : 1Y 1y () (Rose p123 (6.39))
n=I+1
W (inll : 11) is the Racah coefficient
[+17% Rk
= —l|——| Yurim(?)— 1) |=——=| Yu_1m(?
arss| Y@ - a0 |5 | Yo

Then one can get the result

" L1112 . ) RIZEE
¥ ¥im) = =[5 | v @ i) Vi) (57 7)
RE . ) /0 1+1
+ [2]—4—1:| [/drYl,m,(r)YL,\M(r)-Y”1m(r)} <E+ r >

One can give the explicit expression of [f drY)r, (F)Y pam (7) -Y””m(f)] by using the definition of Y as

Ak [ o A 14+m 20+ 1)(20" + 1)(2L + 1)(2A + 1) (20" + 1) 1
/dlr}fl’m’(T)YL)\M("')'Y”um('r) = (_) +m+M = :|

o U X L 10 L 1 U
0 0 O " X1 M m —m

46




From the Wigner-Eckart’s theorem,

[ —m' v L l /
(I'm'|Y pan-Vim) = (=)' < “m' M m ) WIY ra-V1iE

one can get (I'||Y-V||I).

(21 +1)(2L + 1)(2\ + 1)} H
4

G (4305 L (e
oo (13 9 11 ED)

(20" + 1)(2L + 1)(2\ + 1)} H

(1Y Lx-VIII) ()

= ()"

4

e (5355 ) (3
oo (33 5 (E1 ()

Applying the properties of the 3-j symbol and 6-j symbol, underline parts can be re-written as

I+ L+1 ll
e (g

1
\/2(2L F1)A+1)

(BL—A+1I(I+1) ,
><{\/ @ +1) (o 1 -1

~
N——
+
L
l
t
|
woj=
>
+
l
*
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(20 +3)(1 + 1)] <l0 3 1161){3 ,l\ lzl}
B S G | I R I G o
+( )’+L+1</0’ é g)(g] 3 g)(g) (1] 131>}

1
- \/2(2L+ DEA+1)

Il+1)BL—A+1) (1" 1 1 1 A+L+1) (0" 1 L
x{\/ ) <0 1 _1>+()L()2(A+L+)(l+l) oD (0 0 0)}

Then one can get

(Y a-VI|I)

_ 1 [@+1) :
- (| )]

” \/<3L(A21++1>I)<1+1><10 ! _Ll>+()L+1()%(A+L+1), (A;Tl( )M

_ l\/l(l+122(?i 1)/\+ 1) ( g i fl > 4 (2)F(m)EOHE (g 4 ) (/\(_leij;)l) < 7(; (]) g )] (6 %)}

(20 + 1)(20 + 1)} 3
8w

= (=)

X [(_)L+1(_)%(A+L+1) A+ L+1) ( l(; é S ) %+\/l(l+l)(3L—,\+1) ( g i L1 >

Next one can apply below formulae

- e (G4 ) ()
(—)l+l’+1 (1+ (_)L+1+1’) T B
R \/(2L+1)(2j+1)(2j’+1)< §§| 3 '3
(- (1+ (*)"Hﬂ') 4
- VERLF DRI+ D21 +1) 150~ 5

—N—
\.w\
S T2
NN
H/_/
/N
(e TR
O ~
o™~
N——
|

V2(2L +1)(25 + 1)(21 +1)(20' + 1)

, 1,1 1 1.3 .
X{()l““\/?l.7+§<.7§:.7’§L1> (—)7 9+ 35 — 20+ 505 7’*—\L1>

where
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()it 3j—2+ 4
20+ 1

—~
=
—_

N |
\
N | =
=,
N |
~
Il

N
~
SN
~
_|_ .
—|+
o=
—~
=
—
N | =
N | =
.
N
~
Il

C.2.3 Summary
Then one can get (I'j'||Y 1x-V||ij)

'Y gy = (cyttririibei il 0
'Y ix-Vilg) = (=) (25 +1)2(25' +1)

AR VP

N

0 1
Fl = +GiN=
U'j'ly or Uity r

Fidy = (2)TH(o)0eisn

21" + 1)(2 ]2'12 .
(l+)(l+)(3+ ]+}\/m{]llj

(25" +1)(2j + 1) A+L+1 L1
,/ L
2L+ 1) H' = 5IE0)

_ (7).7"*%(7)%(>\+L+1)

et [+ DR+ (241 jovl
Gz: iy = () |: . \/l 3L ,\_|_]) . j 2
— (,)jf%JrL I+ 127"+ 1H)BL—X+1)
- 167(2L + 1)
, 1.1 ,1 1
L, Lol 7+7+1
X{() (=) +i+505:4'51E) D45+ 5

Symmetry of these coefficients

—%(_)% 2)'+1)(2j+1) A+L+1),,1 L
FLN - (yi—g () 3L+ ( \/7 LS TP
Yl (=2 (2L + 1) 5 11— 3I10)
— (7)j*%(7)%()\+h+1) (25" +1)(25 + 1) \/m 1 i 71 20y

