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Kinematics & Dynamics

Case study of p(γ,K+)Λ

cm

Photon: γ 1− /

Proton: p 1
2

+
uud

Kaon: K+ 0− us̄

Lambda: Λ 1
2

+
uds

Two independent kinematic variables

Invariant mass W

Kaon angle θc.m.

Dynamics

2 spin-1/2 particles and a real photon
→ 8 combinations

Parity conservation

4 independent COMPLEX

REACTION AMPLITUDES

Mλγ
λp,λΛ

→Mi=1,2,3,4
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Regge-plus-resonance (RPR) approach [PRC86 (2012) 015212]

Regge background: exchange of K(494) and K∗(892) Regge trajectories
in t channel

Enrich Reggeized background with N?: J = 1
2 ,

3
2 ,

5
2 with MN? ≤ 2 GeV

Bayesian inference of the resonance content of p(γ,K+)Λ
[PRL108 (2012) 182002]

S11(1535), S11(1650), F15(1680), P13(1720),
D13(1875), P13(1900), P11(1900), and F15(2000)

17 parameters
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Transversity amplitudes / CGLN / multipoles

cm

Transversity Amplitudes (TA) bi=1,...,4

b1 ≡ y 〈+| Jy |+〉y
b2 ≡ y 〈−| Jy |−〉y
b3 ≡ y 〈+| Jx |−〉y
b4 ≡ y 〈−| Jx |+〉y

Normalized TA ai=1,...,4

ai = bi√
|b1|2+|b2|2+|b3|2+|b4|2

= rie
iαi

CGLN amplitudes and multipole decomposition

M =
〈msΛ | − iF1σ.ePγ − F2 (σ.ep) [σ. (ek × ePγ )]− iF3 (σ.ek) (ep.ePγ )− iF4 (σ.ep) (ep.ePγ ) |msp 〉

F1 =
∑
l P
′
l+1(cos θc.m.) [El+ + lMl+] + P ′l−1(cos θc.m.) [El− + (l + 1)Ml−]

F2 =
∑
l P
′
l (cos θc.m.) [(l + 1)Ml+ + lMl−]

F3 =
∑
l P
′′
l+1(cos θc.m.) [El+ −Ml+] + P ′′l−1(cos θc.m.) [El− +Ml−]

F4 =
∑
l P
′′
l (cos θc.m.) [−El− −Ml− − El+ +Ml+]
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Multipoles (RPR-2011): BACKGROUND DOMINANCE
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Figure : RPR-2011, RPR-2011 \Resonances and RPR-2011 \Regge.
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Polarization observables in pseudoscalar-meson photoproduction

(B1,T1,R1) (B2,T2,R2) Transversity
expression

Σ (y, 0, 0) (x, 0, 0) r21 + r22 − r
2
3 − r

2
4

T (0,+y, 0) (0,−y, 0) r21 − r
2
2 − r

2
3 + r24

P (0, 0,+y) (0, 0,−y) r21 − r
2
2 + r23 − r

2
4

Cx (+, 0,+x) (+, 0,−x) −2 Im(a1a
∗
4 + a2a

∗
3)

Cz (+, 0,+z) (+, 0,−z) +2 Re(a1a
∗
4 − a2a

∗
3)

Ox (+π
4
, 0,+x) (+π

4
, 0,−x) +2 Re(a1a

∗
4 + a2a

∗
3)

Oz (+π
4
, 0,+z) (+π

4
, 0,−z) +2 Im(a1a

∗
4 − a2a

∗
3)

E (+,−z, 0) (+,+z, 0) +2 Re(a1a
∗
3 − a2a

∗
4)

F (+,+x, 0) (+,−x, 0) −2 Im(a1a
∗
3 + a2a

∗
4)

G (+π
4
,+z, 0) (+π

4
,−z, 0) −2 Im(a1a

∗
3 − a2a

∗
4)

H (+π
4
,+x, 0) (+π

4
,−x, 0) +2 Re(a1a

∗
3 + a2a

∗
4)

Tx (0,+x,+x) (0,+x,−x) +2 Re(a1a
∗
2 + a3a

∗
4)

Tz (0,+x,+z) (0,+x,−z) +2 Im(a1a
∗
2 + a3a

∗
4)

Lx (0,+z,+x) (0,+z,−x) −2 Im(a1a
∗
2 − a3a

∗
4)

