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Chapter 1Mean �eld formalism in thequantum �nite many-body system1.1 The seond Quantization1.1.1 The oupation number piture and the partile-hole pitureHere we �rst supporse the \Non-interating fermi system", i.e. we suppose the single-partile mean �eldpotential for binding the fermions. For example, the Hartree-Fok potential, Woods-Saxon potential, andso on.
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(a) (b)Figure 1.1: (a)the ground state of the oupationnumber piture. (b)partile-hole piture.

In the quantum mehanis, the ground state in theNon-interating fermi system an be expressed bythe Slater determinant.(N-body wave funtion in thefermi system.)�k1:::kN (r1 : : :rN ) = 1pN ! ������� �k1 (r1) : : : �k1(rN )... . . . ...�kN (r1) : : : �kN (rN ) �������(1.1)The Slater determinant is expressed the property ofthe Pauli priniple for eah fermions. Now we willintrodue the seond quantization formula for theoupation number piture. First we de�ne the re-ation and annihilation operator for fermion by usingthe anti-ommutator relation and the vauum.fi; yjg = Æij ij�i = 0 (1.2)where j�i is the vauum, in whih no partile exists.The Slater determinant an be expressed by usingthese operators as�k1:::kN (r1 : : :rN ) = 1pN ! hr1 : : :rN j Yi=1;N yki j�i (1.3)= 1pN ! hr1 : : :rN j1k1 ; 1k2 ; ; ; ; ; 1kN ia (1.4)where j:::ia denotes the anti-symmetrization.The Slater determinant(the ground state for the Non-interating fermi system) has the property asmj1k1 ; 1k2 ; ; ; ; ; 1kN i = 0 (m > N) (1.5)3



By using these operators the fermi vauum an be de�nedakj0i (k > kF )bkj0i (k � kF ) � = 0Also in the 8-body system(Fig.1.2), 1p-1h states an be expressed asj1k1"; 1k1#; ; ; 1k3"; 0k3#; 1k4"; 1k4#; 0; ; 1k6"; ; ; ; 0i= yk6"k3#j0i= ayk6"byk3#j0i= j1hk3#1pk6"i k1
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(c) (d)Figure 1.2: ()1p-1h state ofthe oupation number piture.(d)partile-hole piture.So the Slater determinant is alled \Fermi vauum". For example, in the 8-body system(Fig.1.1(a)), theSlater determinant(Fermi vauum) is given byj1k1"; 1k1#; ; ; ; ; 1k4"; 1k4#i = j1k1"; 1k1#; ; ; ; ; 1k4"; 1k4#; 0; ; ; ; ; ; 0i (1.6)� j0i ('Fermi vauum') (1.7)k� j1k1"; 1k1#; ; ; ; ; 1k4"; 1k4#; 0; ; ; ; ; ; 0i = � 0 (k > k4 = kF )j1hk�i (k � k4 = kF ) (1.8)Hene we an de�ne the partile's reation and annihilation operators(ay; a) and the hole's reation andannihilation operators(by; b). k = �(k � kF )ak + �(kF � k)byk (1.9)yk = �(k � kF )ayk + �(kF � k)bk (1.10)Note that the anti-ommutator relation of a; ay; b; and; by an be prooved like that,fi; yjg = Æij= f�(i� kF )ai + �(kF � i)byi ; �(j � kF )ayj + �(kF � j)bjg= �(i� kF )�(j � kF )fai; ayjg+ �(kF � i)�(kF � j)fbyi ; bjg+�(i� kF )�(kF � j)fai; bjg+ �(kF � i)�(j � kF )fbyi ; ayjgwhen i = j > kF (i = j � kF ), a and ay(b and by) satisfy fai; ayjg = 1 (fbi; byjg = 1), and also satisfyfai; ayjg = 0 = fbi; byjg when i 6= j beause a and ay(b and by) are same kind of fermion. These areself-evident.�(i� kF )�(kF � j) and �(kF � i)�(j � kF ) are vanish when i = j from the step-funtion's properties,but when i 6= j these terms doesn't vanish. So fai; bjg and fbyi ; ayjg must be zero when i 6= j.1.1.2 Field Operators in the Coodinate spaeBy using the single-partile wave funtion, we an de�ne the reation and annhilation operators in theoordinate spae. (r�) = Xk3all;s="# �ks(r�)ks  y(r�) = Xk3all;s="# ��ks(r�)yks (1.11)With the orthogonality and ompleteness of the single-partile wave funtion,X� Z dr��ks(r�)�k0s0(r�) = Æss0Ækk0 = hksj X� Z drjr�ihr�j! jk0s0i = hksjk0s0i (1.12)4



Xk;s3all �ks(r�)��ks(r0�0) = Æ��0Æ(r � r0) = hr�j0� Xk;s3all jksihksj1A jr0�0i (1.13)where �ks(r�) = hr�jksi (1.14)we an get the anti-ommutator relation� (r�);  y(r0�0)	 = Xk;s3all Xk0;s03all�ks(r�)��k0s0(r0�0)nks; yk0s0o = Æ��0Æ(r � r0) (1.15)Note that f (r�);  (r0�0)g = 0 (1.16)2-body wave funtionUsing the expression of the Slater determinant in the seond quantization, 2-body wave funtion is givenby �k1;k2(r1; r2) = 1p2 hr1; r2jyk1yk2 j�i= 1p2 hr1; r2j1k1 ; 1k2ia (1.17)In terms of the oordinate spae �eld operator,jr1; r2i an be expressed asjr1; r2i =  y(r1) y(r2)j�i (1.18)Hene �k1;k2(r1; r2) = 1p2hr1; r2jyk1yk2 j�i= 1p2h�j (r2) (r1)yk2yk2 j�i= 1p2 (�k1 (r1)�k2(r2)� �k2 (r1)�k1(r2)) = 1p2 ���� �k1 (r1) �k1(r2)�k2 (r1) �k2(r2) ���� (1.19)1.1.3 1-partile operator and 2-partile operatorIn general, a Hamiltonian is given bŷH = Xi p̂2i2m +Xi<j v̂(ri; rj) (1.20)= Xi p̂2i2m + 12Xi6=j v̂(ri; rj) (1.21)in the quantum mehanis.(Here we neglet spin.) In this Hamiltonian, the �rst term, the kineti energyterm, is the 1-partile operator. The seond term, the interation term, is the 2-partile operator.Generally, as seen in the Hamiltonian, 1-partile and 2-partile operators take the form thusF̂ � Xi f̂(ri) (1-partile operator) (1.22)V̂ � 12Xi6=j v(ri; rj) =Xi<j v̂(ri; rj) (2-partile operator) (1.23)Using the oordinate spae representation of the �eld operator, 1-body and 2-body operators in theoordinate spae representation are given byF̂ � Xij fijyi j = Z dr y(r)f̂(r) (r) (1.27)V̂ � 12Xijkl vijklyi yjlk = �12 Z Z drdr0 y(r) y(r0)v̂(r; r0) (r) (r0) (1.28)5



The matrix elements of these operators are de�ned ashijf̂ jji � Z dr��i (r)f̂(r)�j(r)� fij (1.24)hijjv̂jkli � Z Z drdr0��i (r)��j (r0)v̂(r; r0)�k(r)�l(r0)� vijkl (1.25)Seond quantization rule for the 1,2-body operatorsUsing the matrix elements of operators, the seond quantizationrule for operators an be given so as to obtain the same ex-petation value and matrix elements for F̂ and V̂ , thusF̂ �Xi f̂(ri) ! F̂ �Xij fijyi jV̂ � 12Xi6=j v̂(ri; rj) ! V̂ � 12Xijkl vijklyi yjlk (1.26)
i j
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In many alulations the evaluation of the matrix elements leads to an antisymmetri ombination, whihis threfore given a speial abbreviation: ~vijkl � vijkl � vijlk (1.29)Using this abbreviation,Xijkl ~vijklyi yjlk =Xijkl vijklyi yjlk �Xijkl vijlkyi yjlk = 2Xijkl vijklyi yjlk (1.30)Then 2-partile operator an be written asV̂ � 12Xijkl vijklyi yjlk = 14Xijkl ~vijklyi yjlk (1.31)= �12 Z Z drdr0 y(r) y(r0)v̂(r; r0) (r) (r0) (1.32)= 14 Z Z drdr0 y(r) y(r0)v̂(r; r0) ( (r0) (r)�  (r) (r0)) (1.33)= 14 Z Z drdr0 y(r) y(r0)v̂(r; r0) (1� Pr) (r0) (r) (1.34)= 14 Z Z drdr0 y(r) y(r0)~v(r; r0) (r0) (r) (1.35)Then a Hamiltonian an be expressed in the seond quantization representation:Ĥ = Xij hij��h22m r2jjiyi j + 14Xi6=j hijj~v(r; r0)jkliyi yjlk (1.36)= Z dr y(r)��h22m r2 (r) + 14 Z Z drdr0 y(r) y(r0)~v(r; r0) (r0) (r) (1.37)Isovetor type and Isosalar type 1-body operatorIn general, the isosalar type and isovetor type operator take the form asIsosalar type:(T = 0) Xi f(ri)Isosalar type:(T = 1) Xi �z(i)f(ri)6



where �z is the 3rd omponent isospin operator,12�z = tz tzjpi = �12 jpi tzjni = 12 jniThen the 2nd quantized expressions areF̂IS = Xtau=�1;1 Z dr y(r�)f(r) (r�) = Z dr yn(r)f(r) n(r) + Z dr yp(r)f(r) p(r)F̂IV = Xtau=�1;1 Z dr y(r�)�zf(r) (r�) = Z dr yn(r)f(r) n(r)� Z dr yp(r)f(r) p(r)1.2 Density matrisThe density �(r) an be expressed by using the single-partile wave funtion as�(r) = Xi3hole;� j�i(r�)j2 (1.38)= Xk�kF ;� j�k(r�)j2 (1.39)= NXi=1X� j�i(r�)j2 (1.40)1.2.1 The density operatorQuantum mehanis representationThe density an be also expressed by using the Slater determinant.�(r) = NXi=1 j�ki(r)j2 (1.41)= Z :::Z dr1: : :drN��fk1:::kNg(r1 : : : rN ) [Æ(r � r1) + : : :+ Æ(r � rN )℄ �fk1:::kNg(r1 : : : rN )= Z :::Z dr1: : :drN��fk1:::kNg(r1 : : : rN )" NXi=1 Æ(r � ri)#�fk1:::kNg(r1 : : : rN ) (1.42)= h�j" NXi=1 Æ(r � ri)# j�i (1.43)Hene we an de�ne the density operator like as�̂(r) � NXi=1 Æ(r � ri) (1.44)in the quantum mehanis.Seond Quantization representationUnder the seond quantization rule, the density operator an be de�ned�̂(r) � Xij dijyi j =  y(r) (r) (1.45)where dij = hijÆ(r � r̂)jji= Z dr0��i (r0)Æ(r � r̂)�j(r0) = ��i (r)�j(r) (1.46)Note that r̂ is a oordinate operator, i.e.r̂�j(r0) = hr0jr̂jji = r0hr0jji= r0�j(r0)7



Using this density operator, its expetation value is the normal density.h0j�̂(r)j0i = h0j y(r) (r)j0i =Xij ��i (r)�j(r)h0jyi j j0i (1.47)= Xij �j(r)�ji��i (r) = Xi2hole j�i(r)j2 = �(r) (1.48)where �ji � h0jyi j j0i (= �(kF � ki)Æij) (1.49)Here we de�ned the density matrix �ji in the on�guration spae representation. (But in the groundstate, the density matrix in the on�guration spae has only the diagonal element for hole states.) In theoordinate spae representation, we an also de�ne the density matrix.�(r; r0) � h0j y(r0) (r)j0i (1.50)= Xij �j(r)�ji��i (r0) = Xi2hole�i(r)��i (r0) (1.51)1.2.2 Density matrix with spin indies and Spin densityHere we de�ne the density matrix for the spin omponent and also an de�ne the spin density �i.�(r�; r0�0) � �(rr0)��0 = 12  �(rr0)Æ��0 +Xi h�j�ij�0i�i(rr0)! (1.52)i.e. �(rr0) = 12 � �(rr0) + �z(rr0) �x(rr0)� i�y(rr0)�x(rr0) + i�y(rr0) �(rr0)� �z(rr0) � = 12 (1�(rr0) + � ��(rr0)) (1.53)where 1 = � 1 00 1 � �x = � 0 11 0 � �y = � 0 �ii 0 � �z = � 1 00 �1 �1��0 = Æ��0 (�x)��0 = h�j�xj�0i (�y)��0 = h�j�y j�0i (�z)��0 = h�j�z j�0iUsing the Pauli-matries properties the invere relations are obtained as�(rr0) = X��0 Æ��0�(r�; r0�0) =X� �(r�; r0�) = Tr[�(r; r0)℄�� 12�00(rr0)� (1.54)�i(rr0) = X��0 h�0j�ij�i�(r�; r0�0) = 8<: �x(rr0) = (�(r "; r0 #) + �(r #; r0 "))�y(rr0) = i (�(r "; r0 #)� �(r #; r0 "))�z(rr0) = (�(r "; r0 ")� �(r #; r0 #)) (1.55)= Tr [�i�(rr0)℄ (� 2�10;i(rr0)) (1.56)In addition, if one onsiders the isospin indies, then�(r��; r0�0� 0) = 12�(r�; r0� 0)Æ��0 + 12Xi h�j�ij�0i�i(r�; r0� 0) (1.57)= 12 0�12�(r; r0)Æ�� 0 + 12Xj h� j�j j� 0i�0;j(r; r0)1A Æ��0 (1.58)+12Xi h�j�ij�0i0�12�i;0(r; r0)Æ�� 0 + 12Xj h� j�j j� 0i�i;j(r; r0)1A (1.59)= 14�(r; r0)Æ�� 0Æ��0 + 14Xj h� j�j j� 0i�0;j(r; r0)Æ��0 (1.60)+14Xi h�j�ij�0i�i;0(r; r0)Æ�� 0 + 14Xi;j h�j�ij�0ih� j�j j� 0i�i;j(r; r0) (1.61)8



where Tr[�k�℄ = X�;� 0h� 0j�kj�i�(r��; r0�0� 0i= 12�0;k(rr0)Æ��0 + 12Xi h�j�ij�0i�i;k(rr0)Tr[�k�℄ = X�;�0h�0j�kj�i�(r��; r0�0� 0i= 12�k;0(rr0)Æ�� 0 + 12Xi h� j�ij� 0i�k;i(rr0)Tr[�k�l�℄ = X�;�0X�;� 0h�0j�k j�ih� 0j�lj�i�(r��; r0�0� 0i = �k;l(rr0)1.3 Time reversal symmetryTime reversal symmetry is supposed in the ground state of nulei, then the density matrix has theproperty: ��(r�; r0�0) = h�j y(r0�0) (r�)j�i� (1.62)= h�jT T y y(r0�0)T T y (r�)T T yj�i (1.63)= hT y�j ��2�0 y(r0 � �0)� (�2� (r � �)) jT �i (1.64)= 4��0�(r � �; r0 � �0) (1.65)On the other hand, the density matrix is the hermite matrix.�(r�; r0�0)� = �(r0�0; r�) (1.66)Thus �(r�; r0�0) = 12 (�(r�; r0�0) + 4��0�(r0 � �0; r � �)) (1.67)! 14n� �(rr0) + �z(rr0) �x(rr0)� i�y(rr0)�x(rr0) + i�y(rr0) �(rr0)� �z(rr0) � (1.68)+� �(r0r)� �z(r0r) ��x(r0r) + i�y(r0r)��x(r0r)� i�y(r0r) �(r0r) + �z(r0r) �o = 12 � �(rr0) 00 �(rr0) � (1.69)where we suppose �(rr0) = �(r0r) �i(rr0) = �i(r0r)Consequently, under the time reversal symmetry the spin density is vanished.�(r�; r0�0) = 12�(rr0)Æ��0 (1.70)1.4 Wik's theoremConstrution and Normal orderThe onstrution symbol AB, whih is used in wik's theorem, is de�ned as y(x) (y) � h�j y(x) (y)j�i (1.71)The normal order \: AB :" is de�ned so as to beh�j : AB : j�i = 0 (1.72)for some kinds of vauum j�i.
9



Example of the normal orderIn the Hartree-Fok approximation, the mean �eld Hamiltonian an be expressed by using normal orderlike as ĥ0 = Xk �k : ykk :  =Xk �kykk for the vauum j�i! (1.73)= Xk>kF �k : aykak : + Xk�kF �k : bkbyk := Xk>kF �kaykak � Xk�kF �kbykbk for the fermi vauum j0i (1.74)Wik's theorem for 2 or 4 operators an be given byAB =: AB : +AB ABCD = : ABCD : + : ABCD : + : ABCD : + : ABCD :+ : ABCD : + : ABCD : + : ABCD :+ : ABCD : + : ABCD : + : ABCD := : ABCD : +AB :CD : �AC : BD : +AD : BC :+BC : AD : �BD : AC : +CD : AB :+ABCD�ACBD+ADBC (1.75)Note that the expansion by Wik's theorem for the operators in the Hamiltonian isykk0 ( = : ykk0 : = ykk0 (for the vauum j�i)= : ykk0 : + ykk0 (for the fermi vauum j0i)= �(k � kF ) : aykak0 : ��(kF � k) : bykbk0 : +�(kF � k)Ækk0yk1yk2k4k38>>>><>>>>: = : yk1yk2k4k3 : = yk1yk2k4k3 (for the vauum j�i)= : yk1yk2k4k3 :+ yk1k3 : yk2k4 : � yk1k4 : yk2k3 : + yk2k4 : yk1k3 : � yk2k3 : yk1k4 :+ yk1k3yk2k4 � yk1k4yk2k3 (for the fermi vauum j0i)Interpretation of the onstrution of the density operatorThe Wik's onstrution of the density operator  y(x) (x) gives the expetation value of the densityoperator for some vauum. y(x) (x) = � h�j y(x) (x)j�i = 0 : j�i is the exat vauum.(no partile)h�j y(x) (x)j�i = �(x) : j�i is the (Hartree-Fok) Fermi vauum. (no partile and no hole)1.5 Hartree-Fok arroximationUsing Wik's theorem expansion, the Hamiltonian an be expanded for the Fermi vauum,Ĥ = Xij hij��h22m r2jjiyi j + 14Xi6=jXk 6=lhijj~v(r; r0)jkliyi yjlk (1.76)= Xki�kF hij��h22m r2jii+ 14 X(ki;kj)�kF (hijj~v(r; r0)jiji � hijj~v(r; r0)jjii)+Xi;j hij��h22m r2jji : yi j :+14 Xk�kF Xi;j (hkij~v(r; r0)jkji � hkij~v(r; r0)jjki) : yi j :10