(2L +1) OB 2

y
= (=) '7FI'L]‘)71]‘

C.2.4 Application
The porpose of this section is to derive

WS Y n £ Y1 V),

by using (l’j’HYm-ﬁHlj) shown in the previous section.
Starting point is

<l-7.m|Yz>\M'ﬁ|l’j’m'>*
(M UGm[Y pa-n- Y |U5'm")*

<—>M<—>""‘< AP, )<zj|Ym-T7’|z'j'>*
ey () w S

Im/"‘g'YLAM \ljm)

-m' M
Next one spplies the Wigner-Eckart’s theorem to the right hand side,

. . N i L . .
(U''m' |V Y panlLjm) = (=) (_Jm, M ,Zl)a'ﬂ‘v-mu.n
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Then one can get

1Y 1al|1) (=) G|V 1a- V)

* 5
- 0 1 0 1
= (—)7 a |:F1]-I]‘l)/\ a +Gl_]l’ /_:| F‘l{l%\l]a +( )7 7 Gl]]’ /;
Finally,
- —
. . 0 1 ] 1
(lIJIH(v'YLAiYLA'v)HlJ% = (F,,L%‘,Ja + (=) 7G1;l";> (FyL)'\l]a + G yar, )
TR —
0 0 1
Fi (E + E) + (( iGN+ Gl ,1]) -
(=)' Ghb
o (@I EDE D@ D@D i1l
=(-) { - \/ll+1)(3L MDYy o1
1
. [R5+ D)2+ D@2V +1)(20+1)] 2 A
8T J
_ Ly [ DR+ DE D+ DEL A+ 3
B 8w
jl ll % ll l L B jl ll % ll
x| L(L+1){l i Lflo o o Wbyt 5 11l
1 _ LIL+1)(3L - A+1) )
_ 3041 L) LI+l ~L)
—(*)2( + )\/ N+t L+1 Fuog — (- Gy yar
1 _ 3L—-A+1 )
= (*)Q(HLH » [f} F}'Lj)'\lj (— )L+l+l Gl’ yar
Therefore
13n41-n | 3L —A+1
()7 Gl 4 Gl = (RN BRI R () G
_ £)LA
= Kl('.i')lj
Symmetry of Kl(,f,)l;’)‘
KB = ()Gl £ Gl = (=) (( YT Gl + Gl ,,J)
= H(=)" 7Kl(, I)”
C.2.5 Matrix element of (I'j'||V-Y,V||l5)

n=Il+1n'=l'+1 21 + 1)(2ll + 1)

X (=) ) / 08 [V oy () Vit ()Y 1, )]

<_

0 [T 3" —n' +1

9 o \Ewr-np2 Tl
% [(31“4_( )? 2r )

where

a0

H
3 + (- )%(n -n3l-n+1
or




/df" [Yﬁnfm;(f).YLM(f)anml(f)} = ()it (2L+1)(2l+1)(2114:1)(2“1)(2nl+l)r

XLn’n " 1 L I 1 L
0 0 O n n 1 -m; my M

On the other hand, Wigner-Eckart’s theorem gives

SO G Il G KU\ ST

m; M
' I I L
_ \L+l-m ' .
= () ( ot M><z|‘€ YLV |1
Therefore one can get the result
PR = (0O 3T W+l + D) +1+D)RL+1)2n + 127 + 1)
' 167

n=Il£1n'=l'+1

1 / L 7 ! 1 L
Nz (n+n') non
(=) (0 0 0){77 7' 1}

Using 3j,6j symbol’s properties, one can get the relation
L 71 7 ' 1 L _ (_)1+1+1’[ L v I 1
0 0 0 n n 1 B 0 00 0 0 O 0
' L 10 e 1 1 n
_ _\L+n+n
(1+() )(01—1)(—101)(1—1 0)]
e N P e i+ + D +1+1)
2 0 0 0 QU+1)2n+1)(20+1)2n+1)

n+n’ L 1 7 B'—n+1)Bl—n+1)
+ (1+(—)L+ - ) < 0 1 -1 ) \/2(21/+1)(2n'+1)(21+1)(2n+1>

Then

n=Il+1n'=l'+1

, B el 2L +1
<I H$YL$HI> - (7) * g\/ﬂ(21+1)(211+1) Z Z
l
0

I'(; ) (' +U+ D +1+1)

ALY Oyt [BF 7+ DB+ D07+ T+ D+ L+ 1)
B ()
+(1+() )(0 . _1>()2 \/ 2
¥l —=
X 2 +(7)%( y ])3[’_7]’+1 2 +(7)%(ﬂ*l*1)3l_n+1
or 2r or 2r

For any n(=1x1),n'(=1' £ 1), under line part of above becomes

\/(31/ — '+ D)Bl—n+ )+l +1)n+1+1

5 ) _ NCIEAESY

And by expanding summation above,
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GBI
1 2L+ 1
:()L+l§\/7r(2l+ 20 +1) 22

n=l£1n/'=l'+1

x[(é é I'(; )(—)"“(n’+l’+1)(n+l+1)