Lz (0,+z,+z) (0,+z,−z) +2 Re(a1a
∗
2 − a3a

∗
4)

dσ
dΩ

(B,T,R)
: cross section for given

beam (B), target (T ), recoil (R)
polarization

Asymmetries

A =
dσ
dΩ

(B1,T1,R1)− dσ
dΩ

(B2,T2,R2)

dσ
dΩ

(B1,T1,R1)
+ dσ

dΩ
(B2,T2,R2)

dσ
dΩ

(0,0,0)
= ρ

4

∑4
i=1 |bi|2

SINGLE asymmetries: MODULI

DOUBLE asymmetries: PHASES
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Complete sets

4 complex amplitudes, or 8 real variables

There is one arbitrary global phase

δα4
i = αi − α4 .

Take α4 = 0 and use normalized transversity amplitudes

1 = |a1|2 + |a2|2 + |a3|2 + |a4|2

We need 6 real variables and an independent scaling factor

Definition COMPLETE SET
A complete set is a minimum set of observables from which one can determine
the underlying reaction amplitudes unambiguously.
[Chiang & Tabakin PRC55 (1997) 2054]: 8 observables
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Role of resonances for the NTA moduli (r2)
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Figure 2.7: As in Fig. 2.6, but for r2.
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RPR-2011 predictions for (W, cos θc.m.) dependence of NTA moduli for
p(γ,K+)Λ 7
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FIG. 1: (Color online) The energy and angular dependence of the moduli ri of the normalized transversity amplitudes for the
γp → K+Λ reaction. The calculations are performed with the RPR-2011 model (∆W ≈ 2.38 MeV, ∆ cos θc.m. ≈ 8.33× 10−3).

IV. RESULTS

A. The angular and energy dependence of the
transversity amplitudes

A complete measurement comprises a minimal set of
asymmetries from which the accessible parameters of the
normalized transversity amplitudes ai can be estimated.
These parameters include three independent moduli ri
and three independent relative phases δi. In Sec. III,
it was shown how the moduli can be obtained from the
single asymmetries and how a set of three independent
phases can be estimated in a consistent way from a com-
plete measurement which also involves double asymme-
tries.

Figures 1 and 2 show the (W , cos θc.m.) dependence of
the ri and the δi for the γp → K+Λ reaction as predicted
by a realistic model, namely the latest version of the
Regge-plus-Resonance (RPR) model, i.e. RPR-2011 [15–
17]. This model has a Reggeized t-channel background
and includes a total of 8 s-channel resonances, namely
S11(1535), S11(1650), F15(1680), P13(1720), P11(1900),
P13(1900), D13(1900), and F15(2000). The most appar-
ent feature of the RPR-2011 predictions for the moduli
and phases are the strong variations with energy W at
backward scattering angles, due to s-channel resonances.

The smooth energy dependence of the moduli and phases
at very forward scattering angles reflects the important
t-channel background contributions of γp → K+Λ. At
forward kaon angles, where most of the strength resides,
the RPR-2011 model predicts a dominant role for r2.

B. The merits of the transversity basis

In Sec. III, it was shown how the transversity ampli-
tudes can be inferred from a complete set of measured
observables. The first and essential step comprised the
determination of the moduli from the three single asym-
metries. Indeed, as became clear, the extraction of the
δi requires prior knowledge about the moduli ri. Luck-
ily enough, single asymmetries are more easily obtained
experimentally than double asymmetries. Consequently,
the single asymmetries database generally have better
statistics compared to double polarization observables.
The published database for e.g. γp → K+Λ includes
2260 single asymmetries (Σ: 178, T : 69, P : 2013), in
contrast to only 456 double asymmetries (Cx: 162, Cz:
162, Ox′ : 66, Oz′ : 66) [17]. The beam-recoil asymmetries
{Ox′ , Oz′} are related to {Ox, Oz} through Eq. (A.9). In
the transversity representation the parameters that are
most easily extracted from the data, namely the moduli,
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Extracted NTA moduli for p(γ,K+)Λ: FORWARD [PRC87 (2013) 055205]
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Extracted NTA moduli for p(γ,K+)Λ: BACKWARD [PRC87 (2013) 055205]
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RPR-2011 predictions for (W, cos θc.m.) dependence of NTA relative phases
δi = αi − α4 for p(γ,K+)Λ

at forward angles the background dominates and the W -dependence of δi
is mild

at backward angles large N? contributions and the W -dependence of δi is
wild
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Full amplitude extraction (ri, δ
α4
i ) at single (s, t) [JPG42 (2015) 034016]
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Amplitude distance