+14 Xk�kF Xi;j (hikj~v(r; r0)jjki � hikj~v(r; r0)jkji) : yi j :+(residual int. term) (1.77)= Xki�kF �h22m Z drjr�i(r)j2 + 12 X(ki;kj)�kFZZ drdr0��i (r)��j (r0)v(r; r0) (�i(r)�j(r0)� �j(r)�i(r0))+ Z dr :  y(r)��h22m r2 y(r) :+ : Z dr0 y(r0)24Z dr Xk�kF ��k(r)v(r; r0)�k(r)35 (r0) : � ZZ drdr0 :  y(r0) Xk�kF ��k(r)v(r; r0)�k(r0) (r) :+(residual int. term) (1.78)If we suppose that v(r; r0) inludes no exhange operaters, the Hamiltonian an be rewritten againas: Ĥ ! �Z dr �h22m�(r) + 12 ZZ drdr0�(r)v(r; r0)�(r0)� 12 ZZ drdr0��(r0r)v(r; r0)�(r0r)�+ Z dr :  y(r)��h22m r2 y(r) :+ : Z dr0 y(r0) �Z dr�(r)v(r; r0)� (r0) : � ZZ drdr0 :  y(r0)v(r; r0)�(r0r) (r) :+(residual int. term)where: Z dr0 y(r0) �Z dr�(r)v(r; r0)� (r0) : Diret term� ZZ drdr0 :  y(r0)v(r; r0)�(r0r) (r) : Exhange termThese terms an be represented by Feynman diagram as seen in the left�gures.(The upper �gure is the \diret term", the lower �gure is the \ex-hange term") r r’

r’

r

Direct term

Exchange term1.5.1 Mean �eld Hamiltonian and Hartree-Fok equationHere we de�ne the Hartree-Fok mean �eld h(rr0)h(rr0) � ÆhHiÆ�(r0r) where hHi = �Z dr �h22m�(r) + 12 ZZ drdr0�(r)v(r; r0)�(r0)� 12 ZZ drdr0��(r0r)v(r; r0)�(r0r)�Heneh(rr0) � ÆhHiÆ�(rr0)= �h22m Z dr00r00Æ(r00 � r) � r00Æ(r00 � r0) + Z dr00�(r00)v(r00r)Æ(r � r0)� v(rr0)�(r0r)Then the Hamiltonian an be expressed by using the mean �eldĤ = hHi+ ZZ drdr0h(rr0) :  y(r) (r0) : +(residual int.) (1.79)11



= hHi+ ZZ drdr0Xk;k0 ��k(r)h(rr0)�k0 (r0) : ykk0 : +(residual int.) (1.80)= hHi+ ZZ drdr0Xk;k0 hkk0 : ykk0 : +(residual int.) (1.81)The Hartree-Fok equation for the single-partile wave funtion is given byZ dr0h(rr0)�k(r0)= ��h22m r2�k(r) + �Z dr0�(r0)v(r0r)��k(r)� Z dr0v(rr0)�(r0r)�k(r0) = �k�k(r) (1.82)whih is based on the variational priniple.Consequently the Hamiltonian an be expressed asĤ = hHi+ Xk2all �k : ykk : +(residual int.)= hHi+ Xk>kF �kaykak � Xk�kF �kbykbk + (residual int.) (1.83)! hHi+ ĥ0 + (residual int.) ĥ0 =Xkk0 hkk0 : ykk :=Xkk0 Ækk0�k : ykk :Note thatĥ0jki = ( ĥ0aykj0i =Pk0>kF �k0ayk0ak0aykj0i = �kjki (jki is a partile state. i.e. k > kF :)ĥ0bykj0i = �Pk0�kF �k0byk0bk0bykj0i = ��kjki (jki is a hole state. i.e. k � kF :)This relation an be represented in the oordinate spae.hrjĥ0jki = h�j (r) ZZ dr1dr2h(r1r2) y(r1) (r2)jki= Z dr2h(rr2)h�j y(r2)jki= Z dr2h(rr2)hr2jki = ��khrjkiThis is the Hartree-Fok equation itself.The mean �eld of the Coulomb interationIn terms of the quantum mehanis, the Coulomb intertion is given byH = e24 Xi<j (1 + �i3)(1 + �j3)jri � rj j where �i3�(i; �) = � �p(i) (� = +1)��n(i) (� = �1) (1.84)Hene 2nd quantized Coulomb interation is given byH = e28 Xijkl "X�� 0 ZZ drdr0��i (r�)��j (r0� 0) (1 + �3)(1 + � 03)jr � r0j �k(r�)�l(r0� 0)# yi yjlk= �e22 ZZ drdr0 yp(r) yp(r0) 1jr � r0j p(r) p(r0) (1.85)Then hHi = �e22 ZZ drdr0 [�p(r0r)�p(rr0)� �p(r)�p(r0)℄jr � r0j (1.86)ÆhHiÆ�p(r0r) = �e2 �p(rr0)jr � r0j + e2 2664Z dr1�p(r1)jr � r1j 3775 Æ(r � r0) (1.87)The �rst term is so-alled the \exhange term", whih is often negleted in the H.F. alulation. Theseond term is the \diret term" of the Coulomb interation.12



1.6 Linear respone theoryThe time dependent Shr�odinger equation isi�h ��t j�(t)i = Ĥj�(t)i (1.88)Applying this equation to the (time-dependent) density we an geti�h ��t�(r; t) = h�(t)j � y(r) (r); H� j�(t)i (1.89)= Z dr0 (h(rr0)�(r0; r; t)� �(r; r0; t)h(r0r)) (= [h(�); �℄) (1.90)But if the Hamiltonian does not inlude the time-dependent perturbation(external �eld), [h(�); �℄ will bezero beause j�(t)i ! j�i or �(r; t)! �(r).Here we add the external �eld to the Hamiltonian as a perturbation.Ĥ ! Ĥ + F̂ (t)whereF̂ (t) =Xkk0 fkk0 (t)ykk0 = Z dr y(r)f(r; t) (r)Hene i�h ��t�(r; t) = h�(t)j h y(r) (r); Ĥ + F̂ (t)i j�(t)i (1.91)= Z dr0 (h(rr0)�(r0; r; t)� �(r; r0; t)h(r0r)) + [f(r; t); �(r)℄(= [h(�) + f(t); �℄) (1.92)This is so-alled \Time-dependent Hartree-Fok equation"1.6.1 Linear respone equationIf the unperturbed gorund state of the nuleus has a density matrix �0, the time-dependent one an beexpanded as �(t) = �0 + Æ�(t) (1.93)The mean �eld hamiltonian an be also expanded ash(�) = h(�0 + Æ�(t)) � h(�0) + Æh(�)Æ� j�=�0Æ�(t) (1.94)Substituting these expansion to the time-dependent Hartree-Fok equation, we an obtaini�h ��tÆ�(t) = �h(�0) + Æh(�)Æ� j�=�0Æ�(t) + f(t); �0 + Æ�(t)�� [h(�0); Æ�(t)℄ + �Æh(�)Æ� j�=�0Æ�(t); �0�+ [f(t); �0℄ (1.95)Using The Fourier transformation, (1.95) beomes�h!Æ�(!) � [h(�0); Æ�(!)℄ + �Æh(�)Æ� j�=�0Æ�(!) + f(!); �0� (1.96)The expliit oordinate representation is�h!Æ�(r;!) � Z dr0 [h(rr0)Æ�(r0r;!)� Æ�(rr0;!)h(r0r)℄+ Z dr0 ZZ dr1dr2 � Æh(rr0)Æ�(r1r2) j�=�0Æ�(r1r2;!)�0(r0r)� �0(rr0) Æh(r0r)Æ�(r1r2) j�=�0Æ�(r1r2;!)�+ [f(r;!); �0(r)℄ (1.97)13



1.6.2 Time dependent perturbation theoryThe time-dependent single partile wave funtion�k(r(t)) = hr : tjki = h�j (rt)jki= h�jÛy(t) (r)Û(t)jkiwhere Û(t) is the time evolution operator, whih is given byÛ(t) � e� i�h (t�t0)ĥ0 ( ĥ0jki = ��kjki ĥ0j�i = 0 )Then the single partile wave funtion satis�esi�h ��t�k(r(t)) = h�jÛy(t) h (r); ĥ0i Û(t)jki= ZZ dr1dr2h(r1r2)h�jÛy(t) � (r);  y(r1) (r2)� Û(t)jki= Z dr0h(rr0)h�jÛy(t) (r0)Û(t)jki = ��k�k(r(t))This is the time-dependent Hartree-Fok equation for the single partile wave funtion without the time-dependent external �eld. The solution of this equation is given by�k(r(t)) = e� i�h �k(t�t0)�k(r)The additional weak external �eld is a perturbation, and hanges the time-dependent wave funtion andthe mean �eld. �k(r(t)) = e� i�h �k(t�t0)�k(r) ! e� i�h �k(t�t0) (�k(r) + Æ�k(rt))h(rr0) ! h(rr0) + ÆhÆ� (rr0 : t) + f(rt)Thus the time-dependent HF equation beomes��kÆ�k(rt) + i�h ��tÆ�k(rt) = Z dr0�h(rr0)Æ�k(r0t) + ÆhÆ� (rr0 : t)�k(r0)�+ f(rt)�k(r)By the Fourier transformation, this equation an be rewritten.Æ�k(rt) = 12� Z d!e�i!tÆ�k(r!) f(rt) = 12� Z d!e�i!tf(r!)Thus Z dr0h(rr0)Æ�k(r0!)� (�h! � �k) Æ�k(r!) = � Z dr0 ÆhÆ� (rr0 : !)�k(r0)� f(r!)�k(r)If we use the delta-type interation in the Hartree-Fok mean �eld like as the Skyrme interation, thisequation takes the form as��r �h22m�(r) � r+ U(r)� �h! � �k� Æ�k(r!) = ��ÆhÆ� (r : !) + f(r!)��k(r) (1.98)This type equation is so-alled \Sturm-Liouville equation", and the solution is given by using the Greenfuntion. Æ�k(r!) = Z dr0G0(rr0 : �h! � �k + i�)�ÆhÆ� (r0 : !) + f(r0!)��k(r0) (1.99)The Green funtion is de�ned as��r �h22m�(r) � r+ U(r)�E�G0(rr0 : E) = �Æ(r � r0)14



The spetral representation of the green funtionIf one expands the HF green funtion in terms of �i asG0(r; r0;E) = Xi2all (�i(r)Ci(r0)) (1.100)one an get �ĥ0(r)�E�G0(r; r0;E) = �Xi2all ((E � �i)�i(r)Ci(r0))= �Æ(r � r0) (1.101)By using of the orthonormality of the wave funtion, one an obtain C.Ci(r0) = ��i (r0)E � �i (1.102)So the HF green funtion an be expressed asG0(r; r0;E) = Xi2all��i(r)��i (r0)E � �i � (1.103)1.6.3 Energy weighted sum ruleThe energy weighted sum rule S1 an be written as a double ommutatorS1 =X� (E� �E0) jh�jF̂ j0ij2 = 12h0j hF̂ ; hĤ; F̂ ii j0iThis double ommutator an be expressed in the on�guration spae as where we put the Hamiltonianand the external �eldhF̂ ; hĤ; F̂ ii =Xij fijXkl hklXmn fmn hyi j ; hykl; ymnii=Xij fijXkl hklXmn fmn hyi j ; hÆlmykn � Æknymlii=Xij fijXkl hklXmn fmn nÆlm �Æjkyi n � Æinykj�� Ækn �Æjmyi l � Æilymj�o=Xij Xln fijhjlflnyi n �Xij Xkl hklflifijykj �Xij Xkl fijfjkhklyi l +Xij Xkm fmkhkifijymj=Xij Xkl (fkjhjifil � hkjfjifil � fkjfjihil + fkjhjifil) yklwhere [AB;CD℄ = fB;CgAD � fB;DgAC + fA;CgDB � fA;DgCBh0jyi j j0i = yi j = �(kF � ki)ÆijĤ =Xij hijyi j F̂ =Xij fijyi jThus h0j hF̂ ; hĤ; F̂ ii j0i =Xij Xk2hole f2fkjhjifik � hkjfjifik � fkjfjihikgAlso in the oordinate spae,hF̂ ; hĤ; F̂ ii = ZZZZ drdr0dr1dr2f(r)f(r0)h(r1r2) � y(r) (r); � y(r1) (r2);  y(r0) (r0)��= ZZZZ drdr0dr1dr2f(r)f(r0)h(r1r2)15



� � y(r) (r); �Æ(r0 � r2) y(r1) (r0)� Æ(r0 � r1) y(r0) (r2)��= ZZZZ drdr0dr1dr2f(r)f(r0)h(r1r2)�hÆ(r0 � r2) �Æ(r � r1) y(r) (r0)� Æ(r � r0) y(r1) (r)��Æ(r0 � r1) �Æ(r � r0) y(r) (r2)� Æ(r � r2) y(r0) (r)�i= ZZ drdr0 �2 y(r)f(r)h(rr0)f(r0) (r0)�  y(r)h(rr0)f2(r0) (r0)�  y(r)f2(r)h(rr0) (r0)�Thush0j hF̂ ; hĤ; F̂ii j0i = ZZ drdr0 �2f(r)f(r0)h(rr0)�(r0r)� h(rr0)f2(r0)�(r0r)� f2(r)h(rr0)�(r0r)�where we put the Hamiltonian and the external �eldĤ = ZZ dr1dr2h(r1r2) y(r1) (r2) F̂ = Z drf(r) y(r) (r)For the most simple example, we puth(rr0)! ��h22m r2Æ(r � r0) + U(r)Æ(r � r0) No velosity terms in the potentialThen h0j hF̂ ; hĤ; F̂ ii j0i = Z dr �h2m (rf(r))2 �(r) =Xi Z dr�h2m��i (r) [rf(r)℄2 �i(r)= �h2m h[rf ℄2iNext example is the Hamiltonian whih is ontained the e�etive mass.h(rr0)! r � ��h22m�(r)rÆ(r � r0) + U(r)Æ(r � r0)Also in this ase,h0j hF̂ ; hĤ; F̂ ii j0i = Z dr �h2m�(r) (rf(r))2 �(r) =Xi Z dr��i (r) �h2m�(r) [rf(r)℄2 �i(r)= h �h2m� [rf ℄2iExample : Sum rule for the multipole operatorFor the multipole operator, f =P� r�Y��, by using the gradient formula[(6-171),B.M.vol.I,p401℄,X� r�(r)Y ��� � r�(r)Y�� = 2�+ 14�  �d�dr�2 + �(� + 1)��r�2!the gradient (rf)2 beomes X� jrr�Y��j2 = �(2�+ 1)24� r2��2Thenh(rf)2i =Xi� Z dr��i (r�)X� �rr�Y���2 �i(r�) = �(2�+ 1)24� Xnlj Z dr�nlj (r)r2��2�nlj(r)= �(2�+ 1)24� hr2��2i16



�i(r�) = Yljm �lj(r; En)r Yljm(~r�) =Xmlshlml; 12sjjmiYlml�s(�)Thus one an get the Thomas-Reihe-Kuhn sum ruleS1 = �h22m �(2�+ 1)4� (2�+ 1)hr2��2i
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Chapter 2Multipole �eld2.1 Charge densityWe have already studied the density operator. In addition, here we will study the harge density operator.The harge density operator is de�ned by�̂e(r) � AXi=1 e�12 � t3(i)� Æ(r � r̂i) (2.1)where �12 � t3� jni = 0 �12 � t3� jpi = 1For the Slater determinant, the harge density operator satis�esh�j�̂e(r)j�i = h�j" AXi=1 e�12 � t3(i)� Æ(r � r̂i)# j�i= Z :::Z dr1: : :drA��fk1:::kAg(r1 : : : rA)" AXi=1 e�12 � t3(i)� Æ(r � r̂i)#�fk1:::kAg(r1 : : :rA)= Z :::Z dr1: : :drZ��fk1:::kZg(r1 : : : rZ)" ZXi=1 eÆ(r � r̂i)#�fk1:::kZg(r1 : : : rZ)= ZXi=1 e j�p;ki (r)j2 = �p(r) (2.2)where A = Z +N Z is the proton number and N is the neutron number.2nd quantized harge density an be expressed as�̂e(r) �Xij X� Z dr0�yi (r0�)e�12 � t3� Æ(r � r̂0)�i(r0�)yi i (2.3)= e yp(r) p(r) (2.4)2.1.1 The multipole expansion of the eletro-magneti �eldThe interation Hamiltonian between the eletro-magneti external �eld and the nuleus is given byHint = �1 Z d3rj�A� = Z d3r��(r; t)�(r; t)� 1 j(r; t) �A(r; t)�= Z d3r (�(r; t)�(r; t)� �(r; t) �B(r; t))where � is the magneti moment and B is the magneti ux density, whih are de�ned byj(r; t) � r� �(r; t) B(r; t) � r�A(r; t)18