(o) (54 Yo )

H
g + (- )%(W*lfl)?)l—n-‘rl
or 2r

PN 2L + 1
= ()3 m(20+ 1) (20" + 1)

I e (L1 1
0 >(l’+1)(l+1) gLt < 01 ) \/2l(l+1)l’(l’+1)}

=Ne

o -

( o
+[<é’ é ’0'>(z'+1)l+5ij,f,ﬂ’<g i >\/21l+ l’l’+1)] <;3—T+2> [(g—“;l)
+[<§ é l(;>l’(l+1) 5’;@;’(8 i >\/21l+ l’l’+1)] <(§—T—l'jl> Kng%)
+[<§ é 10> 5’;’:;’(5 i lll>\/2l(l+1)l’(l’+1)} (g—l':1> Kg_l“f) }

o 2L +1
=) Ar(20+ )21 + 1)

ordr Orr r or 72

L Ly, v (L1 0 __
0o 0>l(l+1) bl S \/21(l+1)l(l+1)}

97 Gi+1 r+19 IERNUESY

I —=
L v / ygr (LU T "7 90 01 Vo I
{[(o 0 0>(l+1)(l“) 5eve"<o 1 1>\/2l(l“)l(l+1)] gror T orr ! ror
Y Y —=
L1y, pasr (L1 1 B l+1 '8 ll+1
I+ 1)1+ 61 AT+ DI +1)] |—— — = e
+[<000>(+)+m"<01—1>\/(+)(+)] aror or r ' ror r r
< 99 91 418 W+

Ll pesr (D10 _
AR L2t QAR RV [V Y

(L 1 l/)??’(L l >\/2ll+ (I + 1)
0 0

or or 01 -1 2

}

()l\/(QL + 1)(21:1: D(20+1)

Thus finally, one could get the result

GIBAYINE (_)l\/(QL +1)+1)(20+1)

98 L1 r \VACEDIT 1)
47 Or Or 0 -1

L 10
0 0 0 T2
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Appendix D

3j and 6j symbol

D.1 Clebsch-Gordan coefficient and 3j-symbol

The definition of the relation between clebsch-gordan coefficient and 3j-symbol is given by

Ji J2 J3 _ (*)‘717‘727m3<. < jamaljs — ms)
mi; Ms M3 - w Jimy t Jama|)3 — ms3

D.1.1 Symmetry property

Clebsch-Gordan’s coefficients have important properties

(jima : jama|jama) = (=) T2 (jy —my ¢ ja — maljs — ms)

and

= ()T (Gamy ¢ jima|jama)

2j3+1

(jimy @ jama|jams)
1/2

= —jlim] - .m :._m .‘_m‘

(o (B0 G s =l = )

. 2js + 1\ L
— _)J2+ma2 g — T doMme —
(=) <2j1+1> (J3 —m3 : jama|jr —ma)

These properties can be expressed by 3j-symbol’s language

1 J2 J3 = (o yirtide 2 J J2 J3
mi Mo 13 —mq —1ms9 —1ms
— (_)j1+j2+j3 j] j2 j3
—m —1ma —1ms3

Note that when j; is integer, mj is also integer. Then (—)77* = ()% and (—)*™* = 1.
And also when j3 is half-integer, mj is also half-integer. Then (—)"?™s = —1 and (=) 7' = (=)’. So

in both case, jz is integer or half-integer,

_\iitje—Jgs—2m3 _ (_\j1+J2+j3
(=) (=)

Also 2nd properties of CG coef. can be expressed as

jl 'j2 ‘h — (,)*.7'1 —Jj2—7J3 j2 jl 7‘3
mi mo ms ma m ms
—  (—)iia—is i Ja Je

mi mg mo

— (o) iides Ja J2 J
ms my mq
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In addition, the desired recursion relation for the C.G. coef.

v/ (jz F m3)(js £ ms + 1){jim : joms|jamg £ 1)
=/ Fm1 + 1) (1 £ma)(Gimg F 1 jamoalisms) + /(2 F ma + 1)(jo £ ma)(jimy : jama F 1[jams)

In the 3j-symbol’s language, this relation can be expressed as

V(s F ms + 1)(ja £ ma3) ( G )

mi mo ms3 = 1

_ - - Wit Jo 73 - _ Wit Jo J3
ViFmanGEm (0 B G (2R k)

If one puts j; =1',m; = 0,j2 =1,ms = 0,53 = L,m3 = —1, and takes lower sign, then one can get

L(L+1)<]Olé€> = l(l'+1)<llléL1> l(l+)<g i L1>
D.2 Racah coefficient and 6j-symbol

Racah coefficient and 6j-symbol can be related as

{ o }—(—)J‘“ﬁ““QW(m7j27l2,11;j37l2) Edmonds p97 (6.2.13)
‘1 L2 L3

memao....