Ma(s, t) ≡




a1(s, t)
a2(s, t)
a3(s, t)
a4(s, t)




M†
aMa = 1

Q: What is the distance between M1 and M2?
A: D [M1,M2] = arccos ReM†

1M2

Both Mi=1,2 have an unknown α4.
Q: How to calculate D [M1,M2] independent of
choice α4?
A: α4 = argmin

α4

(D [M1(α4),M2(α′4 = 0)])
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Model comparison in amplitude space
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SUMMARY

Obtaining resonance information in background-dominated reactions
requires background-subtraction schemes, such as RPR-2011.

Hierarchy in the quality/quantity of the data!

Quadratic equations connect {Σ, P, T} to the moduli {r1, r2, r3, r4} of the
normalized transversity amplitudes

1 Analysis of γp→ K+Λ with {Σ, T, P} from GRAAL
(1.65 .W . 1.91 GeV) allowed to extract {r1, r2, r3, r4} in ≈ 95% of
considered (W, cos θc.m.)

2 RPR-2011 is in reasonable agreement with the extracted ri

Extracting the NTA independent phases {δ1, δ2, δ3} is far more
challenging (connected to asymmetries by means of non-linear equations)

Mathematical Completeness does not imply Practical
Completeness!!

Overcomplete sets provide a solution!
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Lmax for 5% accuracy in RPR-2011
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Bayesian evidence map for the 211 model variants
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Figure : Example of a situation where a global phase transformation, followed by
α4 = 0 can give a distorted picture of the degree of compatibility of two
models.
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Observables for particular experimental setups
Table 7: The dσ

dΩ for all possible experimental set ups [21]. For details, see text.

Configuration
dσ
dΩ(conf.)/ dσ

dΩ

(0,0,0)

B T R

0 0 N 1

0 0 Y 1 + PPR
y′

0 L N 1

0 L Y 1 + PPR
y′ + P T

z (Lx′PR
x′ + Lz′P

R
z′ )

0 T N 1 + TP T
y

0 T Y 1 + ΣP T
y PR

y′ + TP T
y + PPR

y′ + P T
x (Tx′PR

x′ + Tz′P
R
z′ )

c 0 N 1

c 0 Y 1 + PPR
y′ + P γ

c (Cx′PR
x′ + Cz′P

R
z′ )

c L N 1 − EP γ
c P T

z

c L Y 1 + PPR
y′ − EP γ

c P T
z − HP γ

c P T
z PR

y′ + P γ
c (Cx′PR

x′ + Cz′P
R
z′ ) + P T

z (Lx′PR
x′ + Lz′P

R
z′ )

c T N 1 + TP T
y + FP γ

c P T
x

c T Y 1 + ΣP T
y PR

y′ + TP T
y + PPR

y′ + GP γ
c PR

y′P T
x + FP γ

c P T
x + P γ

c P T
y (Cx′PR

z′ + Cz′P
R
x′ )

+P γ
c P T

y (Ox′PR
z′ + Oz′P

R
x′ ) + P T

x (Tx′PR
x′ + Tz′P

R
z′ )

l 0 N 1 − ΣP γ
l cos(2φγ)

l 0 Y 1 − ΣP γ
l cos(2φγ) − TP γ

l P
R
y′ cos(2φγ) + PPR

y′ + P γ
l sin(2φγ)(Ox′PR

x′ + Oz′P
R
z′ )

l L N 1 − ΣP γ
l cos(2φγ) + GP γ

l P
T
z sin(2φγ)

l L Y 1 + PPR
y′ − P γ

l cos(2φγ)
(
TPR

y′ + Σ + P T
x (Tx′PR

z′ − Tz′P
R
x′ )

)

+P γ
l sin(2φγ)

(
GP T

z + FPR
y′P T

z + Ox′PR
x′ + Oz′P

R
z′

)
+ P T

z (Lx′PR
x′ + Lz′P

R
z′ )

l T N 1 + TP T
y − P γ

l cos(2φγ)(PP T
y + Σ) + HP γ

l P
T
x sin(2φγ)

l T Y 1 − P γ
l P

T
y PR

y′ cos(2φγ) + ΣP T
y PR

y′ + TP T
y + PPR

y′ + P T
x (Tx′PR

x′ + Tz′P
R
z′ )