If the sores are far from the nuleus, and the quantities � and B are stati, these quantities satis�es thehomogeneous Maxwell equations,��(r) = 0 r�B(r) = 0 r �B(r) = 0This means that B an be written asB(r) = �r� with ��(r) = 0The general solution of the Laplae equation is given byf(r) =X�� a��r�Y��(r̂) with �f(r) = �1r �2�r2 r � l2r2� f(r) = 0 (Laplae equation)Then the Hamiltonian an be rewritten asHint = X�� �a�� �Z dr�(r)r�Y��(r̂)�+ b�� �Z dr�(r) � r �r�Y��(r̂)���= X�� �a�� �Z dr�(r)r�Y��(r̂)�+ b�� �Z dr (�l(r) + �s(r)) � r �r�Y��(r̂)���2.1.2 Isovetor, Isosalar operator1st Quantized representationQ̂�IV = AXi=1X� �̂3(i)r�(i)Y��(i); Q̂�IS = AXi=1X� r�(i)Y��(i)= Q̂�n � Q̂�p = Q̂�n + Q̂�p2nd Quantized representationQ̂�IV =Xi;j Xq;� Z dr��q;i(r)�̂3r�Y���q;j(r)yi j ; Q̂�IS =Xi;j X�;q Z dr��q;i(r)r�Y���q;j(r)yi j ;=X�;q Z dr ̂�q (r)�̂3r�Y�� ̂q(r); =X�;q Z dr ̂�q (r)r�Y�� ̂q(r);= Q̂�n � Q̂�p = Q̂�n + Q̂�pNote that t̂3 = 12 �̂3 �̂3jni = jni �̂3jpi = �jpi2.1.3 E1 operator(Mass Center removed Isovetor Dipole operator)Q̂E1 = e +1X�=�1 AXi=1 12 (1� �̂3(i)) r(i)Y1�(i)= e +1X�=�1 ZXi=1 r(i)Y1�(i) = e ZXi=1r 34� +1X�=�1 r�(i) = e ZXi=1r 34� z(i)Note that rY1� = r� : r� = � 1p2 (x� iy) r0 = zIn terms of the Center of Mass system, the total linear momentum vanishes. In general, the oordinateof the enter of mass system ~r is given by~ri = ri �R = ri � 1A AXj=1 rj = ri � 1A ZXj=1 rj � 1A NXj=1 rj= ri � ZARp � NARn19



then one an get the enter-mass removed E1 operator by replaing r� ! ~r�Q̂CME1 = er 34� +1X�=�1 ZXi=1 ~r�(i)= er 34� +1X�=�1 ZXi=1 �r�(i)� NARn� � ZARp��= er 34� +1X�=�1�ZRp� � ZNA Rn� � Z2A Rp��= er 34� +1X�=�1 ZNA �Rp� �Rn�� = er 34� ZNA  1Z ZXi=1 zp(i)� 1N NXi=1 zn(i)!= eZNA X�  1Z ZXi=1 r(i)Y1�(i)� 1N NXi=1 r(i)Y1�!= �eX� AXi=1 t̂3(i)0�r(i)Y1�(i)� 1A AXj=1 r(j)Y1�(j)1A
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Chapter 3Random Phase approximation3.1 Liner respone theory3.2 Derivation of the unperturbed respone funtionThe formal expression of the unperturbed respone funtion is given byR0(rt; r0t0) = �i�(t� t0)h0j hÛy0 (t)�̂(r)Û0(t); Ûy0 (t0)�̂(r0)Û0(t0)i j0i= �i�(t� t0)Xmi �h0jÛy0 (t)�̂(r)Û0(t)jmiihmijÛy0 (t0)�̂(r0)Û0(t0)j0i�h0jÛy0 (t0)�̂(r0)Û0(t0)jmiihmijÛy0 (t)�̂(r)Û0(t)j0i�= �i�(t� t0)Xmi �e�i(t�t0)(�m��i)=�hh0j�̂(r)jmiihmij�̂(r0)j0i�ei(t�t0)(�m��i)=�hh0j�̂(r0)jmiihmij�̂(r)j0i�where Û0(t) = e�i(t�t0)ĥ0=�h, jmi is a partile state and jii is a hole state.Note that ĥ0 is the mean �eld hamiltonian, whih has properties asĥ0j0i = 0; ĥ0jmii = ĥ0aymbyi j0i = (�m � �i) jmiiĥ0 =Xm �maymam �Xi �ibyi bi (m 2 partile i 2 hole)Applying �(t� t0) = �12�i Z 1�1 d~!ei~!(t�t0)~! � i�  = �12�i Z 1�1 d~!e�i~!(t�t0)~! + i� ! (3.1)to R0(rt; r0t0), one an getR0(rt; r0t0) = 12�Xmi Z 1�1 d~! 1~! � i��ei(t�t0)(~!�(�m��i)=�h)h0j�̂(r)jmiihmij�̂(r0)j0i�ei(t�t0)(~!+(�m��i)=�h)h0j�̂(r0)jmiihmij�̂(r)j0i�
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Then, the Fourier transform of the unperturbed respone funtion an be obtainedR0(rr0; !) = 12� Z 1�1 d(t� t0)ei!(t�t0)R0(rt; r0t0)= 12�Xmi Z 1�1 d~!� 1~! � i� Æ(~! + ! � (�m � �i)=�h)h0j�̂(r)jmiihmij�̂(r0)j0i� 1~! � i� Æ(~! + ! + (�m � �i)=�h)h0j�̂(r0)jmiihmij�̂(r)j0i�= �h2�Xmi � h0j�̂(r)jmiihmij�̂(r0)j0i(�m � �i)� �h! � i� + h0j�̂(r0)jmiihmij�̂(r)j0i(�m � �i) + �h! + i� �The proof of (3.1) �(t� t0) = �12�i Z 1�1 d! e�i!(t�t0)! + i�
0

ω = -iη

C2

C1

C0

ω

R

To show the proof of this relation for the step fun-tion, we think the ontour integration(left �gure).When t � t0 > 0(t � t0 < 0) one takes a path C0 +C1(C0+C2), beause e�i!(t�t0) onverges on C1(C2)plane at the limit ! !1, and alsoZC1(C2) d!2�i e�i!(t�t0)! + i� ����R!1 ! 0:Then one an alulate by using the residue theorem,Z 1�1 d!2�i e�i!(t�t0)! + i� = ZC0 d!2�i e�i!(t�t0)! + i�=8>>><>>>: (t� t0 > 0) ZC0+C1 d!2�i e�i!(t�t0)! + i� �����!0! �1(t� t0 < 0) ZC0+C2 d!2�i e�i!(t�t0)! + i� = 03.3 Sum ruleThe RPA respone funtion is given byR(r; r0 : !) =X�>0� h0j�̂(r)j�ih�j�̂(r0)j0i�h! � (E� �E0) + i� � h0j�̂(r0)j�ih�j�̂(r)j0i�h! + (E� �E0) + i��where j�i is an exited state whih satis�es Ĥj�i = (E� �E0)j�i. If one use the relation,F̂ = Z drf(r)�̂(r)�= Z drf(r) ̂y(r) ̂(r)�and 1=(! + i�) = P(1=!)� i�Æ(!), then one an getRF (!) � Z Z drdr0f(r)R(r; r0 : !)f(r0) = X�>0 h0jF̂ j�ih�jF̂ j0i�h! � (E� �E0) + i� � h0jF̂ j�ih�jF̂ j0i�h! + (E� �E0) + i�!= X�>0h0jF̂ j�ih�j" 1�h! � (Ĥ �E0) + i� � 1�h! + (Ĥ �E0) + i�# j�ih�jF̂ j0i= X�>0�P� 1�h! � (E� �E0) � 1�h! + (E� �E0)��i� (Æ(�h! � (E� �E0))� Æ(�h! + (E� �E0)))�jh�jF̂ j0ij222



So one an get the relation for the positive frequeny(! > 0),Im Z Z drdr0f(r)R(r; r0 : !)f(r0) = ��X�>0 Æ(�h! � (E� �E0))jh�jF̂ j0ij2One an get the energy-weighted sum rule by integrating this relation,m1 = ��h2� Z 10 d!!Im Z Z drdr0f(r)R(r; r0 : !)f(r0) =X�>0(E� �E0)jh�jF̂ j0ij2In general, a sum rule mk is given bymk =X� (E� �E0)kjh�jF j0ij2 = h0jF (H �E0)kF j0i3.3.1 Normalization of transition density and B(QL)The strength funtion is de�ned byS(�h!) = X� jh�jF j0ij2Æ(�h! �E�) = Z drf(r)ImÆ�(r : !)In the ase �h! � E� , thenS(�h! � E�) � S� = jh�jF j0ij2 = Z drf(r)ImÆ��(r : !)j!�E�B(QL) value is de�ned by B(QL) = Z 10 d�h!S(�h!) =X� jh�jF j0ij23.4 Stati polarizability and Spurious solutionWhen we think next HamiltonianH = H0 + �F (H0 is the exat hamiltonian, or HF hamiltonian et.)here, F is the external �eld. The external �eld, an be expressed by the one body operator, an ommutewith H . [H;F ℄ = 0For a state j�i = ei�F j0i, the expetation value of the hamiltonian h�jH j�i an be expanded by � ash�jH j�i = h0jH + i�[H;F ℄ + �22 [[H;F ℄; F ℄ + : : : j0i= h0jH j0ij�i is so-alled 'the spurious state' whih is aused by the spontaneously symmetry breaking in j0i. Wherej0i is the Hartree-Fok basis RPA ground state. The equationh0j[[H;F ℄; F ℄j0i = 0an be expressed in matrix language as� A BB� A� �� F�F � � = 0Also h0j[[H;F ℄; F ℄j0i =23