[61(1 + 1) (20 + 1)]*2 (10 : 10|n0)W (In11 : 11)

= (L) [6l(l+1)(2l+1)]1/2«/2n+1((l) : g){ Lo }
_ () [6l(l+1)(2l+1)]1/2\/m< Lo ){ b }

=6l + 1)@+ 1] Vel Y

mi=—1,0,+1

5 l 1 1 1 11
my m -m; 0 my m; —mp O
= [61(1+1)(20 + 1 ]1/2 Vo +1

) ()

= (- 2l(l+1)(2n+1)< } fl 0 )

__\/l(l+1)(3ln+1)_{(n=l+1) —l/ 5t
(n=1

2(20 + 1)

/—’H
[\
7N
o o~

54



Appendix E

Useful formulas

E.1 Reduced matrix element (I'||Y7||])

(I'm!|Yppllm) = /df“Yle, ()Y (7) Yo (7)
_jer+n@@+1, oo g
= \/mﬂﬁ S0[0Y (LM : lm|l'm")
B m QL+ +D)2U+1) (L 1 U L 1 I
(_)\/ 47 <000><Mmm’>

_ (_)m,\/(2L+1)(214;1)(2l’+1) <S é g)(;;nl ]\Z T;)

Wigner-Eckart’s theorem is given by

Iiml l’ L l
o Yuarlim) = = (4 ) il

Threfore

E.2 Reduced matrix element including the spherical harmonics

Next one calculates this value

/ d'f’Y;nrm; ('f') 'YLM("A‘)YZU"H (’fl)

Here the vector-spherical harmonics is defined as

Yinm, (r) = Z <77mn : IQ\lmz>Ynm,, (F)ey

mn,q

= () Y e

my,.q

Therefore
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/de,*,n, () Yo ()Y 1m, (7)

I+ D+ ><—)'+ml+"+mv

XZZZ< | _’;;”I ) < " ; _fm )/dfyn*,mn, (#) Vi1 () Yy, (7)

my
myr my

(20 + 1) (20 + 1)(—)Hmetl+me

! !
y'm (0 Lo n 1 1 L /
DD NE I (X | (S | (A S [l

m/'m,,

(20 + 1)(20 + 1)(=)ltmettdme ()L y=n—1

ro1 o7 n L 7 no1 1
ymn—a n+n +1+g—my—m,, !
DR HIE (o (B (o Y

my my

(=) = (=) = (=)™ (3j-symbol’s property)
(20 + 1) (207 + 1)(—)F tmw (=) A

, o1y L / 11
TI+U +1dg—my—m,y n n n n
PRRIE (R | (R A | (A [
, L I L 1
7 N Hmy o \LAIL '
20+ 1)1 + 1) ()" T (—) < e M my ){ N1 }<77|YL|77>

- (SR e (G )5 ()

)

E.3.1 The simplest way

E3 (I

™Y ram
= Z (Amy : 1g|LM)#Y\m, -€,

mx,q

A+1)? %
- Z“m“lq'LM){‘(n—H) Vs +(5757) Y”}

mx.q

= > (Amy: 1g|LM)(=)"

mx.q

A+1 3 . A 3 .
X {_ <2)\+ 1) Z:</\+ Limy 1= q[Ama)Yairm, + (2)\+ 1) Z(/\— 1,mjy : 1 _q|/\m/\>Y/\%m;}
MY

1
my

= > (Amy:1q|LM)

mx.q

A+ 1 B _ , A 3 . ,
X {(—2)\+3> Z:(A;_m)\ t1=qA+ 1, my)Vagi,m, — <2>\ 1) Z()\,—m)\ :1—g|A - 17m>\>Y)\]7m;}
'erA m

A

1
A+1 A 3
= Z <<2A + 3> 5A:L71(s ’)‘:MY)\—f-l,m’)‘ - <2A — 1) (SA:L+1($ IAMYALm&>

L+1\7
Sy — (EEIN s
A=L—1 <2L+1> A=L+1

Yim

o6



Therefore one can get

(l'm'|YL>\M-7A'|lm) = /d’f‘Y;/*m/YL)\M"f‘}/lm

= |:/d’fly}:n,f"Y;)\MY2’m’:|

L \? L+1\? o
-7 — | — — Y,
<2L+1> Or=1—1 <2L+1> 6AL+1‘| {'m' Yy, pm|lm)

E.3.2 Somewhat complicated way

On the other hand, one can calculate by another way. This way is rather complicated, but one can prove
this way is equivalent with the previous way as follows.