3.5 RPA with Skyrme interationSkyrme Hartree-Fok equation is given ash0;q[�℄�q;i(r) = �i�q;i(r)h0;q[�℄�q;i(r)= �� �h22m +B3�(r) +B4�q(r)���q;i(r) + �B32ij(r) +B42ijq(r)�B3r�(r)�B4r�(r)��r�q;i(r)+242B1�(r) + (� + 2)B7��+1(r) + 2B2�q(r) + �B8���1(r)Xq0 �2q0(r) + 2B8��(r)�q(r)35 �q;i(r)+ �B3 (�(r) + ir�j(r)) +B4 ��q(r) + ir�jq(r)�+ 2B5��(r) + 2B6��q(r)��q;i(r)Here we ignored spin-dependent terms, but time-odd veloity dependent terms are inluded.Random-Phase-Approximation in the density funtional theory an be formulated fromhq(t) = h0;q[�℄ +8<:24vext +Xq0 Æh0;q[�℄Æ�q0 Æ�q035 e�i!t + h::9=;�q;i(r; t) = e�i �i�h t h�q;i(r) + Æ�(�)q;i (r)e�i!t + Æ�(+)q;i (r)e+i!tii�h ��t�q;i(r; t) = hq(t)�q;i(r; t)# in the �rst order approximation(�h! + �i � h0;q) Æ�(�)q;i (r) = 24vext +Xq0 Æh0;q [�℄Æ�q0 Æ�q035�q;i(r)(��h! + �i � h0;q) Æ�(+)q;i (r) = 24vext +Xq0 Æh0;q [�℄Æ�q0 Æ�q035y �q;i(r)These two equations are the \Strurm-Liouville equation". The \Strurm-Liouville equation" takes theform L�(r) = �v(r), and the Green's funtion is de�ned as LG0;q(rr0) = �Æ(r � r0). The solution anbe given as �(r) = R dr0G0;q(rr0)v(r0).Here one an de�ne Hartree-Fok Green's funtion as(�� h0;q)G0;q(rr0; �) = �Æ(r � r0)Note that the Lehman representation of the Green's funtion, with use of the orthogonality of thewave funtions Pi �q;i(r)��i (r0) = Æ(r � r0), an be expressed asG0;q(rr0; �) = �Xi2all �q;i(r)��q;i(r0)�� �i
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Therefore the solutions of above two equations an be given asÆ�(�)q;i (r) = Z dr0G0;q(rr0; �h! + �i)24vext +Xq0 Æh0;q[�℄Æ�q0 Æ�q035 �q;i(r0)= Z dr0 Xj2all �q;j(r)��q;j(r0)�j � �i � �h! 24vext +Xq0 Æh0;q [�℄Æ�q0 Æ�q035�q;i(r0)Æ�(+)q;i (r) = Z dr0G0;q(rr0;��h! + �i)24vext +Xq0 Æh0;q[�℄Æ�q0 Æ�q035y �q;i(r0)= Z dr0 Xj2all �q;j(r)��q;j(r0)�j � �i + �h! 24vext +Xq0 Æh0;q [�℄Æ�q0 Æ�q035y �q;i(r0)With use of the Skyrme interation,Æh0;q[�℄Æ�q0 Æ�q0�q;i(r) = Z dr0 Æh0;q [�℄�q;i(r)Æ�q0(r0) Æ�q0(r0)= � (B3 + Æqq0B4) Æ�q0(r)��q;i(r) + (B3 + Æqq0B4) �2iÆjq0(r)�rÆ�q0(r)��r�q;i(r)+"2B1 + Æqq02B2 + (�+ 2)(�+ 1)B7��(r)+�(� � 1)B8���2(r)Xq00 �2q00(r) + 2�B8���1(r) (�q0(r) + �q(r)) + 2B8��(r)Æqq0#Æ�q0(r)�q;i(r)+ �(B3 + Æqq0B4) �Æ�q0 (r) + ir�Æjq0(r)�+ (2B5 + Æqq02B6)�Æ�q0 (r)��q;i(r)= 2bqq0Æ�q0 (r)��q;i(r)� 2bqq0 �2iÆjq0 (r)�rÆ�q0(r)��r�q;i(r) + aqq0 (r)Æ�q0(r)�q;i(r)�2bqq0 �Æ�q0(r) + ir�Æjq0(r)��q;i(r) + (2bqq0 � qq0)�Æ�q0(r)�q;i(r)ThereforeZ dr0��q;j(r0)Æh0;q [�℄Æ�q0 Æ�q0�q;i(r0) = Z dr0��q;j(r0)�q;i(r0)aqq0(r0)Æ�q0(r0)+ Z dr0��q;j(r0)�q;i(r0)bqq0�+Æ�q0(r0)+ Z dr0��q;j(r0)� �r ��!r��q;i(r0)bqq0 �2iÆjq0(r0)+ Z dr0��q;j(r0)� �r +�!r��q;i(r0)qq0rÆ�q0 (r0)+ Z dr0��q;j(r0)� �� +�!���q;i(r0)bqq0Æ�q0(r0)
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And alsoZ dr0��q;j(r0) �Æh0;q[�℄Æ�q0 Æ�q0�y �q;i(r0) = �Z dr0��q;i(r0)Æh0;q [�℄Æ�q0 Æ�q0�q;j(r0)��= "Z dr0��q;i(r0)�q;j(r0)aqq0 (r0)Æ�q0(r0)+ Z dr0��q;i(r0)�q;j(r0)bqq0�+Æ�q0(r0)+ Z dr0��q;i(r0)� �r ��!r��q;j(r0)bqq0 �2iÆjq0(r0)+ Z dr0��q;i(r0)� �r +�!r��q;j(r0)qq0rÆ�q0(r0)+ Z dr0��q;i(r0)� �� +�!���q;j(r0)bqq0Æ�q0(r0)#�= Z dr0��q;j(r0)Æh0;q [�℄Æ�q0 Æ�q0�q;i(r0)Then one an getÆ�(�)q;i (r) = Z dr0 Xj2all �q;j(r) 1�j � �i � �h!��q;j(r0)�q;i(r0)vext+ Z dr0 Xj2all �q;j(r) 1�j � �i � �h!��q;j(r0)�q;i(r0)Xq0 aqq0(r0)Æ�q0 (r0)+ Z dr0 Xj2all �q;j(r) 1�j � �i � �h!��q;j(r0)�q;i(r0)Xq0 bqq0�+Æ�q0(r0)+ Z dr0 Xj2all �q;j(r) 1�j � �i � �h!��q;j(r0)� �� 0 +�!� 0��q;i(r0)Xq0 bqq0Æ�q0(r0)+ Z dr0 Xj2all �q;j(r) 1�j � �i � �h!��q;j(r0)� �r 0 +�!r 0��q;i(r0)Xq0 qq0r+Æ�q0 (r0)+ Z dr0 Xj2all �q;j(r) 1�j � �i � �h!��q;j(r0)� �r 0 ��!r 0��q;i(r0)Xq0 bqq02iÆjq0(r0)Æ�(+)q;i (r) = Z dr0 Xj2all �q;j(r) 1�j � �i + �h!��q;j(r0)�q;i(r0)vext+ Z dr0 Xj2all �q;j(r) 1�j � �i + �h!��q;j(r0)�q;i(r0)Xq0 aqq0 (r0)Æ�q0(r0)+ Z dr0 Xj2all �q;j(r) 1�j � �i + �h!��q;j(r0)�q;i(r0)Xq0 bqq0�+Æ�q0(r0)+ Z dr0 Xj2all �q;j(r) 1�j � �i + �h!��q;j(r0)� �� 0 +�!� 0��q;i(r0)Xq0 bqq0Æ�q0(r0)+ Z dr0 Xj2all �q;j(r) 1�j � �i + �h!��q;j(r0)� �r 0 +�!r 0��q;i(r0)Xq0 qq0r+Æ�q0(r0)+ Z dr0 Xj2all �q;j(r) 1�j � �i + �h!��q;j(r0)� �r 0 ��!r 0��q;i(r0)Xq0 bqq02iÆjq0(r0)
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Here we de�ne the transition density�q(r; t) = Xi ��q;i(r; t)�q;i(r; t)= Xi ��q;i(r)�q;i(r) ! �q(r)+ei!tXi n��q;i(r)Æ�(�)q;i (r) + �q;i(r)Æ�(+)�q;i (r)o ! e�i!tÆ�q(r)+h:: ! ei!tÆ��q(r)Linear respone equationÆ�q(r) = Xi n��q;i(r)Æ�(�)q;i (r) + �q;i(r)Æ�(+)�q;i (r)o= Z dr0 Xi2bound"��q;i(r)( Xj2all �q;j(r) 1�j � �i � �h!��q;j(r0)�q;i(r0)vext+ Xj2all�q;j(r) 1�j � �i � �h!��q;j(r0)�q;i(r0)Xq0 aqq0(r0)Æ�q0 (r0)+ Xj2all�q;j(r) 1�j � �i � �h!��q;j(r0)�q;i(r0)Xq0 bqq0�+Æ�q0(r0)+ Xj2all�q;j(r) 1�j � �i � �h!��q;j(r0)� �� 0 +�!� 0��q;i(r0)Xq0 bqq0Æ�q0(r0)+ Xj2all�q;j(r) 1�j � �i � �h!��q;j(r0)� �r 0 +�!r 0��q;i(r0)Xq0 qq0r+Æ�q0 (r0)+ Xj2all�q;j(r) 1�j � �i � �h!��q;j(r0)� �r 0 ��!r 0��q;i(r0)Xq0 bqq02iÆjq0(r0))+�q;i(r)( Xj2all ��q;i(r0)�q;j(r0) 1�j � �i + �h!��q;j(r)vext+ Xj2all��q;i(r0)�q;j(r0) 1�j � �i + �h!��q;j(r)Xq0 aqq0(r0)Æ�q0 (r0)+ Xj2all��q;i(r0)�q;j(r0) 1�j � �i + �h!��q;j(r)Xq0 bqq0�+Æ�q0(r0)+ Xj2all��q;i(r0)� �� 0 +�!� 0��q;j(r0) 1�j � �i + �h!��q;j(r)Xq0 bqq0Æ�q0(r0)+ Xj2all��q;i(r0)� �r 0 +�!r 0��q;j(r0) 1�j � �i + �h!��q;j(r)Xq0 qq0r+Æ�q0 (r0)+ Xj2all��q;i(r0)� �r 0 ��!r 0��q;j(r0) 1�j � �i + �h!��q;j(r)Xq0 bqq02iÆjq0(r0))�#
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Here one de�ne the respone funtionXi2bound Xj2all(��q;i(r)Ô�(r)�q;j(r) 1�j � �i � �h!��q;j(r0)Ô�(r0)�q;i(r0)+��q;j(r)Ô�(r)�q;i(r)��q;i(r0)Ô�(r0)�q;j(r0) 1�j � �i + �h!)= Xi2bound(��q;i(r)Ô�(r)G0;q(rr0; �h! + �i)Ô�(r0)�q;i(r0) + ��q;i(r0)Ô�(r0)G0;q(r0r;��h! + �i)Ô�(r)�q;i(r))� R��0;q(rr0;!)where Ô�(r); Ô�(r) 2 n1; �r +�!r ; �r ��!r ; �� +�!�oThe linear respone equation isÆ��;q(r) = X� Z dr0 24R��0;q(rr0;!)Xq0 vph;qq0� (r0)Æ��;q0(r0) +R�10;q(rr0;!)vextq (r0)353.5.1 Strength funtion and energy-weighted sum ruleThe linear respone equation beomesÆ��;q(r) = Z dr0R�10;q(rr0;!)vextq (r0)+X� Z dr0 24R��0;q(rr0;!)Xq0 vph;qq0� (r0)Æ��;q0(r0)35= Z dr0R�10;q(rr0;!)vextq (r0)+X� Z dr0 Z dr00 24R��0;q(rr0;!)Xq0 vph;qq0� (r0)R�10;q0(r0r00;!)vextq0 (r00)35+ X�;�0���Z dr0 Z dr00 � � �24R��0;q(rr0;!)Xq0 vph;qq0� (r0)R��00;q0(r0r00;!)Xq00 vph;q0q00�0 (r00) � � �35The strength funtion and its energy-weighted sum are de�ned asSq(�h!) = � 1� Im Z drvext;�q (r)Æ�1;q(r)= � 1� Im Z drvext;�q (r)" Z dr0R110;q(rr0;!)vextq (r0)+X� Z dr0 Z dr008<:R1�0;q(rr0;!)Xq0 vph;qq0� (r0)R�10;q0(r0r00;!)vextq0 (r00)9=;+ � � �#= � 1� Im Z dr Z dr0vext;�q (r)R110;q(rr0;!)vextq (r0)�X� Xq0 1� Im Z dr Z dr0 Z dr00vext;�q (r)R1�0;q(rr0;!)vph;qq0� (r0)R�10;q0(r0r00;!)vextq0 (r00)= � 1� Imhvext;�q R110;q(!)vextq i � 1�X� Xq0 Imhvext;�q R1�0;q(;!)vph;qq0� R�10;q0(;!)vextq0 i
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The ontribution for the energy-weighted sum of the �rst term is1� Im Z 10 d!!hvext;�q R110;q(!)vextq i= 1� Im Z 10 d! Z dr Z dr0! Xi2bound Xj2all(��q;i(r)vext;�q (r)�q;j(r) 1�j � �i � �h! � i���q;j(r0)vextq (r0)�q;i(r0)+��q;j(r)vext;�q (r)�q;i(r)��q;i(r0)vextq (r0)�q;j(r0) 1�j � �i + �h! � i�)= 1� Im Z 10 d!! Xi2bound Xj2all jhijvextq jjij2( 1�j � �i � �h! � i� + 1�j � �i + �h! � i�)= 1� Im Z 1�1 d!! Xi2bound Xj2all jhijvextq jjij2( 1�j � �i � �h! � i�)= 1� Im Z 1�1 d!! Xi2bound Xj2all jhijvextq jjij2�h(P 1�j��i�h � ! + i�Æ(�j � �i�h � !))= Xi2bound Xj2all(�j � �i)jhijvextq jjij2 =Xp;h (�p � �h)jhhjvextq jpij2On the other hand, the double ommutator relation of Hartree-Fok hamiltonian ĥ0 and the external�eld f̂ beomesh0j hf̂ ; hĥ0; f̂ii j0i = Xp;h h0j hf̂ ; jphihphj hĥ0; f̂ii j0i= Xp;h h0jf̂ jphihphj hĥ0; f̂i j0i = �Xp;h (�p � �h)jhhjf̂ jpij2where ĥ0jphi = (�p � �h)jphi ĥ0j0i = 0 h0jf̂ jphi = fhp = hhjf̂ jpiĥ0 =Xi �i : yi i :=Xp �paypap �Xh �hbyhbh f̂ =Xi;j fijyi jAnd also, one an get from the oordinate spae representatin Hartree-Fok hamiltonian,h0j hf̂ ; hĥ0; f̂ii j0i = h �h2m� [rf ℄2iTherefore, the energy-weightes sum of the �rst term an be obtained as1� Im Z 10 d!!hvext;�q R110;q(!)vextq i = �h0j hV̂ extq ; hĥ0; V̂ extq ii j0i = �h �h2m�q [rvextq ℄2i
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The ontribution of the seond term is1�X� Xq0 Im Z 10 d!!hvext;�q R1�0;q(;!)vph;qq0� R�10;q0(;!)vextq0 i=X� Xq0 1� Im Z 10 d!! Z dr Z dr0 Z dr00vext;�q (r)R1�0;q(rr0;!)vph;qq0� (r0)R�10;q0 (r0r00;!)vextq0 (r00)=Xq0 1� Im Z 10 d!! Z dr Z dr0aqq0 (r0) Z dr00vext;�q (r)R110;q(rr0;!)R110;q0(r0r00;!)vextq0 (r00)+Xq0 1� Im Z 10 d!! Z dr Z dr0bqq0 Z dr00vext;�q (r)R110;q(rr0;!)R110;q0(r0r00;!)vextq0 (r00)+Xq0 1� Im Z 10 d!! Z dr Z dr0bqq0 Z dr00vext;�q (r)R1�0;q(rr0;!)R�10;q0(r0r00;!)vextq0 (r00)+Xq0 1� Im Z 10 d!! Z dr Z dr0qq0 Z dr00vext;�q (r)R1r+0;q (rr0;!)Rr+10;q0 (r0r00;!)vextq0 (r00)+Xq0 1� Im Z 10 d!! Z dr Z dr0bqq0 Z dr00vext;�q (r)R1r�0;q (rr0;!)Rr�10;q0 (r0r00;!)vextq0 (r00)
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whereZ drvext;�q (r)R1�0;q(rr0;!) = Z drXp;h (��q;h(r)vext;�q (r)�q;p(r) 1�p � �h � �h! � i���q;p(r0)Ô�(r0)�q;h(r0)+��q;p(r)vext;�q (r)�q;h(r)��q;h(r0)Ô�(r0)�q;p(r0) 1�p � �h + �h! � i�)= Xp;h ( 1�p � �h � �h! � i�hpjvextq jhi���q;p(r0)Ô�(r0)�q;h(r0)+ 1�p � �h + �h! � i�hhjvextq jpi���q;h(r0)Ô�(r0)�q;p(r0))Z dr00R�10;q(r0r00;!)vextq (r00) = Z dr00Xp0;h0(��q;h0(r0)Ô�(r0)�q;p0 (r0) 1�p0 � �h0 � �h! � i���q;p0 (r00)vextq (r0)�q;h0 (r00)+��q;p0 (r0)Ô�(r0)�q;h0 (r0)��q;h0(r00)vextq (r00)�q;p0 (r00) 1�p0 � �h0 + �h! � i�)= Xp0;h0(��q;h0(r0)Ô�(r0)�q;p0(r0)hp0jvextq jh0i 1�p0 � �h0 � �h! � i�+��q;p0 (r0)Ô�(r0)�q;h0 (r0)hh0jvextq jp0i 1�p0 � �h0 + �h! � i�)hijjV phqq0 jkli � X� Z dr0 h��q;i(r0)Ô�(r0)�q;j(r0)i vph;qq0� (r0) h��q0;k(r0)Ô�(r0)�q0 ;l(r0)i= hkljV phqq0 jijihijjV phqq0 jkli� � 24X� Z dr0 h��q;i(r0)Ô�(r0)�q;j(r0)i vph;qq0� (r0) h��q0;k(r0)Ô�(r0)�q0;l(r0)i35�= X� Z dr0 h��q0 ;l(r0)Ô�(r0)�q0 ;k(r0)i vph;qq0� (r0) h��q;j(r0)Ô�(r0)�q;i(r0)i= hlkjV phqq0 jjii = hjijV phqq0 jlki
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Xq0 1� Im Z 10 d!!X� Z dr0 �Z drvext;�q (r)R1�0;q(rr0;!)vph;qq0� (r0) Z dr00R�10;q0(r0r00;!)vextq0 (r00)�=Xq0 1� Im Z 10 d!!Xp;p0Xh;h0 1�p � �h � �h! � i� hpjvextq jhi��(hphjV phqq0 jh0p0ihp0jvextq0 jh0i 1�p0 � �h0 � �h! � i� + hphjV phqq0 jp0h0ihh0jvextq0 jp0i 1�p0 � �h0 + �h! � i�)+Xq0 1� Im Z 10 d!!Xp;p0Xh;h0 1�p � �h + �h! � i�hhjvextq jpi��(hhpjV phqq0 jh0p0ihp0jvextq0 jh0i 1�p0 � �h0 � �h! � i� + hhpjV phqq0 jp0h0ihh0jvextq0 jp0i 1�p0 � �h0 + �h! � i�)=Xq0 1� Im Z 10 d!!Xp;p0Xh;h0 1�p � �h � �h! � i��(hhjvext;�q jpihphjV phqq0 jh0p0ihp0jvextq0 jh0i 1�p0 � �h0 � �h! � i�+hhjvext;�q jpihphjV phqq0 jp0h0ihh0jvextq0 jp0i 1�p0 � �h0 + �h! � i�)+Xq0 1� Im Z 0�1 d!!Xp;p0Xh;h0 1�p � �h � �h! � i��(hpjvext;�q jhihhpjV phqq0 jh0p0ihp0jvextq0 jh0i 1�p0 � �h0 + �h! � i�+hpjvext;�q jhihhpjV phqq0 jp0h0ihh0jvextq0 jp0i 1�p0 � �h0 � �h! � i�)
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Appendix AIsospin operatorIf we onsider only neutron and proton system, isospin operators have the properties ast̂2jqi = 12 �12 + 1� jqi t̂zjqi = �12 jqi� + (q = n : neutron)� (q = p : proton)where t̂ = 12� . � is the Pauli's spin matries.So [�i; �j ℄ = 2i�ijk�k �[t̂i; t̂j ℄ = i�ijk t̂k�The isospin ladder operators an be de�ned ast̂� = t̂x � it̂y � t̂+jpi = jni t̂�jpi = 0t̂�jni = jpi t̂+jni = 0A.1.2 2 partile systemt̂1 �t̂2 = t̂1xt̂2x + t̂1y t̂2y + t̂1z t̂2z = 12 �t̂1+ t̂2� + t̂1�t̂2+�+ t̂1z t̂2z�̂ 1 ��̂ 2 = 2 �t̂1+ t̂2� + t̂1�t̂2+ + 2t̂1z t̂2z�0BB� hnnj�1 ��2jnni hnnj�1 ��2jnpi hnnj�1 ��2jpni hnnj�1 ��2jppihnpj�1 ��2jnni hnpj�1 ��2jnpi hnpj�1 ��2jpni hnpj�1 ��2jppihpnj�1 ��2jnni hpnj�1 ��2jnpi hpnj�1 ��2jpni hpnj�1 ��2jppihppj�1 ��2jnni hppj�1 ��2jnpi hppj�1 ��2jpni hppj�1 ��2jppi 1CCA = 0BB� 1 0 0 00 �1 2 00 2 �1 00 0 0 1 1CCA�1 ��2 ! hqq0j�1 ��2jqq0i = 2Æqq0 � 1 = � (q = q0) : 1(q 6= q0) : �1T̂ = t̂1 + t̂2T̂ 2 = �t̂1 + t̂2�2 = t̂21 + t̂22 + 2t̂1 �t̂2 = 32 + 12 �̂ 1 ��̂ 2 ! �̂ 1 ��̂ 2 = 2T̂ 2 � 3Here one de�nes jTTzii T̂ 2jTTzii = T (T + 1)jTTziiT̂zjTTzii = TzjTTziij1; 1ii = jnni; j1; 0ii = 1p2 (jnpi+ jpni) ; j1;�1ii = jppi; j0; 0ii = 1p2 (jnpi � jpni)33



By using these kets, the matrix elements of �1 ��2 beome0BB� hh1 + 1j�1 ��2j1 + 1ii hh1 + 1j�1 ��2j1; 0ii hh1 + 1j�1 ��2j1� 1ii hh1 + 1j�1 ��2j0; 0iihh1; 0j�1 ��2j1 + 1ii hh1; 0j�1 ��2j1; 0ii hh1; 0j�1 ��2j1� 1ii hh1; 0j�1 ��2j0; 0iihh1� 1j�1 ��2j1 + 1ii hh1� 1j�1 ��2j1; 0ii hh1� 1j�1 ��2j1� 1ii hh1� 1j�1 ��2j0; 0iihh0; 0j�1 ��2j1 + 1ii hh0; 0j�1 ��2j1; 0ii hh0; 0j�1 ��2j1� 1ii hh0; 0j�1 ��2j0; 0ii 1CCA = 0BB� 1 0 0 00 1 0 00 0 1 00 0 0 �3 1CCAA.2 Exhange operatorThe spin and isospin exhange operators are given byP�(12) � 12 (1 + �1 ��2) P� (12) � 12 (1 + �1 ��2)beause spin, isospin operators �1 ��2; �1 ��2 an be expressed as�̂1 ��̂2 = 2 (ŝ1+ŝ2� + ŝ1�ŝ2+ + 2ŝ1zŝ2z) ; �̂ 1 ��̂ 2 = 2 �t̂1+t̂2� + t̂1�t̂2+ + 2t̂1z t̂2z�then P�(12)j�1�2i = j�2�1i P� (12)jq1q2i = jq2q1i
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Appendix BThe Density Funtional DerivativesThe density funtional derivatives an be de�ned asÆF [f(x)℄Æf(y) = lim�!0 F [f(x) + �Æ(x� y)℄� F [f(x)℄�Example(1)F [�(x)℄ = �(x)2ÆF [�(x)℄Æ�(y) = lim�!0 F [�(x) + �Æ(x� y)℄� F [�(x)℄�= lim�!0 (�(x) + �Æ(x� y))2 � �(x)2� = lim�!0 2�Æ(x� y)�(x)� �2Æ2(x� y)�= 2Æ(x� y)�(x)Example(2)F [�(x)℄ = [rx�(x)℄2ÆF [�(x)℄Æ�(y) = lim�!0 F [�(x) + �Æ(x� y)℄� F [�(x)℄�= lim�!0 [rx�(x) + �rxÆ(x � y)℄2 � [rx�(x)℄2� = lim�!0 2�rx�(x)rxÆ(x� y)� �2 (rxÆ(x� y))2�= 2rx�(x)rxÆ(x� y)Then we an get the result Z dy ÆF [�(x)℄Æ�(y) Æ�(y) = 2rx�(x)rxÆ�(x)Funtional derivative of the urrent density termNext we will show the speial example, we think the urrent density.The urrent density an be de�ned asj(x) � 12i (rx�(x; x0)jx0=x �rx0�(x; x0)jx0=x)Z dy Æj2(x)Æ�(y) Æ�(y) = Z dy2j(x)Æj(x)Æ�(y)Æ�(y) = 2j(x) Z Z dydy0Æ(y � y0) Æj(x)Æ�(yy0)Æ�(yy0)Beause the right hand side of above should be 2j(x)Æj(x), thenÆj(x)Æ�(yy0) = 12i (Æ(x0 � y0)rxÆ(x� y)jx0=x � Æ(x� y)rx0Æ(x0 � y0)jx0=x)35



Z Z dydy0Æ(y � y0) Æj(x)Æ�(yy0)Æ�(yy0) = 12i frx (Æ(x� x0)Æ�(xx0))�rx0 (Æ(x� x0)Æ�(xx0))g jx0=x= 12i frxÆ�(xx0)�rx0Æ�(xx0)g jx0=x = Æj(x)Funtional 2nd derivative of the urrent density termZ Z dx1dx2f(x1) �Z dy Æ2j2(x)Æ�(x1x2)Æ�(y)Æ�(y)� g(x2) = Z Z dx1dx2 2 �f(x1) Æj(x)Æ�(x1x2)g(x2)� Æj(x)= Z Z dx1dx2 �f(x1)1i (Æ(x0 � x2)rxÆ(x� x1)jx0=x � Æ(x� x1)rx0Æ(x0 � x2)jx0=x) g(x2)� Æj(x)= 1i hf(x)� �r ��!r� g(x)i Æj(x) = �12 hf(x)� �r ��!r� g(x)ir�Æ�(x)Example(3)By following these rules for the alulation, we an also alulate the 2nd derivative of �� in the energyfuntional with the Skyrme e�etive interation.Z Z dx1dx2f(x1) �Z dy Æ2�(x)�(x)Æ�(x1x2)Æ�(y)Æ�(y)� g(x2) = Z Z dx1dx2f(x1) ÆÆ�(x1x2) [�(x)Æ�(x) + �(x)Æ�(x)℄ g(x2)= �Z Z dx1dx2f(x1) Æ�(x)Æ�(x1x2)g(x2)� Æ�(x) + f(x)g(x)Æ�(x)= 12 h�(f(x)g(x)) � f(x)� �� +�!�� g(x)i Æ�(x) + f(x)g(x)12 (�Æ�(x) ��+Æ�(x))If the last line is in the integration R dx, the partial integration an be exeuted asZ dx �12 h�(f(x)g(x)) � f(x)� �� +�!�� g(x)i Æ�(x) + f(x)g(x)12 (�Æ�(x) ��+Æ�(x))�= � Z dx �12 [r(f(x)g(x))℄rÆ�(x) + 12 hf(x)� �� +�!�� g(x)i Æ�(x) + 12r (f(x)g(x))rÆ�(x) + 12f(x)g(x)�+Æ�(x)�= � Z dx �hf(x)� �r +�!r� g(x)irÆ�(x) + 12 hf(x)� �� +�!�� g(x)i Æ�(x) + 12f(x)g(x)�+Æ�(x)�Here we use�(x) = rxrx0�(xx0)jx0=x = 12 (��(x)��+�(x)) where �+�(x) = �x�(xx0)jx0=x +�x0�(xx0)jx0=xÆ�(x) = rxrx0Æ�(xx0)jx0=x = 12 (�Æ�(x)��+Æ�(x)) where �+Æ�(x) = �xÆ�(xx0)jx0=x +�x0Æ�(xx0)jx0=xExample(4)Z Z dx1dx2f(x1) �Z dy Æ2�(x)��(x)Æ�(x1x2)Æ�(y)Æ�(y)� g(x2) = Z Z dx1dx2f(x1) ÆÆ�(x1x2) [�(x)�Æ�(x) + ��(x)Æ�(x)℄ g(x2)= f(x)g(x)�Æ�(x) + � (f(x)g(x)) Æ�(x)If the last line is in the integration R dx, the partial integration an be exeuted asZ dx [f(x)g(x)�Æ�(x) + � (f(x)g(x)) Æ�(x)℄ = Z dx [�r (f(x)g(x))rÆ�(x) �r (f(x)g(x))�rÆ�(x)℄= Z dx h�2f(x)� �r +�!r� g(x)�r+Æ�(x)i
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Summary of examplesZ Z dx1dx2f(x1) �Z dy Æ2Æ�(x1x2)Æ�(y) �Z dx�(x)�(x)� Æ�(y)� g(x2)= Z dx �� hf(x)� �r +�!r� g(x)irÆ�(x)� 12 hf(x)� �� +�!�� g(x)i Æ�(x) � 12f(x)g(x)�+Æ�(x)�Z Z dx1dx2f(x1) �Z dy Æ2Æ�(x1x2)Æ�(y) �Z dx j2(x)� Æ�(y)� g(x2) = �12 hf(x)� �r ��!r� g(x)i�r�Æ�(x)Z Z dx1dx2f(x1) �Z dy Æ2Æ�(x1x2)Æ�(y) �Z dx�(x)��(x)� Æ�(y)� g(x2) = Z dx h�2f(x)� �r +�!r� g(x)�r+Æ�(x)i
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B.1 The energy funtional with the Skyrme interationSkyrme e�etive interation is given byv(r1; r2) = t0(1 + x0P�)Æ(r1 � r2) + t36 (1 + x3P�)��Æ(r1 � r2)+ t12 (1 + x1P�)� �k 2 +�!k 2� Æ(r1 � r2) + t2(1 + x2P�) �k �Æ(r1 � r2)�!k+iW0� � �k � Æ(r1 � r2)�!kwhere�!k = 12i (�!r1��!r2) is the relative momentum operator ating on the right, and �k = 12i ( �r1� �r2)is its adjoint ation on the left.The 2nd quantized Hamiltonian using 2-body interation is given byĤ = X�� Z dr y(r��)��h22m r2 (r��)+14X��0 X�� 0 Z Z drdr0 y(r��) y(r0�0� 0)~v(r; r0) (r0�0� 0) (r��) (B.1)and its expetation value in the ground state is given byhH0i = X�1�2Xq1q2 Z Z dr1dr2T (1; 2)�(2; 1)+ 12 X�1��4 Xq1�q4 Z ���Z dr1:::dr4h12jv12(1� P )j34i�(3; 1)�(4; 2)+ 12 X�1��4 Xq1�q4 Z ���Z dr1:::dr4h12jvpair(1� P )j34i2�2�4~��(1; �2)~�(3; �4)= 8Xi=1hHii +ghHihHi1 = Z dr[ �h22m�(r) +B1�2(r) +B2Xq �2q(r)℄hHi2 = Z drB3[�(r)�(r)� j2(r)℄hHi3 = Z drB4Xq [�q(r)�q(r)� jq2(r)℄hHi4 = Z drB5�(r)��(r)hHi5 = Z drB6Xq �q(r)��q(r)hHi6 = Z dr(B7��+2(r) +B8��(r)Xq �2q(r))hHi7 = Z drB9f(�(r)r�J(r) + j(r)�r��(r))+ Xq (�q(r)r�J q(r) + jq(r)�r��q(r))ghHi8 = Z dr[B10�2(r) +B11Xq �2q(r)+ B12��(r)�2(r) +B13��(r)Xq �2q(r)℄

ghHi = 14V0�1� �(r)�0 �Z drXq j~�q(r)j2B1 = 12 t0(1 + 12x0); B2 = �12t0(x0 + 12)B3 = 14ft1(1 + 12x1) + t2(1 + 12x2)gB4 = �14ft1(x1 + 12)� t2(x2 + 12)gB5 = � 116f3t1(1 + 12x1)� t2(1 + 12x2)gB6 = 116f3t1(x1 + 12) + t2(x2 + 12)gB7 = 112t3(1 + 12x3); B8 = � 112t3(x3 + 12)B9 = �12W; B10 = 14 t0x0; B11 = �14t0;B12 = 124t3x3; B13 = � 124t3r�J(r) = �iXijk �ijkrir0j�k(r; r0)��r0=r�(r) = r�r0�(r; r0)��r0=rj(r) = 12i (r�(r; r0)�r0�(r; r0)) ��r0=r38



B.1.1 2nd derivative of the energy funtional with the Skyrme interationZ dr1fq(r1)24Xq0 Z dr2 Æ2hHiÆ�q(r1)Æ�q0 (r2)Æ�q0(r2)35 gq(r1)Z dr1fq(r1)24Xq0 Z dr2 Æ2hHi1Æ�q(r1)Æ�q0(r2)Æ�q0(r2)35 gq(r1) = Z dr24fq(r)gq(r)Xq0 2 fB1 + Æqq0B2g Æ�q0(r)35Z dr1fq(r1)24Xq0 Z dr2 Æ2hHi2Æ�q(r1)Æ�q0(r2)Æ�q0(r2)35 gq(r1)= Z drhfq(r)gq(r)Xq0 ��12B3��+Æ�q0(r) + fq(r)� �� +�!�� gq(r)Xq0 ��12B3� Æ�q0 (r)+fq(r)� �r +�!r� gq(r)Xq0 (�B3)r+Æ�q0(r) + fq(r)� �r ��!r� gq(r)Xq0 ��12B3�r�Æ�q0(r)iZ dr1fq(r1)24Xq0 Z dr2 Æ2hHi3Æ�q(r1)Æ�q0(r2)Æ�q0(r2)35 gq(r1)= Z drhfq(r)gq(r)Xq0 ��12Æqq0B4��+Æ�q0(r) + fq(r)� �� +�!�� gq(r)Xq0 ��12Æqq0B4� Æ�q0(r)+fq(r)� �r +�!r� gq(r)Xq0 (�Æqq0B4)r+Æ�q0(r) + fq(r)� �r ��!r� gq(r)Xq0 ��12Æqq0B4�r�Æ�q0(r)iZ dr1fq(r1)24Xq0 Z dr2 Æ2hHi4Æ�q(r1)Æ�q0(r2)Æ�q0(r2)35 gq(r1)= Z dr24fq(r)� �r +�!r� gq(r)Xq0 (�2B5)r+Æ�q0 (r)35Z dr1fq(r1)24Xq0 Z dr2 Æ2hHi5Æ�q(r1)Æ�q0(r2)Æ�q0(r2)35 gq(r1)= Z dr24fq(r)� �r +�!r� gq(r)Xq0 (�2Æqq0B6)r+Æ�q0(r)35Z dr1fq(r1)24Xq0 Z dr2 Æ2hHi6Æ�q(r1)Æ�q0(r2)Æ�q0(r2)35 gq(r1)= Z dr"fq(r)gq(r)Xq0 (B7(� + 2)(�+ 1)��(r) +B8�(� � 1)���2(r)0�Xq00 �2q00 (r)1A+2B8����1(r) (�q(r) + �q0(r)) + 2Æqq0B8��)Æ�q0(r)#
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Then summarized the alulation as,Z dr1fq(r1)24Xq0 Z dr2 Æ2hHiÆ�q(r1)Æ�q0(r2)Æ�q0(r2)35 gq(r1)= Z dr"fq(r)gq(r)Xq0 aqq0 (r)Æ�q0 (r) + fq(r)� �� +�!�� gq(r)Xq0 bqq0Æ�q0 (r) + fq(r)gq(r)Xq0 bqq0�+Æ�q0(r)+fq(r)� �r +�!r� gq(r)Xq0 qq0r+Æ�q0(r) + fq(r)� �r ��!r� gq(r)Xq0 bqq0r�Æ�q0(r)whereaqq0 (�(r)) = 2B1 + 2Æqq0B2 +B7(�+ 2)(�+ 1)��(r)+B8�(�� 1)���2(r)0�Xq00 �2q00(r)1A+ 2B8����1(r) (�q(r) + �q0(r)) + 2Æqq0B8��= 8>>>><>>>>: (q = q0) 12 t0(1� x0) + (�+ 2)(�+ 1) 112 t3(1 + 12x3)��� 112 t3(x3 + 12 )��(� � 1)���2Pq00 �2q00 + 4����1�q + 2���(q 6= q0) t0(1 + 12x0) + (�+ 2)(�+ 1) 112 t3(1 + 12x3)��� 112 t3(x3 + 12 )��(� � 1)���2Pq00 �2q00 + 2����bqq0 = �12 (B3 + Æqq0B4)= � (q = q0) � 116 (t1(1� x1) + 3t2(1 + x2))(q 6= q0) � 18ft1(1 + 12x1) + t2(1 + 12x2)gqq0 = � (B3 + 2B5)� Æqq0 (B4 + 2B6)= � (q = q0) � 116 (t1(x1 � 1) + 9t2(x2 + 1))(q 6= q0) 18ft1(1 + 12x1)� 3t2(1 + 12x2)gIn Sagawa's paper, he de�ned� = �n + �p; �t = �n � �p�2 = �2n + �2p + 2�n�p; �2t = �2n + �2p � 2�n�p! Xq �2q = 12 ��2 + �2t �and using �1 ��2 ! hqq0j�1 ��2jqq0i = 2Æqq0 � 1 = � (q = q0) : 1(q 6= q0) : �1Then the residual interation a; b and  are expressed asaqq0 = 34 t0 + 112t3(1 + 12x3)(�+ 2)(�+ 1)��(r)� 112t3(x3 + 12)�� � 148 t3(2x3 + 1)�(�� 1)���2(r) ��2 + �2t ��16t3(x3 + 12)����1(r)�12 (1 + �1 ��2) (2�q � �) + ��� �1 ��2 �14t0(2x0 + 1) + 124t3(2x3 + 1)���= 34 t0 + 348t3(� + 2)(�+ 1)�� � 148 t3(2x3 + 1)�(� � 1)���2�2t � �1 ��2�14 t0(2x0 + 1) + 124 t3(2x3 + 1)���� 112t3(2x3 + 1)����1(r)12 (1 + �1 ��2) (2�q � �)bqq0 = � 132 (3t1 + t2(5 + 4x2)) + �1 ��2 132(t1(2x1 + 1)� t2(2x2 + 1))qq0 = 132 (3t1 � t2(15 + 12x2))� �1 ��2 132 (t1(1 + 2x1) + 3t2(1 + 2x2))40



where one used a below relation too,�q + �q0 = (Æqq0 + (1� Æqq0 )) (�q + �q0)= Æqq0(�q + �q0) + (1� Æqq0 )(�q + �q0)= 2Æqq0�q + (1� Æqq0)�= Æqq0(2�q � �) + � = 12 (1 + �1 ��2) (2�q � �) + �B.2 Sum rule with the Skyrme interationHartree-Fok mean �eld Hamiltonian an be de�ned asĥHF � Z Z dr1dr2 y(r1) ÆhHiÆ�(r2r1) (r2) = Z Z dr1dr2 ÆhHiÆ�(r2r1) y(r1) (r2)Residual interation an be also de�ned asĥV � 12 Z ���Z dr1 � � � dr4 y(r1) y(r2) Æ2hHiÆ�(r4r1)Æ�(r3r2) (r3) (r4)= 12 Z ���Z dr1 � � � dr4 y(r1) (r4) Æ2hHiÆ�(r4r1)Æ�(r3r2) y(r2) (r3)Here I note that �eld operators take \Normal order". So the expetation value for the HF groundstate is zero. That is h0jĥHF + ĥV j0i = 0B.2.1 Hartree-Fok Mean �eld Hamiltonian with Skyrme interationIf one uses the Skyrme interation keeping with the veloity dependent terms, the Hartree-Fok mean�eld Hamiltonian is given byĥHF = Z dr "� �h22m +B3�(r)� �̂(r) +B4Xq �q(r)�̂q(r)#� Z dr "2B5r�(r)r�̂(r) +Xq 2B6r�q(r)r�̂q(r)#+ Z dr "f2B1�(r) +B3�(r)g �̂(r) +Xq f2B2�q(r) +B4�q(r)g �̂q(r)#where �̂(q); �̂(q), and r�̂(q) are de�ned as8>>>>>><>>>>>>: �̂(r) =Xq  yq(r) q(r) =Xq �̂q(r)�̂ (r) =Xq r yq(r)�r q(r) =Xq �̂q(r)r�̂(r) =Xq  yq(r)� �r +�!r� q(r) =Xq r�̂q(r)Important double ommutator relationsh0j[�̂(r00); [�̂ (r); �̂(r0)℄℄j0i = 2 [�(r0; r00)rÆ(r � r0)�rÆ(r � r00)�r�(r; r00)�Æ(r0 � r00)rÆ(r � r0)℄h0j[�̂(r00); [r�̂(r); �̂(r0)℄℄j0i = 0 = h0j[�̂(r00); [�̂(r); �̂(r0)℄℄j0i41



By using these relations, one an the double ommutator relationsh0j hF̂ ; hĥHF ; F̂ ii j0i = Z drXq ��h2m + 2B3�(r) + 2B4�q(r)� �q(r) (rf(r))2= Z drXq � �h2m�q(r)� �q(r) (rf(r))2where an 1-body isosalar-type operator F̂ is given byF̂ = Z drf(r)Xq  yq(r) q(r) = Z drf(r)�̂(r)0� On the other hand, isovetor-type operator isF̂ = Z drXq fq(r)�̂q(r) 1ANote that, by replaing f(r) with fq(r), one an get the double ommutator relation for the isovetor-typeoperator.B.2.2 Residual interation Hamiltonian with Skyrme interationIf one keeps same terms with the previous subsetion, the resdual hamiltonian is given byĥV = Z dr "B3 n�̂(r)�̂ (r)� ĵ2(r)o+B4(Xq �̂q(r)�̂q(r)� ĵ2q(r))#� Z dr "B5r�̂(r)r�̂(r) +Xq B6r�̂q(r)r�̂q(r)#+ Z dr "B1�̂2(r) +Xq B2�̂2q(r)#where the urrent density operator an be de�ned asĵ(r) = 12i � y(r)r (r)�r y(r) (r)�To alulate the double ommutator relation, one prepares the ommutator relations for eah operators.[�̂(r); �̂(r0)℄ = 0[�̂ (r); �̂(r0)℄ = rÆ(r � r0) �r y(r) (r0)�  y(r0)r (r)�hĵ(r); �̂(r0)i = 12i �rÆ(r � r0) � y(r) (r0) +  y(r0) (r)�� Æ(r � r0) � y(r0)r (r) +r y(r) (r0)��[r�̂(r); �̂(r0)℄ = 0Further here one alulates the double ommutator relation for the non-zero ommutator relations.[�̂(r00); [�̂(r); �̂(r0)℄℄ = rÆ(r � r0)hrÆ(r � r00) � y(r00) (r0) +  y(r0) (r00)��Æ(r0 � r00) �r y(r) (r00) +  y(r00)r (r)� ih�̂(r00); hĵ(r); �̂(r0)ii = � 12ihÆ(r � r0)nÆ(r0 � r00) � y(r00)r (r)�r y(r) (r00)��rÆ(r � r00) � y(r0) (r00)�  y(r00) (r0)� oiAnd if one uses the relation as following, 42



[A; [BC;D℄℄ = [A;B℄ [C;D℄ +B [A; [C;D℄℄ + [A; [B;D℄℄C + [B;D℄ [A;C℄one an geth0j [�̂(r00); [�̂(r)�̂ (r); �̂(r0)℄℄ j0i = h0j�̂(r) [�̂(r00); [�̂ (r); �̂(r0)℄℄ j0i= 2rÆ(r � r0)rÆ(r � r00) (�(r)�(r0; r00)� �(r; r0)�(r00; r))�Æ(r0 � r00)rÆ(r � r0) (2�(r)r�(r; r00)� �(r; r00)r�(r))h0j h�̂(r00); hĵ2(r); �̂(r0)ii j0i = h0jnĵ(r)�h�̂(r00); hĵ(r); �̂(r0)ii+ h�̂(r00); hĵ(r); �̂(r0)ii�ĵ(r)� hĵ(r); �̂(r0)i�hĵ(r); �̂(r00)i� hĵ(r); �̂(r00)i�hĵ(r); �̂(r0)i oj0i= hrÆ(r � r0)�rÆ(r � r00) (�(r; r0)�(r; r00)� �(r)�(r0; r00))12r (Æ(r � r0)Æ(r � r00)) �(r0; r00)r�(r)�Æ(r � r00)rÆ(r � r0)��2�(r; r0)r�(r; r00)� �(r; r00)r�(r; r0)��Æ(r � r0)rÆ(r � r00)��2�(r; r00)r�(r; r0)� �(r; r0)r�(r; r00)�iwhereh0j hĵ(r); �̂(r0)i�hĵ(r); �̂(r00)i j0i = �12hrÆ(r � r0)�rÆ(r � r00) (�(r; r0)�(r; r00)� �(r)�(r0; r00))+Æ(r � r0)Æ(r � r00)�(14r�(r))2 � �(r)�(r)��Æ(r � r00)rÆ(r � r0)���(r; r0)r�(r; r00)� 12�(r0; r00)r�(r)+�(r; r0)r�(r; r00)� �(r; r00)r�(r; r0)��Æ(r � r0)rÆ(r � r00)���(r; r00)r�(r; r0)� 12�(r00; r0)r�(r)+�(r; r00)r�(r; r0)� �(r; r0)r�(r; r00)�i= h0j hĵ(r); �̂(r00)i�hĵ(r); �̂(r0)i j0ih0jĵ(r)�h�̂(r00); hĵ(r); �̂(r0)ii j0i = 12hÆ(r � r0)Æ(r0 � r00)��(r)�(r)� 14(r�(r))2�i= h0j h�̂(r00); hĵ(r); �̂(r0)ii�ĵ(r)j0iThen one an get the resultZ Z dr0dr00f(r00)h0j [�̂(r00); [�̂(r)�̂ (r); �̂(r0)℄℄ j0if(r0) = 0Z Z dr0dr00f(r00)h0j h�̂(r00); hĵ2(r); �̂(r0)ii j0if(r0) = f2(r)��(r)�(r)� 14 (r�(r))2�Z Z dr0dr00f(r00)h0j h�̂(r00); h�̂(r)�̂ (r)� ĵ2(r); �̂(r0)ii j0if(r0) = f2(r)�14 (r�(r))2 � �(r)�(r)�43