(l'm'|YL>\M-7A'|lm)

= /dfﬁQﬂYLMmfﬁm

A * l+1 % l %
= /d’l“Yl,m,YL)\M- — 21—+1 Yitim + 21—4—1 Yiim

Ly @l+1ﬂ%’+1ﬂ2L+ﬂ)@A4—U}%< oL l>
47 -m'" M m
) (O RGO

1

I L

0 0 0

C+D)R+HA+D]Z (1 A (+1\ [ A 1+1
20+ 1 00 0 11 L

C@-DEAD]T A 1-1 oA I-1
20+ 1 00 0 11 L

A+L+1)1%,, L \* L+1\? o
g} (I'm!|Yrar|lm) = [( ) Or=r1,-1 — <—> 5)\—L+1‘| (I'm'|Yr,ar|lm)

= (l'm'|YLM|lm)

_ (_)%(A+3L+])

2(2L + 1) 2L + 1 2L + 1

where

[a+nmmﬁxn+1q%<r Al+1>{r Al+1}

20+1 00 0 1 1 L
LA ()EH L I+ )BL-A+ )] (1 1L
B 2 20 +1 2(2L + 1) 01 -1

H(oypanen L1 FA+L+11%<W ! L)
12— 1)2A + 1)

A+1 | 220 +1)
IV D Pox o I-1
0+ 1 00 0 11 L

Ll () IU+13L A+1)
B 2 20+ 1 2(2L + 1) 1

- )]5)\+3I+1) ! A+L+1)]2 /0" | L
20 +1| 2L+ 1)
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E.4 <l'm'\YL)\M-i'f° X L\lm)

(I'm'|Y pane-i7 x L)im)

= /df“Yl,*m,YLAM-ir X LY}

1 1
N I+1)\°2 1 bl
= drY,: Y K —=— — (1 S
/ Y)Y Lam { (2l+1> Yiuiim — (I+1) <21+1> Ylllm}

= ()M (21+1)(21’+1)(2L+1)(2>\+1)}%< ) l)
4m —-m' M m
Pl )
HIH)[%FM 3 101>{11' ? le}

ﬁ

000

" l{(l+1)(2l+3)(2>\+1)}%<l’ 3 l+1>{l’ ? 1+1}
L

20+1

= (I'm'|Ypa|lm)

Q- D)@ N+ D] (1 A 1—1\ [ A I-1
+(I+1
(+){ 21+ 1 0 0 0){11 L
cvigen (bt k
. 1+ (=)LHH (3L — X+ 1 001 -1 .
- 2 220+ 1) I (I'm| Yy arllm)
(0 0 )
where
l I+D@+3)A+DIZ (1 A 1+1 P 141
1M I+ 1)BL - A+D1E 0 1L
2 20+1 2(2L +1) 0 1 —1
+(_)%(>\+3L+1)l(l+1) A+L+D)]2/1 | L
20+1 | 2L+ 1) 00 0
L= DEADTE (1 A =1\ [ A 1-1
I+1
(1+1) 20+ 1 0 0 o>{11 L}
_ 1+ ()R 141 10+ 1)(3E - MeD1E 1L
2 20+1 22L + 1) 01 -1
_(_)%(A+3L+1)l(l+1) ()\+L+1)% Il
20+1 | 2(2L+1) 0 0 0
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Next one thinks the inverce term

(I'm'|it x T-Yiamllm) = (Am|Y? it x L|I'm')*
= ()MUm|Y pa_nreit x T)I'm')*

I ' L
v 1
w1+ (=) 3L — A +172 l(l+1)<0 1 - "
= ) 2 2L + 1) L (tmVe—[l'm0)
(0 0 o)
, s
14 ()EHH 3L - A+ 1] 0 1 —1 (U Vi 1)
= 2 220 + 1) L 1 LM
0 0 0
1 ()P 3L A4 1]7 1
N 2 2(2L+1) ' L 1
0 0 0
1 I L I 1L L
x[ L(L+1)<0 0 0) l(l+1)<0 L1 >:|<lm,|YLM|lm,>
1+ (<) [L(L+1)BL—A+1)]7 -~
- _ (2) ( 2()2(L+1) )} I'm'|Ypllm) — (I'm'|Y pan i x L|lm)
Therefore
. . 14+ ()P [L(L+1)BL - A+1)]?
(l’m’\zr><T-Y[)\M—l—Y[lAM-zrxf\lm):— ( 2) ( 2()2(L+1) ) (I'm!| Yy, ar|lm)

(l'm'\?'f‘ X T-YL)\M — YL)\M-i’lA“ X f\/m>

14 (=)2 Y [L(L+1)3L - A+ 1)
T 2 2(2L + 1)

:| (l'm'|YLM\lm) — 2<llml|YL)\M'Z"f‘ X L\lm)

1+ (7)L+l+l’

l’m'\YLM\lm>

" 1 L
14 /l(1+1) ( )
L—-)X+1]°2 0 1 -1
(I'm!|Y pap-it x Lllm) = 3 + } (

2 2(2L + 1) TR
0 0 0
1 1
1+ () T30 - A 4+1]° ai:roL1y .,
- (l+1)—{ Yl
2 2(2L +1) (t+ )(l0:1’0|L0)< m [Yim|im)
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E.5 The derivation of (I'm/|V Y, V|im)

(l'm’|f'-YLM7A'\lm)