Appendix CMatrix element of the operator inthe spherial symmetryC.1 Spherial harmonis aseSalar operator inludes the Spherial harminis an be expressed asQ̂(r) = Q̂L(r)YLM (r̂)Matrix element of this operator an be obtained by the Wigner-Ekart theorem,hn0l0j0m0jQ̂jnljmi = X� Z dr��n0l0j0m0(r�)Q̂L(r)YLM (r̂)�nljm(r�)= (�)j0�m0 � j0 L j�m0 M m � hl0j0jjYLjjlji Z r2dr ���n0l0j0 (r)r Q̂L(r)�nlj (r)r �In the ase that Q̂(r) is the deribative operator for a radial oordinate, Q̂(r) operates only in [: : :℄.For example, in the ase of lapraian i.e. Q̂L(r) = � = 1r �2�r2 r � L̂2r2Z r2dr ���n0l0j0(r)r ��nlj(r)r � = Z r2dr "��n0l0j0 (r)r  1r �2�r2 r � L̂2r2 ! �nlj(r)r #= Z dr ���n0l0j0(r)� �2�r2 � l(l + 1)r2 ��nlj(r)�The omplex onjugate of this an be expressed ashnljmjQ̂�jn0l0j0m0i = X� Z dr��nljm(r�)Q̂L(r)Y�LM (r̂)�n0l0j0m0(r�)= (�)MX� Z dr��nljm(r�)Q̂L(r)YL�M (r̂)�n0l0j0m0(r�)= (�)j�m+M � j L j0�m �M m0 � hljjjYLjjl0j0i Z r2dr ���nlj(r)r Q̂L(r)�n0 l0j0 (r)r �= (�)j�m0 � j0 L j�m0 M m � hljjjYLjjl0j0i Z r2dr ���nlj(r)r Q̂L(r)�n0l0j0(r)r �where we used the 3-j symbol's property, �m0 +M +m = 0, and M is integer.(�)j�m+M = (�)j�m�M = (�)j�m0Now we alulates the quantity 44



Xnljm Xn0l0j0m0hnljmjQ̂�jn0l0j0m0ihn0l0j0m0jQ̂jnljmi= Xnljm Xn0l0j0m0(�)j+j0�2m0 � j0 L j�m0 M m �2 hljjjYLjjl0j0ihl0j0jjYLjjlji� Z r02dr0 ���nlj(r0)r0 Q̂L(r0)�n0l0j0(r0)r0 �Z r2dr ���n0l0j0 (r)r Q̂L(r)�nlj (r)r �=Xnlj Xn0l0j0 (�)j�j02L+ 1 hljjjYLjjl0j0ihl0j0jjYLjjlji� Z r02dr0 ���nlj(r0)r0 Q̂L(r0)�n0l0j0(r0)r0 �Z r2dr ���n0l0j0 (r)r Q̂L(r)�nlj (r)r �where we used (�)2m = (�)2ml(�)�1 = �1(�)2j0 = (�)2l0�1 = �1! (�)j0�1 = (�)�j0then(�)j+j0�2m0 = (�)j+j0�1 = (�)j�j0And also Xmm0� j0 L j�m0 M m �2 = 12L+ 1C.2 Matrix elements of the tensor operatorsA matrix element is given byhl0m0ljYLM jlmli = Z dr̂Y �l0m0l(r̂)YLM (r̂)Ylml(r̂)= s (2L+ 1)(2l0 + 1)4�(2l+ 1) hL0 : l0jl00ihLM : lmljl0m0li= (�)mlr (2L+ 1)(2l + 1)(2l0 + 1)4� � L l l00 0 0 �� L l l0M ml �m0l � ;on the other hand, Wigner-Ekart's theorem giveshl0m0ljYLM jlmli = (�)l0�m0l � l0 L l�m0l M ml � hl0jjYLjjliwhere hjj � � � jji means a redued matrix element. Then one an gethl0jjYLjjli = (�)l0r (2L+ 1)(2l+ 1)(2l0 + 1)4� � L l l00 0 0 �and using the relationhl0j0jjYLjjlji = (�)j+l0+L+ 12 (2j + 1) 12 (2j0 + 1) 12 � j0 l0 12l j L � hl0jjYLjjli gives= (�)j+L+ 12r (2L+ 1)(2l + 1)(2l0 + 1)(2j + 1)(2j0 + 1)4� � j0 l0 12l j L �� L l l00 0 0 �45



From the property of the 6j, 3j symbol,� j0 l0 12l j L �� L l l00 0 0 � = (�)j+j0 �1 + (�)L+l+l0�p(2L+ 1)(2l+ 1)(2l0 + 1) hj1=2; j0 � 1=2jL0iione an gethl0j0jjYLjjlji = (�)j0+L� 12 �1 + (�)L+l+l0�r (2j + 1)(2j0 + 1)16� hj1=2; j0 � 1=2jL0i= (�)j�j0+L �1 + (�)L+l+l0�r (2j + 1)(2L+ 1)16� hj1=2;L0jj01=2iC.2.1 r and angular momentumThe goal is the derivation of hl0j0jjY L� �rjjljiby using r = r̂ ��r � ir �Lr2C.2.2 hl0m0jY L�M �rjlmihl0m0jY L�M �rjlmi = Z dr̂Y �l0m0(r̂)Y L�M (r̂)��r̂ ��r � ir �Lr2 �Ylm(r̂)= �Z dr̂Y �l0m0(r̂)Y L�M (r̂)�r̂Ylm(r̂)� ��r � �Z dr̂Y �l0m0(r̂)Y L�M (r̂)�ir̂ �LYlm(r̂)� 1rwhere one an apply basi formulae to underline partsr̂Ylm(r̂) = � X�=l�1hl0 : 10j�0iY l�m(r̂) (Rose p122 (6.32))= � � l + 12l+ 1� 12 Y ll+1m(r̂) + � l2l+ 1� 12 Y ll�1m(r̂) (Edmonds p84 (5.9.16))ir̂ �LYlm(r̂) = [6l(l + 1)(2l+ 1)℄ 12 X�=l�1hl0 : 10j�0iW (l�11 : 1l)Y l�m(r̂) (Rose p123 (6.39))W (l�11 : 1l) is the Raah oeÆient= �l � l + 12l+ 1� 12 Y ll+1m(r̂)� (l + 1) � l2l+ 1� 12 Y ll�1m(r̂)Then one an get the resulthl0m0jY L�M �rjlmi = � � l + 12l + 1� 12 �Z dr̂Y �l0m0(r̂)Y L�M (r̂)�Y ll+1m(r̂)�� ��r � lr�+ � l2l + 1� 12 �Z dr̂Y �l0m0(r̂)Y L�M (r̂)�Y ll�1m(r̂)�� ��r + l + 1r �One an give the expliit expression of �R dr̂Y �l0m0(r̂)Y L�M (r̂)�Y ll00m(r̂)� by using the de�nition of Y asZ dr̂Y �l0m0(r̂)Y L�M (r̂)�Y ll00m(r̂) = (�)1+m+M �(2l + 1)(2l0 + 1)(2L+ 1)(2�+ 1)(2l00 + 1)4� � 12�� l0 � l000 0 0 �� L l l0l00 � 1 �� L l l0M m �m0 �46



From the Wigner-Ekart's theorem,hl0m0jY L�M �rjlmi = (�)l0�m0 � l0 L l�m0 M m � hl0jjY L� �rjjlione an get hl0jjY �rjjli.hl0jjY L� �rjjli = (�)l0+1 � (2l0 + 1)(2L+ 1)(2�+ 1)4� � 12�n [(2l� 1)l℄ 12 � l0 � l � 10 0 0 �� L l l0l � 1 � 1 �� ��r + l + 1r �� [(2l+ 3)(l + 1)℄ 12 � l0 � l + 10 0 0 �� L l l0l + 1 � 1 �� ��r � lr�o= (�)l0+1 � (2l0 + 1)(2L+ 1)(2�+ 1)4� � 12�n[(2l � 1)l℄ 12 � l0 � l � 10 0 0 �� l0 � l � 11 l L �� ��r + l+ 1r ��[(2l+ 3)(l+ 1)℄ 12 � l0 � l + 10 0 0 �� l0 � l + 11 l L �� ��r � lr�oApplying the properties of the 3-j symbol and 6-j symbol, underline parts an be re-written as[(2l� 1)l℄ 12 � l0 � l� 10 0 0 �� l0 � l � 11 l L �= [(2l � 1)l℄ 12n2(�)l+L� l0 l L0 1 �1 �� 1 � L1 0 �1 �� 1 l l � 1�1 1 0 �+(�)l+L+1� l0 l L0 0 0 �� 1 � L0 0 0 �� 1 l l� 10 0 0 �o= s 12(2L+ 1)(2�+ 1)�(s (3L� �+ 1)l(l+ 1)(2l + 1) � l0 l L0 1 �1 �+ (�)L+1(�) 12 (�+L+1)ls(� + L+ 1)(2l+ 1) � l0 l L0 0 0 �)
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[(2l + 3)(l + 1)℄ 12 � l0 � l+ 10 0 0 �� l0 � l + 11 l L �= [(2l+ 3)(l + 1)℄ 12n2(�)l+L� l0 l L0 1 �1 �� 1 � L1 0 �1 �� 1 l l + 1�1 1 0 �+(�)l+L+1� l0 l L0 0 0 �� 1 � L0 0 0 �� 1 l l + 10 0 0 �o=s 12(2L+ 1)(2�+ 1)�(s l(l+ 1)(3L� �+ 1)(2l+ 1) � l0 l L0 1 �1 �+ (�)L(�) 12 (�+L+1)(l + 1)s(�+ L+ 1)(2l+ 1) � l0 l L0 0 0 �)Then one an gethl0jjY L� �rjjli= (�)l0+1 �(2l0 + 1)8� � 12�n"s (3L� �+ 1)l(l+ 1)(2l + 1) � l0 l L0 1 �1 �+ (�)L+1(�) 12 (�+L+1)ls (�+ L+ 1)(2l+ 1) � l0 l L0 0 0 �#� ��r + l + 1r ��"s l(l + 1)(3L� �+ 1)(2l + 1) � l0 l L0 1 �1 �+ (�)L(�) 12 (�+L+1)(l + 1)s (�+ L+ 1)(2l + 1) � l0 l L0 0 0 �#� ��r � lr�o= (�)l0+1 �(2l0 + 1)(2l + 1)8� � 12� �(�)L+1(�) 12 (�+L+1)p(�+ L+ 1)� l0 l L0 0 0 � ��r +pl(l + 1)(3L� �+ 1)� l0 l L0 1 �1 � 1r �Next one an apply below formulae� j0 l0 12l j L �� l0 l L0 0 0 � = (�)j+j0 �1 + (�)L+l+l0�� l0 j0 120 12 � 12 �� j l 12� 12 0 12 �� j j0 L12 � 12 0 �= (�)l+l0+1 �1 + (�)L+l+l0�p(2L+ 1)(2j + 1)(2j0 + 1)hl00 : 12 12 jj0 12 ihl0 : 12 12 jj 12 ihj 12 : j0 � 12 jL0i= (�)j+j0 �1 + (�)L+l+l0�p(2L+ 1)(2l + 1)(2l0 + 1) hj 12 : j0 � 12 jL0i� j0 l0 12l j L �� l0 l L0 1 �1 � = (�)j+j0 � l0 j0 120 � 12 12 �� j l 12� 12 1 � 12 �� j j0 L12 12 �1 �+(�)j+j0+1� l0 j0 120 12 � 12 �� j l 12� 32 1 12 �� j j0 L32 � 12 �1 �= 1p2(2L+ 1)(2j + 1)(2l + 1)(2l0 + 1)�((�)l+l0+1r2l� j + 12hj 12 : j0 12 jL1i+ (�)j+j0+1r3j � 2l+ 12 hj 32 : j0 � 12 jL1i)where hl00 : 12 12 jj0 12 i = (�)l0�j0+ 12s j0 + 122l0 + 1 hl0 : 12 12 jj 12 i = (�)l�j+ 12s j + 122l + 148



hl1 : 12 � 12 jj 12i =s2l � j + 122l + 1 hl1 : 12 12 jj 32i = (�)l�j+ 12s3j � 2l + 122l + 1C.2.3 SummaryThen one an get hl0j0jjY L� �rjjljihl0j0jjY L� �rjjlji = (�)j+l0+L+ 12 (2j + 1) 12 (2j0 + 1) 12 � j0 l0 12l j L � hl0jjY L� �rjjli= FL�l0j0lj ��r +GL�l0j0lj 1rFL�l0j0lj = (�)j+ 12 (�) 12 (�+L+1) �(2l0 + 1)(2l + 1)(2j + 1)(2j0 + 1)8� � 12 p(�+ L+ 1)� j0 l0 12l j L �� l0 l L0 0 0 �= (�)j0� 12 (�) 12 (�+L+1) � (2j0 + 1)(2j + 1)(2L+ 1) � 12 r (�+ L+ 1)8� hj 12 : j0 � 12 jL0iGL�l0j0lj = (�)j+L� 12 � (2j + 1)(2j0 + 1)(2l0 + 1)(2l+ 1)8� � 12 pl(l + 1)(3L� �+ 1)� j0 l0 12l j L �� l0 l L0 1 �1 �= (�)j� 12+Ls l(l + 1)(2j0 + 1)(3L� �+ 1)16�(2L+ 1)�((�)l+l0+1r2(l � j) + j + 12hj 12 : j0 12 jL1i+ (�)j+j0+1r2(j � l) + j + 12hj 32 : j0 � 12 jL1i)Symmetry of these oeÆientsFL�ljl0j0 = (�)j� 12 (�) 12 (�+L+1) � (2j0 + 1)(2j + 1)(2L+ 1) � 12 r (�+ L+ 1)8� hj0 12 : j � 12 jL0i= (�)j� 12 (�) 12 (�+L+1) � (2j0 + 1)(2j + 1)(2L+ 1) � 12 r (�+ L+ 1)8� hj 12 : j0 � 12 jL0i= (�)j0�jFL�l0j0ljC.2.4 AppliationThe porpose of this setion is to derivehl0j0jj �r�Y L� � Y L� ��!rjjlji;by using hl0j0jjY L� ��!rjjlji shown in the previous setion.Starting point ishl0j0m0j �r�Y L�M jljmi = hljmjY �L�M ��!rjl0j0m0i�= (�)M hljmjY L��M ��!rjl0j0m0i�= (�)M (�)j�m � j L j0�m �M m0 � hljjjY L� ��!rjjl0j0i�= (�)M (�)j�m � j0 L j�m0 M m � hljjjY L� ��!rjjl0j0i�Next one spplies the Wigner-Ekart's theorem to the right hand side,hl0j0m0j �r�Y L�M jljmi = (�)j0�m0 � j0 L j�m0 M m � hl0j0jj �r�Y L�jjlji49



Then one an gethl0j0jj �r�Y L�jjlji = (�)j�j0 hljjjY L� ��!rjjl0j0i�= (�)j�j0 �FL�ljl0j0 ��r +GL�ljl0j0 1r�� = FL�l0j0lj ���r + (�)j�j0GL�ljl0j0 1rFinally,hl0j0jj �r�Y L� � Y L� ��!rjjlji; =  FL�l0j0lj ���r + (�)j�j0GL�ljl0j0 1r!� FL�l0j0lj�!��r +GL�l0j0lj 1r!= FL�l0j0lj   ���r ��!��r!+ �(�)j�j0GL�ljl0j0 �GL�l0j0lj� 1r(�)j�j0GL�ljl0j0= (�)j+L� 12 � (2j + 1)(2j0 + 1)(2l0 + 1)(2l + 1)8� � 12 pl0(l0 + 1)(3L� �+ 1)� j l 12l0 j0 L �� l l0 L0 1 �1 �= (�)j+l+l0� 12 � (2j + 1)(2j0 + 1)(2l0 + 1)(2l+ 1)8� � 12 pl0(l0 + 1)(3L� �+ 1)� j0 l0 12l j L �� l0 l L1 0 �1 �= (�)j+l+l0� 12 � (2j + 1)(2j0 + 1)(2l0 + 1)(2l+ 1)(3L� �+ 1)8� � 12�hpL(L+ 1)� j0 l0 12l j L �� l0 l L0 0 0 ��pl(l + 1)� j0 l0 12l j L �� l0 l L0 1 �1 �i= (�) 12 (3L+1��)rL(L+ 1)(3L� �+ 1)�+ L+ 1 FL�l0j0lj � (�)L+l+l0GL�l0j0lj= (�) 12 (3L+1��) �3L� �+ 12 �FL�l0j0lj � (�)L+l+l0GL�l0j0ljTherefore(�)j�j0GL�ljl0j0 �GL�l0j0lj = (�) 12 (3L+1��) �3L� �+ 12 �FL�l0j0lj + ((�)L+l+l0+1 � 1)GL�l0j0lj� K(�)L�l0j0ljSymmetry of K(�)L�l0j0ljK(�)L�ljl0j0 = (�)j�j0GL�l0j0lj �GL�ljl0j0 = �(�)j�j0 �(�)j�j0GL�ljl0j0 �GL�l0j0lj�= �(�)j�j0K(�)L�l0j0ljC.2.5 Matrix element of hl0j 0jjr�YLrjjljihl0m0lj �r�YLM�!rjlmli = (�) 12 (l+l0)+1 X�=l�1 X�0=l0�1s (�0 + l0 + 1)(� + l+ 1)4(2l + 1)(2l0 + 1)�(�) 12 (�+�0) Z dr̂ hY �l0�0m0l(r̂)�YLM (r̂)Y l�ml(r̂)i�"  ���r + (�) 12 (�0�l0�1) 3l0 � �0 + 12r !#" �!��r + (�) 12 (��l�1) 3l � � + 12r !#where 50