[

=2 >

U+

n=Il+1n'=l'+1

(=)™

112 . A

1+1]2 Rk
Y 5| Yutim —| Yu_im
LM( [2l+1} H+1m + [214_1} -1 )

m+U'+D)(mp+1+1)]2
2(20' + 1)2(20 + 1)

%n I+n' —1")+

/ d’f’Y;n/m/ YLMYlnm

2

<D D

n=Il+1n'=l'+1 [

L +11%/ I L 1
47 -m' M m

0

<L l l’)( "+l +1)(n+1+1)
00 12(

20 +1)2(21 + 1))

(ot L O CL L T DAl ) :
2 0 1

-1 ) 22+ 1)2(20 + 1)

(o [REDCEEDCLETE Y () < i

(I'm' |- Yipid x I |Im)

! 2
/df [+
, 20 + 1

IIEDINC

n=l£1n'=l'£1
0

1

2

1 ll 3
} Y gm + [21—“} Y i

1 1
I+11]2 l 2
Y (l {m} Yiurim—((+1) [QZ—H} Ylllm>

goreny VB + 1) + 1 +1) 1(1+1) E/,ry* vy
2 @+ @+ J T

('m'|i# x T -Yparie x I |Im)

[ (lf E

'+1

=

e ')ty
Y im + (" +1) [m} Yl,,,]m,>

1+11]° Rk
Y, — | Y m D|l——1| Yiu_im
LM (l {2l+1} tim + (14 )[2l+1} -1 >

@Bl'—n'+1)Byp—1+1 "+ U+ 1D)(np+1+1)]2
) Z ' )(n ){(n )(n )

n=Il£1n'=l'+1

X

()™ 2L+ 1
2 47
> > (6
0

n=Il+1n'=l'+1

(=)™

1
dAY*I 1 /Y Y m
221" +1)2(20 + 1) } /’" tgtm YLMY 1gm
1
2

( v 1>[l(l+1)l'(1'+1)}
M) e )
: g><>%<n'z'+nl>2 v+ DI+ )

+1+(—)’l+’+” < L1 U )(31'—n'+1)(3n—1+1)

2 01 -1 2

(2L+1)(2l’+1)(2l+1)r< L

R 1+(_)L+l+l’ I
4 -

o M m ) L+ +1)2 5
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where

, 1
- ()™t [2L+112 (11 L 1
'/d’I‘ern/m/YLMYlnm = D) dn -m' M m
L 10 S0 —t'+n-1)
I\ o o0 o )OOV + U+ D+ 14 1)
L+ ()L
HEOTE (5L ) Ve e e
and
Bl—np+)(n+1+1)=4l(l+1) becausen =1+ 1
Therefore

U'm! |V YoV |im)

or r

S N & N
<l'm'| <f_i - r X L) -YLM (’f‘g B r X f) |]m>

<_

_ I v o s ST N i
= (I'm |Y[’M‘lm>8r 5 + (I'm/ i x LY x f|lm) =

E.5.1 Reduced matrix element of (I'm/|it x L-Yy i x L|lm)

('m'|i# x T -Yparie x I |Im)

(2L 4+ 1)(20' + 1)(21 + 1)} 2 < 71/ I 7; ) WD+ 1)]% 1+ (72)L+l+l’ < g

_(_ m'+1
- ( ) 47_[_ m,' M

From the Wigner-Eckart’s theorem, one can get

('|)i# x T-Yiii x T||I)

! 3 ] ERYENERA
(2L+1)(2147:L 1)(2l+1)} 0+ D+ 1 1+ ( 2) <

=Ne
—
|~
o=
~

= ()

L-J coupling

Using an useful formula for /-j coupling,

. ! B 1 1 i’ ,l
WIT) = (e e, 4 8 2

then one can obtain

('j'|i# x T -Yyir x T||1j)

— ()itE [(QL +1)(20' + 1)(2.7;1’: 120+ 1)(25 + 1)} ? i+ D0+ 1)

ARV L1
1 j L 01 -1

1+ (7)L+l+l’
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-7 1
Wl Tovyie x TG = ()RS {

+n'a' +1) 714 (— )L+l
4dr 9

x [\/(411 — 2" + 1)(4l — 25 + 1){5',—1/2: j, 1/2|L0)

()T (65— 4+ 1) (65 — 41+ 1)(5', ~3/2 1 j,3/2|L0)

where

(EEalE

7N
—_ e~
I <

ojw T

VNI

)]

\
/N
I <
e T
NS,
N——
/N
— e~
o

njw
MM
o~

2|\ @+ D@+ )25+ D2+ 1)

il (65" — 41" +1)(65 — 41 + 1) i j L
+( ) \/( ( — : 0 >]

_ _ll\/ (4l — 25 +1)(4l — 2j + 1) (7 j

SIS

25"+ 1)(20' + 1)(2j + 1)(20 + 1) 3

(=)i' i (4" — 2j' +1)(4l — 25 + 1)
N 2 27+ +1)(2i+ )20+ 1)(2L + 1)

<jl7 _1/2 : ] 1/2|L0>

Ll 45 (65’ —4l' +1)(65 —4l +1) g .
+HE)TE \/(2]”+1)(2l’+1)(2j+1)(2l+1)(2L+1)<J’ 3/2"7’3/2|L0>]
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E.6 Summary

O QR ;)[<)l’\/(”'“)@ﬁ:”(”“)(lo' . é)]
= ()@l

1

L : L+1)\2 o
< > M=r-1— < > 6AL+1] (I'm/|Yp 01 |lm)

V' [Y pang-#|lm) =
(Em Y pang - llm) oL+ 1 oL+ 1

(I'm|Y pan i x L |Im)

z(z+1)(l

D

1
) (s)\—[/+1‘| (l’m'\YLM|lm) — <llml|YL)\M'Z"f‘ X L\lm)

5)

1 + (_1)L+l+l'

B l'm'\YLM\lm)

L+1 %5 N %6
2L+1 A=1—1 2L+1 A=L+1

~

0
L
0

o

('m'|i# x LY pane|lm)

2

L+1
2L+1

Or=r—1+ L <

(L+1) <2L—+1>

Therefore

<l’m"$'YL)\M + YLAM'ﬁ”mf)

%
5 3 1
— U'm|Y s #lim) | =+ 2| 4 [(l’m’\ii‘ < TV oanllm) + (I'm!|Y pang-if x I’\m)} -
or  Or r
1 — 1
L \? 5 3 L \°? 1
—L-1): (=) @y i % a2 amy -
(A ) <2L+1> I Yinltm) | 50+ 50| — (B + )<2L+1> (U [V m) =
= 1 — 1
L+1)\°? 5 7 L+1)2 1
—L+1): - (=22 umy LA "m!|Y, -
A=L+1) <2L+1> (U Yiarlim) | 50+ 5, <2L+1> (Y m) -

(l'm'\lv-Y“M — YL)\M'?”TI’L)

%
. R s e = 1
= (I'm'|Y pam-7|lm) [E ~ 3 + [(l'm'\zr X LY pam|lm) — (I'm/|Y pan it x f\lm)} -
( L \? 9 7
A=L—-1): — U'm!\Yoar|llm) | — — =
( ) <2L+1> (Em Woaglim) or oOr
- -(L +1) L ' (I'm/|Ypar|lm) + 2(I'm!|Y i X L|lm)| 1
L1 LM LAM Nl
= - 1 —
L+1\°® I
A=L+1): — U'm!|\Yzasll —_—— —
( +1) <2L+1 ' Wealtm) | 52 = 57
r 1
L+1)\°?2 1
L —|L (2[;:— 1) (l'm'\YLM\lm) + 2<llml‘YL)\M'Z"f‘ X L\lm)|>\:[1+1 ;
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If one uses an useful formula,

S
SR

) . il ) . il
<l’.7’|TL|l.7>=<>-7+1+L“/2<2.7'+1)”(27+1)”2{'71 ] }<I’ITL|1>

and also uses the Wigner-Eckart’s formula, then one can get

U3 Y r + Yia-V|5)

9 7

' . Vs . ' . NE

= UFNIY ox-7l5) | 5+ | + [W5 17 % DY nallls) + W5 1Y oa-iv < Titg)] ~
9 L \? 1
0=1-1: (55 ) Pl |+ 5|~ @40 (575 ) vl

= — 1

L+1 , 5 7 L+1\7,,, 1
(A=L+1): (2L+1) i) | o (EE) i

3N Y r = Yia V)

' - 9 7 PP . ' AT 1
= WY x5 | 5 = | + [€3 i % TY nallls) = WY e x Titg)] ~
( L \? 9 7
(A=L-1): (QLH) v |- 2
1
e+ (5 ) Y1) + 2005 NY i x Ll ar o | +
- 1
: 3
L+1): - ANV | = - =
(A=L+1) (L ) e [ar u
+ ! -l ! .« A . 1
- lJ|\Yr|\13>+2<13HYLA'“‘XLWJ)\A:LH -

where

\NL+I41 Iy .
@7V llg) = (-1 (”( S >\/ CrE DRI 172 12180

(I'3"IY pa-i# x L||17)

1 1
14+ (—D)IHH T +1)  [(2f +1 (25 +1 L+1)\?2 L 2
:( )7+L+1/2 2 J J ) Srep1 + [ —— 5A:L+1
(25 +1) 2L +1 2L + 1

x{( Y20 — G+ 17212 §1/2|L1) + (=Y /35— 20+ 1/2 (j3/2:j’71/2|L1>}
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Appendix F

Feynman diagram and Feynman rule

F.1 Feynman rule in the Relativistic formalism

The feynman rule is defined so as to express S-matrix graphically. S-matrix is given by

Sy = (f] Z S(m) |4) S : n-th order S-matrix in perturbation theory.
n=0
g (;3 T {/d‘lﬂn ---/d“xn {Hi(@1) - Hi(zn)}

where H;(= L) is interaction Hamiltonian.(equal to the interaction Lagrangian.) S-matrix is the
value which is related to the differential cross section(Exercise (I)). Interaction Hamiltonian depends on
the kinds of field, for example, the interaction Hamiltonian of electro-magnetic field is given by

Hilw) = ieN [(a)y" () A, ()]

where 1) is the Dirac spinor field operator and A, is the vector field operator of the electro-magnetic
field. Both ¢ and A,, can be expressed by a creation and an anihilation operators of fermion(anti-fermion)
and photon respectively.