Z dr̂ hY �l0�0m0l(r̂)�YLM (r̂)Y l�ml(r̂)i = (�)m0l+1 � (2L+ 1)(2l + 1)(2l0 + 1)(2� + 1)(2�0 + 1)4� � 12�� L �0 �0 0 0 �� l0 l L� �0 1 �� l0 l L�m0l ml M �On the other hand, Wigner-Ekart's theorem giveshl0m0lj �r�YLM�!rjlmli = (�)l0�m0l � l0 L l�m0l M ml � hl0jj �r�YL�!rjjli= (�)L+l�m0l � l0 l L�m0l ml M � hl0jj �r�YL�!rjjliTherefore one an get the resulthl0jj �r�YL�!rjjli = (�) 12 (l+l0)+L+l X�=l�1 X�0=l0�1r (�0 + l0 + 1)(� + l+ 1)(2L+ 1)(2� + 1)(2�0 + 1)16��(�) 12 (�+�0)� L �0 �0 0 0 �� l0 l L� �0 1 ��"  ���r + (�) 12 (�0�l0�1) 3l0 � �0 + 12r !#" �!��r + (�) 12 (��l�1) 3l� � + 12r !#Using 3j,6j symbol's properties, one an get the relation� L �0 �0 0 0 �� l0 l L� �0 1 � = (�)1+l+l0h� L l l00 0 0 �� 1 �0 l00 0 0 �� 1 l �0 0 0 ���1 + (�)L+�+�0�� L l l00 1 �1 �� 1 �0 l0�1 0 1 �� 1 l �1 �1 0 �i= 12"� L l l00 0 0 � (�) 12 (�0�l0+��l)s (�0 + l0 + 1)(� + l + 1)(2l0 + 1)(2�0 + 1)(2l+ 1)(2� + 1)+�1 + (�)L+�+�0�� L l l00 1 �1 �s (3l0 � �0 + 1)(3l � � + 1)2(2l0 + 1)(2�0 + 1)(2l+ 1)(2� + 1)#Thenhl0jj �r�YL�!rjjli = (�)L+l 18s 2L+ 1�(2l + 1)(2l0 + 1) X�=l�1 X�0=l0�1�h� L l l00 0 0 � (�)l0+l(�0 + l0 + 1)(� + l + 1)+�1 + (�)L+l+l0�� L l l00 1 �1 � (�) 12 (�+l+�0+l0)r (3l0 � �0 + 1)(3l� � + 1)(�0 + l0 + 1)(� + l + 1)2 i�"  ���r + (�) 12 (�0�l0�1) 3l0 � �0 + 12r !#" �!��r + (�) 12 (��l�1) 3l� � + 12r !#For any �(= l � 1); �0(= l0 � 1), under line part of above beomesr (3l0 � �0 + 1)(3l� � + 1)(�0 + l0 + 1)(� + l + 1)2 =p8l(l+ 1)l0(l0 + 1)And by expanding summation above, 51



hl0jj �r�YL�!rjjli= (�)L+l 18s 2L+ 1�(2l + 1)(2l0 + 1) X�=l�1 X�0=l0�1�h� L l l00 0 0 � (�)l0+l(�0 + l0 + 1)(� + l + 1)+�1 + (�)L+l+l0�� L l l00 1 �1 � (�) 12 (�+l+�0+l0)p8l(l+ 1)l0(l0 + 1)i�"  ���r + (�) 12 (�0�l0�1) 3l0 � �0 + 12r !#" �!��r + (�) 12 (��l�1) 3l� � + 12r !#= (�)l 12s 2L+ 1�(2l + 1)(2l0 + 1)(h� L l l00 0 0 � (l0 + 1)(l + 1)� ÆL+l+l0=even � L l l00 1 �1 �p2l(l+ 1)l0(l0 + 1)i "  ���r + l0r!#" �!��r + lr!#+h� L l l00 0 0 � (l0 + 1)l + ÆL+l+l0=even � L l l00 1 �1 �p2l(l+ 1)l0(l0 + 1)i "  ���r + l0r!#" �!��r � l + 1r !#+h� L l l00 0 0 � l0(l + 1) + ÆL+l+l0=even � L l l00 1 �1 �p2l(l+ 1)l0(l0 + 1)i "  ���r � l0 + 1r !#" �!��r + lr!#+ �� L l l00 0 0 � l0l � ÆL+l+l0=even � L l l00 1 �1 �p2l(l+ 1)l0(l0 + 1)� "  ���r � l0 + 1r !#" �!��r � l+ 1r !#)= (�)ls 2L+ 14�(2l + 1)(2l0 + 1)(h� L l l00 0 0 � (l0 + 1)(l + 1)� ÆL+l+l0=even � L l l00 1 �1 �p2l(l+ 1)l0(l0 + 1)i " ���r�!��r + ���r lr + l0r�!��r + l0lr2 #+h� L l l00 0 0 � (l0 + 1)l + ÆL+l+l0=even � L l l00 1 �1 �p2l(l+ 1)l0(l0 + 1)i " ���r�!��r � ���r l + 1r + l0r�!��r � l0r l + 1r #+h� L l l00 0 0 � l0(l + 1) + ÆL+l+l0=even � L l l00 1 �1 �p2l(l+ 1)l0(l0 + 1)i " ���r�!��r + ���r lr � l0 + 1r �!��r � l(l0 + 1)r2 #+ �� L l l00 0 0 � l0l � ÆL+l+l0=even � L l l00 1 �1 �p2l(l+ 1)l0(l0 + 1)� " ���r�!��r � ���r l + 1r � l0 + 1r �!��r + (l + 1)(l0 + 1)r2 #)= (�)lr (2L+ 1)(2l0 + 1)(2l+ 1)4� "� L l l00 0 0 � ���r�!��r �� L l l00 1 �1 � p2l(l+ 1)l0(l0 + 1)r2 #Thus �nally, one ould get the resulthl0jj �r�YL�!rjjli = (�)lr (2L+ 1)(2l0 + 1)(2l+ 1)4� "� L l l00 0 0 � ���r�!��r �� L l l00 1 �1 � p2l(l+ 1)l0(l0 + 1)r2 #
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Appendix D3j and 6j symbolD.1 Clebsh-Gordan oeÆient and 3j-symbolThe de�nition of the relation between lebsh-gordan oeÆient and 3j-symbol is given by� j1 j2 j3m1 m2 m3 � = (�)j1�j2�m3p2j3 + 1 hj1m1 : j2m2jj3 �m3iD.1.1 Symmetry propertyClebsh-Gordan's oeÆients have important propertieshj1m1 : j2m2jj3m3i = (�)j1+j2�j3hj1 �m1 : j2 �m2jj3 �m3iand hj1m1 : j2m2jj3m3i = (�)j1+j2�j3hj2m2 : j1m1jj3m3i= (�)j1�m1 �2j3 + 12j2 + 1�1=2 hj1m1 : j3 �m3jj2 �m2i= (�)j2+m2 �2j3 + 12j1 + 1�1=2 hj3 �m3 : j2m2jj1 �m1iThese properties an be expressed by 3j-symbol's language� j1 j2 j3m1 m2 m3 � = (�)j1+j2�j3�2m3 � j1 j2 j3�m1 �m2 �m3 �= (�)j1+j2+j3 � j1 j2 j3�m1 �m2 �m3 �Note that when j3 is integer, m3 is also integer. Then (�)�j3 = (�)j3 and (�)2m3 = 1.And also when j3 is half-integer, m3 is also half-integer. Then (�)�2m3 = �1 and (�)�j3�1 = (�)j3 . Soin both ase, j3 is integer or half-integer,(�)j1+j2�j3�2m3 = (�)j1+j2+j3Also 2nd properties of CG oef. an be expressed as� j1 j2 j3m1 m2 m3 � = (�)�j1�j2�j3 � j2 j1 j3m2 m1 m3 �= (�)�j1�j2�j3 � j1 j3 j2m1 m3 m2 �= (�)�j1�j2�j3 � j3 j2 j1m3 m2 m1 �53



In addition, the desired reursion relation for the C.G. oef.p(j3 �m3)(j3 �m3 + 1)hj1m1 : j2m2jj3m3 � 1i=p(j1 �m1 + 1)(j1 �m1)hj1m1 � 1 : j2m2jj3m3i+p(j2 �m2 + 1)(j2 �m2)hj1m1 : j2m2 � 1jj3m3iIn the 3j-symbol's language, this relation an be expressed asp(j3 �m3 + 1)(j3 �m3)� j1 j2 j3m1 m2 m3 � 1 �=p(j1 �m1 + 1)(j1 �m1)� j1 j2 j3m1 � 1 m2 m3 �+p(j2 �m2 + 1)(j2 �m2)� j1 j2 j3m1 m2 � 1 m3 �If one puts j1 = l0;m1 = 0; j2 = l;m2 = 0; j3 = L;m3 = �1, and takes lower sign, then one an getpL(L+ 1)� l0 l L0 0 0 � = pl0(l0 + 1)� l0 l L1 0 �1 �+pl(l + 1)� l0 l L0 1 �1 �D.2 Raah oeÆient and 6j-symbolRaah oeÆient and 6j-symbol an be related as� j1 j2 j3l1 l2 l3 � = (�)j1+j2+l1+l2W (j1; j2; l2; l1; j3; l2) Edmonds p97 (6.2.13)memo.... [6l(l+ 1)(2l+ 1)℄1=2 hl0 : 10j�0iW (l�11 : 1l)= (�)l+1 [6l(l+ 1)(2l + 1)℄1=2p2� + 1� l 1 �0 0 0 �� l � 11 1 l �= (�)l+1 [6l(l+ 1)(2l + 1)℄1=2p2� + 1� l 1 �0 0 0 �� l 1 �1 l 1 �= [6l(l+ 1)(2l+ 1)℄1=2p2� + 1 Xm1=�1;0;+1�� l l 10 m1 �m1 �� 1 1 1�m1 0 m1 �� 1 l �m1 �m1 0 �= [6l(l+ 1)(2l+ 1)℄1=2p2� + 1�n2� l l 10 1 �1 �� 1 1 1�1 0 1 �� 1 l �1 �1 0 �+� l l 10 0 0 �� 1 1 10 0 0 �� 1 l �0 0 0 �o= (�)l+1p2l(l+ 1)(2� + 1)� 1 l �1 �1 0 �= �s l(l + 1)(3l� � + 1)2(2l+ 1) =8<: (� = l + 1) �lq l+12l+1(� = l � 1) �(l + 1)q l2l+1
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Appendix EUseful formulasE.1 Redued matrix element hl0jjYLjjlihl0m0jYLM jlmi = Z dr̂Y �l0m0(r̂)YLM (r̂)Ylm(r̂)= s (2L+ 1)(2l + 1)4�(2l0 + 1) hL0 : l0jl00ihLM : lmjl0m0i= (�)m0r (2L+ 1)(2l+ 1)(2l0 + 1)4� � L l l00 0 0 �� L l l0M m �m0 �= (�)m0r (2L+ 1)(2l+ 1)(2l0 + 1)4� � L l l00 0 0 �� l0 L l�m0 M m �Wigner-Ekart's theorem is given byhl0m0jYLM jlmi = (�)l0�m0 � l0 L l�m0 M m � hl0jjYLjjliThrefore hl0jjYLjjli = (�)l0r (2L+ 1)(2l+ 1)(2l0 + 1)4� � L l l00 0 0 �E.2 Redued matrix element inluding the spherial harmonisNext one alulates this value Z dr̂Y �l0�0m0l(r̂)�YLM (r̂)Y l�ml(r̂)Here the vetor-spherial harmonis is de�ned asY l�ml(r̂) = Xm�;qh�m� : 1qjlmliY�m� (r̂)eq= (�)1���ml Xm�;q� � 1 lm� q �ml �Y�m� (r̂)eqTherefore
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Z dr̂Y �l0�0m0l(r̂)�YLM (r̂)Y l�ml(r̂)=p(2l+ 1)(2l0 + 1)(�)l+ml+l0+ml0�Xm�0Xm� Xq � �0 1 l0m�0 q �ml0 �� � 1 lm� q �ml �Z dr̂Y ��0m�0 (r̂)YLM (r̂)Y�m� (r̂)=p(2l+ 1)(2l0 + 1)(�)l+ml+l0+ml0�Xm�0Xm� Xq (�)�0+m�0 � �0 1 l0m�0 q �ml0 �� � 1 lm� q �ml �� �0 L ��m�0 M m� �h�0jjYLjj�i=p(2l+ 1)(2l0 + 1)(�)l+ml+l0+ml0 (�)L+l+l0(�)���1�Xm�0Xm� Xq (�)m��q(�)�+�0+1+q�m��m�0 � l0 1 �0�ml0 q m�0 �� � L �0m� M �m�0 �� � 1 l�m� �q ml �h�0jjYLjj�i(�)m��q = (�)�m��q = (�)ml (3j-symbol's property)=p(2l+ 1)(2l0 + 1)(�)l0+ml0 (�)L+l+l0�Xm�0Xm� Xq (�)�+�0+1+q�m��m�0 � l0 1 �0�ml0 q m�0 �� � L �0m� M �m�0 �� � 1 l�m� �q ml �h�0jjYLjj�i=p(2l+ 1)(2l0 + 1)(�)l0+ml0 (�)L+l+l0� l0 L l�ml0 M ml �� l0 L l� 1 �0 �h�0jjYLjj�i=r (2l+ 1)(2l0 + 1)(2� + 1)(2�0 + 1)4� (�)ml0+1� l0 L l�ml0 M ml �� l0 L l� 1 �0 �� L � �00 0 0 �E.3 hl0m0jY L�M �r̂jlmiE.3.1 The simplest wayr̂ �Y L�M= Xm�;qh�m� : 1qjLMir̂Y�m� �eq= Xm�;qh�m� : 1qjLMi(�� �+ 12�+ 1� 12 Y ��+1m� +� �2�+ 1� 12 Y ���1m�)�eq= Xm�;qh�m� : 1qjLMi(�)q�8<:�� �+ 12�+ 1� 12 Xm0� h� + 1;m0� : 1� qj�m�iY�+1;m0� +� �2�+ 1� 12 Xm0� h�� 1;m0� : 1� qj�m�iY��1;m0�9=;= Xm�;qh�m� : 1qjLMi�8<:� �+ 12�+ 3� 12 Xm0� h�;�m� : 1� qj�+ 1;m0�iY�+1;m0� �� �2�� 1� 12 Xm0� h�;�m� : 1� qj�� 1;m0�iY��1;m0�9=;= Xm0�  � �+ 12�+ 3� 12 Æ�=L�1Æm0�=MY�+1;m0� �� �2�� 1� 12 Æ�=L+1Æm0�=MY��1;m0�!= "� L2L+ 1� 12 Æ�=L�1 �� L+ 12L+ 1� 12 Æ�=L+1#YLM
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Therefore one an gethl0m0jY L�M �r̂jlmi = Z dr̂Y �l0m0Y L�M �r̂Ylm= �Z dr̂Y �lmr̂ �Y �L�MYl0m0��= "� L2L+ 1� 12 Æ�=L�1 �� L+ 12L+ 1� 12 Æ�=L+1# hl0m0jYLM jlmiE.3.2 Somewhat ompliated wayOn the other hand, one an alulate by another way. This way is rather ompliated, but one an provethis way is equivalent with the previous way as follows.hl0m0jY L�M �r̂jlmi= Z dr̂Y �l0m0Y L�M �r̂Ylm= Z dr̂Y �l0m0Y L�M �(�� l + 12l + 1� 12 Y ll+1m +� l2l+ 1� 12 Y ll�1m)= (�)m+M � (2l + 1)(2l0 + 1)(2L+ 1)(2�+ 1)4� � 12 � l0 L l�m0 M m ��"� (l + 1)(2l + 3)2l+ 1 � 12 � l0 � l + 10 0 0 �� l0 � l + 11 l L �� � l(2l� 1)2l+ 1 � 12 � l0 � l � 10 0 0 �� l0 � l � 11 l L �#= hl0m0jYLM jlmi 1� l0 L l0 0 0 ��"� (l + 1)(2l + 3)(2�+ 1)2l + 1 � 12 � l0 � l + 10 0 0 �� l0 � l + 11 l L �� � l(2l� 1)(2�+ 1)2l+ 1 � 12 � l0 � l � 10 0 0 �� l0 � l � 11 l L �#= (�) 12 (�+3L+1) � (�+ L+ 1)2(2L+ 1) � 12 hl0m0jYLM jlmi = "� L2L+ 1� 12 Æ�=L�1 �� L+ 12L+ 1� 12 Æ�=L+1# hl0m0jYLM jlmiwhere� (l + 1)(2l+ 3)(2�+ 1)2l+ 1 � 12 � l0 � l + 10 0 0 �� l0 � l + 11 l L �= 1 + (�)L+l+l02 12l + 1 � l(l+ 1)(3L� �+ 1)2(2L+ 1) � 12 � l0 l L0 1 �1 �+(�) 12 (�+3L+1) l + 12l + 1 � (�+ L+ 1)2(2L+ 1) � 12 � l0 l L0 0 0 �� l(2l� 1)(2�+ 1)2l+ 1 � 12 � l0 � l � 10 0 0 �� l0 � l� 11 l L �= 1 + (�)L+l+l02 12l + 1 � l(l+ 1)(3L� �+ 1)2(2L+ 1) � 12 � l0 l L0 1 �1 ��(�) 12 (�+3L+1) l2l + 1 � (�+ L+ 1)2(2L+ 1) � 12 � l0 l L0 0 0 �57



E.4 hl0m0jY L�M �ir̂ �Ljlmihl0m0jY L�M �ir̂ �Ljlmi= Z dr̂Y �l0m0Y L�M �i ^r �LYlm= Z dr̂Y �l0m0Y L�M �(�l� l + 12l+ 1� 12 Y ll+1m � (l + 1)� l2l+ 1� 12 Y ll�1m)= (�)m+M � (2l + 1)(2l0 + 1)(2L+ 1)(2�+ 1)4� � 12 � l0 L l�m0 M m ��"l � (l + 1)(2l+ 3)2l+ 1 � 12 � l0 � l + 10 0 0 �� l0 � l+ 11 l L �+(l + 1) � l(2l� 1)2l+ 1 � 12 � l0 � l � 10 0 0 �� l0 � l� 11 l L �#= hl0m0jYLM jlmi 1� l0 L l0 0 0 ��"l � (l + 1)(2l+ 3)(2�+ 1)2l+ 1 � 12 � l0 � l + 10 0 0 �� l0 � l + 11 l L �+(l+ 1) � l(2l� 1)(2�+ 1)2l+ 1 � 12 � l0 � l � 10 0 0 �� l0 � l � 11 l L �#= 1 + (�)L+l+l02 �3L� �+ 12(2L+ 1) � 12 pl(l+ 1)� l0 l L0 1 �1 �� l0 L l0 0 0 � hl0m0jYLM jlmiwherel � (l + 1)(2l + 3)(2�+ 1)2l + 1 � 12 � l0 � l + 10 0 0 �� l0 � l+ 11 l L �= 1 + (�)L+l+l02 l2l+ 1 � l(l + 1)(3L� �+ 1)2(2L+ 1) � 12 � l0 l L0 1 �1 �+(�) 12 (�+3L+1) l(l+ 1)2l + 1 � (�+ L+ 1)2(2L+ 1) � 12 � l0 l L0 0 0 �(l + 1) � l(2l� 1)(2�+ 1)2l+ 1 � 12 � l0 � l � 10 0 0 �� l0 � l� 11 l L �= 1 + (�)L+l+l02 l + 12l+ 1 � l(l + 1)(3L� �+ 1)2(2L+ 1) � 12 � l0 l L0 1 �1 ��(�) 12 (�+3L+1) l(l+ 1)2l + 1 � (�+ L+ 1)2(2L+ 1) � 12 � l0 l L0 0 0 �
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Next one thinks the invere termhl0m0jir̂ � �L �Y L�M jlmi = hlmjY �L�M �ir̂ ��!L jl0m0i�= (�)M hlmjY L��M �ir̂ ��!L jl0m0i�= (�)M 1 + (�)L+l+l02 �3L� �+ 12(2L+ 1) � 12 pl0(l0 + 1)� l l0 L0 1 �1 �� l0 L l0 0 0 � hlmjYL�M jl0m0i�= 1 + (�)L+l+l02 �3L� �+ 12(2L+ 1) � 12 pl0(l0 + 1)� l l0 L0 1 �1 �� l0 L l0 0 0 � hl0m0jYLM jlmi= 1 + (�)L+l+l02 �3L� �+ 12(2L+ 1) � 12 1� l0 L l0 0 0 �� ��pL(L+ 1)� l l0 L0 0 0 ��pl(l + 1)� l0 l L0 1 �1 �� hl0m0jYLM jlmi= �1 + (�)L+l+l02 �L(L+ 1)(3L� �+ 1)2(2L+ 1) � 12 hl0m0jYLM jlmi � hl0m0jY L�M �ir̂ �LjlmiThereforehl0m0jir̂ � �L �Y L�M + Y L�M �ir̂ ��!L jlmi = �1 + (�)L+l+l02 �L(L+ 1)(3L� �+ 1)2(2L+ 1) � 12 hl0m0jYLM jlmihl0m0jir̂ � �L �Y L�M � Y L�M �ir̂ ��!L jlmi= �1 + (�)L+l+l02 �L(L+ 1)(3L� �+ 1)2(2L+ 1) � 12 hl0m0jYLM jlmi � 2hl0m0jY L�M �ir̂ �Ljlmihl0m0jY L�M �ir̂ �Ljlmi = 1 + (�)L+l+l02 �3L� �+ 12(2L+ 1) � 12 pl(l+ 1)� l0 l L0 1 �1 �� l0 L l0 0 0 � hl0m0jYLM jlmi= �1 + (�)L+l+l02 �3L� �+ 12(2L+ 1) � 12 pl(l + 1) hl1 : l00jL1ihl0 : l00jL0ihl0m0jYLM jlmi
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E.5 The derivation of hl0m0jr�YLMrjlmihl0m0jr̂ �YLM r̂jlmi= Z dr̂ � � l0 + 12l0 + 1� 12 Y �l0l0+1m0 + � l02l0 + 1� 12 Y �l0l0�1m0!�YLM  � � l + 12l+ 1� 12 Y ll+1m + � l2l + 1� 12 Y ll�1m!= X�=l�1 X�0=l0�1(�) 12 (��l+�0�l0)+1 � (�0 + l0 + 1)(� + l + 1)2(2l0 + 1)2(2l+ 1) � 12 Z dr̂Y �l0�0m0YLMY l�m= (�)m0+12 �2L+ 14� � 12 � l0 L l�m0 M m �� X�=l�1 X�0=l0�1"�� L l l00 0 0 � (�0 + l0 + 1)(� + l + 1)[2(2l0 + 1)2(2l+ 1)℄ 12+(�) 12 (��l+�0�l0)+1 1 + (�)L+l+l02 � L l l00 1 �1 �� 4l0(l0 + 1)4l(l+ 1)2(2l0 + 1)2(2l+ 1)� 12 #= (�)m0 �(2L+ 1)(2l0 + 1)(2l+ 1)4� � 12 � l0 L l�m0 M m �� L l l00 0 0 � = hl0m0jYLM jlmihl0m0jr̂ �YLM ir̂ ��!L jlmi= Z dr̂ � � l0 + 12l0 + 1� 12 Y �l0l0+1m0 + � l02l0 + 1� 12 Y �l0l0�1m0!�YLM  �l � l + 12l+ 1� 12 Y ll+1m � (l + 1) � l2l + 1� 12 Y ll�1m!= X�=l�1 X�0=l0�1(�) 12 (�0�l0+1)p(3l� � + 1)(�0 + l0 + 1)2 � l(l+ 1)(2l0 + 1)(2l+ 1)� 12 Z dr̂Y �l0�0m0YLMY l�m= 0hl0m0jir̂ � �L �YLM ir̂ ��!L jlmi= Z dr̂ l0 � l0 + 12l0 + 1� 12 Y �l0l0+1m0 + (l0 + 1) � l02l0 + 1� 12 Y �l0l0�1m0!�YLM  l � l + 12l+ 1� 12 Y ll+1m + (l + 1) � l2l + 1� 12 Y ll�1m!= X�=l�1 X�0=l0�1 (3l0 � �0 + 1)(3� � l+ 1)4 � (�0 + l0 + 1)(� + l + 1)2(2l0 + 1)2(2l+ 1) � 12 Z dr̂Y �l0�0m0YLMY l�m= (�)m0+12 �2L+ 14� � 12 � l0 L l�m0 M m �� l(l+ 1)l0(l0 + 1)(2l0 + 1)(2l+ 1)� 12� X�=l�1 X�0=l0�1"� L l l00 0 0 � (�) 12 (�0�l0+��l)2pl0(l0 + 1)l(l + 1)+1 + (�)L+l+l02 � L l l00 1 �1 � (3l0 � �0 + 1)(3� � l+ 1)2 #= (�)m0+1 � (2L+ 1)(2l0 + 1)(2l+ 1)4� � 12 � l0 L l�m0 M m � [l(l + 1)l0(l0 + 1)℄ 12 1 + (�)L+l+l02 � L l l00 1 �1 �60



whereZ dr̂Y �l0�0m0YLMY l�m = (�)m0+12 �2L+ 14� � 12 � l0 L l�m0 M m ��"� L l l00 0 0 � (�) 12 (�0�l0+��l)p(�0 + l0 + 1)(� + l + 1)+1 + (�)L+l+l02 � L l l00 1 �1 �p(3l0 � �0 + 1)(3l� � + 1)#and(3l � � + 1)(� + l + 1) = 4l(l+ 1) beause� = l � 1Thereforehl0m0j �r�YLM�!rjlmi = hl0m0j r̂ ���r � ir̂ � �Lr !�YLM  r̂�!��r � ir̂ ��!Lr ! jlmi= hl0m0jYLM jlmi ���r �!��r + hl0m0jir̂ � �L �YLM ir̂ ��!L jlmi 1r2E.5.1 Redued matrix element of hl0m0jir̂ � L�YLM ir̂ �Ljlmihl0m0jir̂ � �L �YLM ir̂ ��!L jlmi= (�)m0+1 � (2L+ 1)(2l0 + 1)(2l+ 1)4� � 12 � l0 L l�m0 M m � [l(l + 1)l0(l0 + 1)℄ 12 1 + (�)L+l+l02 � L l l00 1 �1 �From the Wigner-Ekart's theorem, one an gethl0jjir̂ � �L �YLir̂ ��!L jjli= (�)l0+1 �(2L+ 1)(2l0 + 1)(2l+ 1)4� � 12 [l(l + 1)l0(l0 + 1)℄ 12 1 + (�)L+l+l02 � L l l00 1 �1 �L-J ouplingUsing an useful formula for l-j oupling,hl0j0jjTLjjlji = (�)j+l0+L+1=2(2j0 + 1) 12 (2j + 1) 12 � j0 l0 1=2l j L �then one an obtainhl0j0jjir̂ � �L �YLir̂ ��!L jjlji= (�)j+L�1=2 � (2L+ 1)(2l0 + 1)(2j0 + 1)(2l+ 1)(2j + 1)4� � 12 [l(l + 1)l0(l0 + 1)℄ 12 1 + (�)L+l+l02�� j0 l0 1=2l j L �� L l l00 1 �1 �
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hl0j0jjir̂ � �L �YLir̂ ��!L jjlji = (�)j0+L+1=2 12 � l(l+ 1)l0(l0 + 1)4� � 12 1 + (�)L+l+l02�"p(4l0 � 2j0 + 1)(4l � 2j + 1)hj0;�1=2 : j; 1=2jL0i+(�)l+j+l0+j0p(6j0 � 4l0 + 1)(6j � 4l+ 1)hj0;�3=2 : j; 3=2jL0i#where � j0 l0 1=2l j L �� L l l00 1 �1 �= (�)j+j0"� L j0 j0 � 12 12 �� l j 121 � 12 � 12 �� l0 j0 121 � 12 � 12 ��� L j0 j0 � 32 32 �� l j 121 � 32 12 �� l0 j0 121 � 32 12 �#= �12"s (4l0 � 2j0 + 1)(4l� 2j + 1)(2j0 + 1)(2l0 + 1)(2j + 1)(2l+ 1) � j0 j L� 12 12 0 �+(�)l+j+l0+j0s (6j0 � 4l0 + 1)(6j � 4l+ 1)(2j0 + 1)(2l0 + 1)(2j + 1)(2l+ 1) � j0 j L� 32 32 0 �#= � (�)j0�j2 "s (4l0 � 2j0 + 1)(4l� 2j + 1)(2j0 + 1)(2l0 + 1)(2j + 1)(2l+ 1)(2L+ 1) hj0;�1=2 : j; 1=2jL0i+(�)l+j+l0+j0s (6j0 � 4l0 + 1)(6j � 4l+ 1)(2j0 + 1)(2l0 + 1)(2j + 1)(2l+ 1)(2L+ 1) hj0;�3=2 : j; 3=2jL0i#
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E.6 Summaryhl0m0jYLM jlmi = (�)l0�m0 � l0 L l�m0 M m �"(�)l0r (2l0 + 1)(2L+ 1)(2l + 1)4� � l0 L l0 0 0 �#= (�)l0�m0 � l0 L l�m0 M m � hl0jjYLjjlihl0m0jY L�M �r̂jlmi = "� L2L+ 1� 12 Æ�=L�1 �� L+ 12L+ 1� 12 Æ�=L+1# hl0m0jYLM jlmihl0m0jY L�M �ir̂ ��!L jlmi= 1 + (�1)L+l+l02 "� L+ 12L+ 1� 12 Æ�=L�1 +� L2L+ 1� 12 Æ�=L+1# pl(l+ 1)� l0 l L0 1 �1 �� l0 L l0 0 0 � hl0m0jYLM jlmihl0m0jir̂ � �L �Y L�M jlmi= �"(L+ 1)� L2L+ 1� 12 Æ�=L�1 + L� L+ 12L+ 1� 12 Æ�=L+1# hl0m0jYLM jlmi � hl0m0jY L�M �ir̂ �LjlmiThereforehl0m0j �r�Y L�M + Y L�M ��!rjlmi= hl0m0jY L�M �r̂jlmi" ���r + �!��r#+ hhl0m0jir̂ � �L �Y L�M jlmi+ hl0m0jY L�M �ir̂ ��!L jlmii 1r= 8>>>><>>>>: (� = L� 1) : � L2L+ 1� 12 hl0m0jYLM jlmi" ���r + �!��r#� (L+ 1)� L2L+ 1� 12 hl0m0jYLM jlmi1r(� = L+ 1) : �� L+ 12L+ 1� 12 hl0m0jYLM jlmi" ���r + �!��r#� L� L+ 12L+ 1� 12 hl0m0jYLM jlmi1rhl0m0j �r�Y L�M � Y L�M ��!rjlmi= hl0m0jY L�M �r̂jlmi" ���r � �!��r#+ hhl0m0jir̂ � �L �Y L�M jlmi � hl0m0jY L�M �ir̂ ��!L jlmii 1r
=
8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

(� = L� 1) : � L2L+ 1� 12 hl0m0jYLM jlmi" ���r � �!��r#�"(L+ 1)� L2L+ 1� 12 hl0m0jYLM jlmi+ 2hl0m0jY L�M �ir̂ �Ljlmij�=L�1# 1r(� = L+ 1) : �� L+ 12L+ 1� 12 hl0m0jYLM jlmi" ���r � �!��r#�"L� L+ 12L+ 1� 12 hl0m0jYLM jlmi+ 2hl0m0jY L�M �ir̂ �Ljlmij�=L+1# 1r
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If one uses an useful formula,hl0j0jjTLjjlji = (�)j+l0+L+1=2(2j0 + 1)1=2(2j + 1)1=2� j0 l0 12l j L � hl0jjTLjjliand also uses the Wigner-Ekart's formula, then one an gethl0j0jj �r�Y L� + Y L� ��!rjjlji= hl0j0jjY L� �r̂jjlji" ���r + �!��r#+ hhl0j0jjir̂ � �L �Y L�jjlji+ hl0j0jjY L� �ir̂ ��!L jjljii 1r= 8>>>><>>>>: (� = L� 1) : � L2L+ 1� 12 hl0j0jjYLjjlji" ���r + �!��r#� (L+ 1)� L2L+ 1� 12 hl0j0jjYLjjlji1r(� = L+ 1) : �� L+ 12L+ 1� 12 hl0j0jjYLjjlji" ���r + �!��r#� L� L+ 12L+ 1� 12 hl0j0jjYLjjlji1rhl0j0jj �r�Y L� � Y L� ��!rjjlji= hl0j0jjY L� �r̂jjlji" ���r � �!��r#+ hhl0j0jjir̂ � �L �Y L�jjlji � hl0j0jjY L� �ir̂ ��!L jjljii 1r
=
8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

(� = L� 1) : � L2L+ 1� 12 hl0j0jjYLjjlji" ���r � �!��r#�"(L+ 1)� L2L+ 1� 12 hl0j0jjYLjjlji+ 2hl0j0jjY L� �ir̂ �Ljjljij�=L�1# 1r(� = L+ 1) : �� L+ 12L+ 1� 12 hl0j0jjYLjjlji" ���r � �!��r#�"L� L+ 12L+ 1� 12 hl0j0jjYLjjlji+ 2hl0j0jjY L� �ir̂ �Ljjljij�=L+1# 1rwherehl0j0jjYLjjlji = (�)j0+L�1=2 1 + (�)L+l+l02 !r (2j0 + 1)(2j + 1)4� hj1=2 : j0 � 1=2jL0ihl0j0jjY L� �ir̂ �Ljjlji= (�)j+L+1=2 1 + (�1)L+l+l02 s l(l + 1)2(2j + 1)r (2j0 + 1)(2j + 1)4� "� L+ 12L+ 1� 12 Æ�=L�1 +� L2L+ 1� 12 Æ�=L+1#�n(�)l+l0+1p2l � j + 1=2hj1=2 : j01=2jL1i+ (�)j+j0+1p3j � 2l+ 1=2hj3=2 : j0 � 1=2jL1io
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Appendix FFeynman diagram and Feynman ruleF.1 Feynman rule in the Relativisti formalismThe feynman rule is de�ned so as to express S-matrix graphially. S-matrix is given bySfi = hf j 1Xn=0S(n)jii S(n) : n-th order S-matrix in perturbation theory.S(n) = (�)nn! T �Z d4x1 � � �Z d4xn fHI(x1) � � � HI(xn)g�where HI(= LI ) is interation Hamiltonian.(equal to the interation Lagrangian.) S-matrix is thevalue whih is related to the di�erential ross setion(Exerise (I)). Interation Hamiltonian depends onthe kinds of �eld, for example, the interation Hamiltonian of eletro-magneti �eld is given byHI(x) = ieN � � (x)� (x)A�(x)�where  is the Dira spinor �eld operator and A� is the vetor �eld operator of the eletro-magneti�eld. Both  and A� an be expressed by a reation and an anihilation operators of fermion(anti-fermion)and photon respetively. (x) = Xs Z d4p �s(p)us(p)e�ipx + dys(p)vs(p)e+ipx� =  +(x) +  �(x)� (x) = Xs Z d4p �ys(p)�us(p)e+ipx + ds(p)�vs(p)e�ipx� = � �(x) + � +(x)A�(x) = Xr Z d4k ��r�ar(k)e�ikx + �r�ayr(k)e+ikx� = A+� (x) +A�� (x)
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(a) + means \absorbed fermion", (b) � means \emitted anti-fermion", () � + means \absorbed anti-fermion", (d) � means\emitted fermion", (e)A+� means \abosorbed photon", and(f)A�� means \emitted photon" respetively.The most basi feynman rules an be de�ned here. (a)-(f) orre-spond to eah diagrams as seen in the right �gures respetively.One should pay attention to the diretion of arrow in �guresmeans the momentum diretion. Notie that the de�nition ofthe arrow diretion in the feynman diagram may be di�erentfor eah any textbooks.For example, the 1-st order S-matrix inludesS(1) 3 ie Z d4xN � � +� +A�� � :This term orresponds to the diagram of Figure.F.1.Exerise(II)Draw the diagram orresponds toie Z d4xN � � +� �A+� � :

(a) Absorbed fermion

(b) Emitted anti-fermion

(c) Absorbed anti-fermion

(d) Emitted fermion

(e) Absorbed photon

(f) Emitted photon

Figure F.1:F.1.1 Propagator and Feynman rulePropagators mean the exhanging vertual partiles, and are equivalent to the \potential" or \interation".For example, \vertual photon" is equal to the \eletro-magneti inteartion", \pion" is equal to the \one-pion exhange potential" whih is related to the nulear fore. \Yukawa fore" is related to the \salarPropagators propagate properties of partiles, quantum number, momentum, mass, and so on, be-tween hannels.Typyal propagators an be given by(a) iSF (x � x0) = h0jT � (x) y(x0)� j0i = i(2�)4 Z d4p �p� +mp2 �m2 + i�e�ip(x�x0) Fermion(b) i�F (x� x0) = h0jT ��(x)�y(x0)� j0i = i(2�)4 Z d4k 1k2 �m2 + i�e�ik(x�x0) Salar Boson() iD��F0(x � x0) = h0jT [A�(x)A�(x0)℄ j0i = i(2�)4 Z d4k �g��k2 �m2 + i�e�ik(x�x0) Massless Vetor Boson(d) iD��FM (x� x0) = h0jT [A�(x)A� (x0)℄ j0i = i(2�)4 Z d4k�g�� + k�k�m2k2 �m2 + i�e�ik(x�x0) Vetor BosonFermion propagator satis�es Dira-type equation, and also Boson propagator satis�es Klein-Gordon-type equation. Sometimes this is the de�nition of the propagator. In the non-relativisti formalism,propagator is alled \Green's funtion" . \Green's funtion" satis�es Shrodinger-like equation. This isthe de�nition of the Green's funtion.F.1.2 Appliation of the Feynman rules to the 2nd order S-matrixIn order to apply the Feynman rules to the 2nd order S-matrix, one should study Wik's theorem.Wik's theorem is well known thorem and often used not only in the relativisti formalism but also inthe non-relativisti 2nd quantized �eld theory. But beause wik's theorem is rather omliated, and itsproof is deÆult, so I only introdue this theorem.
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Exerise(III)Make sure that eah paorgators satisfy eah equa-tions.Feynman rules for eah propagatorsHere the Feynman rules for eah propagators (a)-(d)an be de�ned as right �gures.
(a) Fermion

(b) Scalar Boson

(c,d) Vector Boson
µ ν

µ ν

x x’

x x’

x x’

By using Wik's theorem,S(2) 3 �e22 Z Z d4x1d4x2N h� � �� +�x1 � � �� +�x2i iDF;��(x1 � x2)is inluded. This term orresponds to a diagram of right �gure.
µ

ν

(x1)

(x2)

Exerise(IV)Study Wik's theorem by using some textbooks of the quantum �eld theory.Exerise(V)By using Wik's theorem, derive all Feynman diagrams in the 2nd order S-matrix.F.1.3 Propagator and PotentialAs the previous subsetion, the propagator is related to the potential in the stati limit. In the statilimit, the (salar boson) propagator in the momentum spae is given by1k2 +m2The Fourier transformation of this propagator yields Yukawa potential.Z d3k(2�)3 eik�r 1k2 +m2 = 14� e�mrr
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