) = Y / d'p [es(p)us(p)e ™" + dl(p)vs(p)e ™) = YT (2) + ¥ (2)
i) = X [ A @e - dpn@e ] =i @)+ @
Au(m) = > / d'k [e)a,(k)e ™ + el al (k)eT™*] = Al (2) + A, (v)
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(a) Absorbed fermion —  » o
(a)y)* means “absorbed fermion”, (b)Y~ means “emitted anti-

fermion”, (c)y* means “absorbed anti-fermion”, (d))~ means

“emitted fermion”, (e)A} means “abosorbed photon”, and (b) Emitted anti-fermion ¢ ¢——
(f)A, means “emitted photon” respectively.
The most basic feynman rules can be defined here. (a)-(f) corre- (c) Absor bed anti-fermion < o

spond to each diagrams as seen in the right figures respectively.
One should pay attention to the direction of arrow in figures
means the momentum direction. Notice that the definition of
the arrow direction in the feynman diagram may be different

for each any textbooks. (e) Absorbed photon ANANANAN\N\V e

For example, the 1-st order S-matrix includes

(d) Emitted fermion — »

_ (f) Emitted photon N NANAN\N\\L
SW 3 4e /d4.7:N [1/J+’y”w+A;] .

This term corresponds to the diagram of Figure.F.1.

Exercise(II)

Draw the diagram corresponds to
i / doN [y AF].
Figure F.1:

F.1.1 Propagator and Feynman rule

Propagators mean the exchanging vertual particles, and are equivalent to the “potential” or “interaction”.
For example, “vertual photon” is equal to the “electro-magnetic intearction”, “pion” is equal to the “one-
pion exchange potential” which is related to the nuclear force. “Yukawa force” is related to the “scalar
Propagators propagate properties of particles, quantum number, momentum, mass, and so on, be-
tween channels.
Typycal propagators can be given by

Ypu +m

- i —ip(x—a’ :
(a) iSw(w —a') = OIT [¥(2)0! (2] 0) = <2W>4/ v e ) Femmion
. S AN 1 —ik(z—a')
(b) iAp(z —2z') = (0T [¢(z)¢ (2")] |0) = @ ) /dk Ee el Scalar Boson
_ghv , ,
(¢) iD%g(x —2') = (0|T [A¥ (z)A¥ (2")] |0 d4 g2+7 e~ *(@=") Massless Vector Boson
—m €
v kM kY
d) DY, (x—a' T [A* ! d%LH T T ik(ea) Vector Boson
(@) D e —a) = OT [4() 4" @)][0) = o [ d'h e ector Boso

Fermion propagator satisfies Dirac-type equation, and also Boson propagator satisfies Klein-Gordon-
type equation. Sometimes this is the definition of the propagator. In the non-relativistic formalism,
propagator is called “Green’s function” . “Green’s function” satisfies Schrodinger-like equation. This is
the definition of the Green’s function.

F.1.2 Application of the Feynman rules to the 2nd order S-matrix

In order to apply the Feynman rules to the 2nd order S-matrix, one should study Wick’s theorem.
Wick’s theorem is well known thorem and often used not only in the relativistic formalism but also in
the non-relativistic 2nd quantized field theory. But because wick’s theorem is rather comlicated, and its
proof is defficult, so I only introduce this theorem.
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Exercise(III) _ u v
(a) Fermion ® > °
Make sure that each paorgators satisfy each equa- X X’
tions.
(b) Scalar Boson @ cnrnrmnrnenrnrnenann—n—an. °
Feynman rules for each propagators X X'
Here the Feynman rules for each propagators (a)-(d) (c,d) Vector Boson W
can be defined as right figures. X X
u
By using Wick’s theorem, )
e? - _ )
5(2) 3 75 / / d4:171d4:1:2N [(Qp 7H¢+)z1 (w v ¢+)$2:| ZDF,;“/('TI — -'172)
is included. This term corresponds to a diagram of right figure. x2)
v

Exercise(IV)

Study Wick’s theorem by using some textbooks of the quantum field theory.

Exercise(V)

By using Wick’s theorem, derive all Feynman diagrams in the 2nd order S-matrix.

F.1.3 Propagator and Potential

As the previous subsection, the propagator is related to the potential in the static limit. In the static
limit, the (scalar boson) propagator in the momentum space is given by

1
k* + m?

The Fourier transformation of this propagator yields Yukawa potential.

22" Bam? dn

/ Pk ikr 1 1 e ™
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