−P γ
l cos(2φγ)

(
−P T

x (Lx′PR
z′ − Lz′P

R
x′ ) + PP T

y + Σ + TPR
y′

)

+P γ
l sin(2φγ)

(
(Ox′PR

x′ + Oz′P
R
z′ ) + HP T

x + EPR
y′P T

x − P T
y (Cx′PR

z′ − Cz′P
R
x′ )

)

45
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Multipoles (Kaon-MAID)
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Figure : Kaon-MAID, Kaon-MAID \Resonances and Kaon-MAID \Bg.
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Additional observables

In the following, we study the effect of additional observables on the precision
of the extracted amplitudes.

Set number Observables

1 {Cx, Ox, E, F}
2 {Cx, Ox, E, F,Cz}
3 {Cx, Ox, E, F,Cz,Oz}
4 {Cx, Ox, E, F,Cz, Oz,G}
5 {Cx, Ox, E, F,Cz, Oz, G,H}
6 {Cx, Ox, E, F,Cz, Oz, G,H,Tx}
7 {Cx, Ox, E, F,Cz, Oz, G,H, Tx,Lx}
8 {Cx, Ox, E, F,Cz, Oz, G,H, Tx, Lx,Tz}
9 {Cx, Ox, E, F,Cz, Oz, G,H, Tx, Lx, Tz,Lz}
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Cross section
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Σ (R2
1 +R2

2 −R2
3 −R2

4)/N
T (R2

1 −R2
2 −R2

3 +R2
4)/N

P (R2
1 −R2

2 +R2
3 −R2

4)/N
Cx −2 (R1R4 sin δ1 +R2R3 sin(δ2 − δ3)) /N
Cz +2 (R1R4 cos δ1 −R2R3 cos(δ2 − δ3)) /N
Ox +2 (R1R4 cos δ1 +R2R3 cos(δ2 − δ3)) /N
Oz +2 (R1R4 sin δ1 −R2R3 sin(δ2 − δ3)) /N
E +2 (R1R3 cos(δ1 − δ3)−R2R4 cos δ2) /N
F −2 (R1R3 sin(δ1 − δ3) +R2R4 sin δ2) /N
G −2 (R1R3 sin(δ1 − δ3)−R2R4 sin δ2) /N
H +2 (R1R3 cos(δ1 − δ3) +R2R4 cos δ2) /N
Tx +2 (R1R2 cos(δ1 − δ2) +R3R4 cos δ3) /N
Tz +2 (R1R2 sin(δ1 − δ2) +R3R4 sin δ3) /N
Lx −2 (R1R2 sin(δ1 − δ2)−R3R4 sin δ3) /N
Lz +2 (R1R2 cos(δ1 − δ2)−R3R4 cos δ3) /N
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68 CHAPTER 5. INSOLVABILITY MAPS
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Figure 5.1: The {Σ, T, P,Cx,Ox, E, F} insolvabilities ηtotal and ηincorrect as a function of W and cos θc.m.
for two values of the input experimental resolution (σexp = 0.1 and 0.01), by using a more
realistic pseudo–data generator compared to the one used in Ref. [14].

5.1.2 Insolvability in function of σexp

Figure 5.2 shows the insolvability as a function of σexp. Therefore, 4 kinematical points were
selected. To generate these plots, 200 {Σ, T, P,Cx,Ox, E, F} sets were simulated at the se-
lected kinematics. The presented insolvability is the mean value of the 200 simulations. The
error bars represent the standard deviation of the binomially distributed insolvabilities

ση =

�
η(1− η)

N
, (5.1)

where N = 200.

The figure shows again that the insolvability is indeed higher at σexp = 0.1 than shown in
Ref. [14]. The insolvability remains significant up to high resolutions, especially at backward
θc.m.. For three of the selected kinematics, decreasing σexp = 0.1 to σexp = 0.01 has negligible
effect. For decreasing σexp, ηincorrect contributions decrease more rapidly than ηimaginary.

Jannes Nys (Ghent University) (Over)Completeness in p(γ,K+)Λ May 24, 2015 29 / 17



Kinematics nr.
1 2 3 4

S
in

g
le S 0.21 0.43 0.21 0.47

T −0.89 −0.57 −0.52 0
P −0.15 −0.54 0.25 0.03

D
o
u
b
le

BR
Cx −0.28 −0.51 −0.32 −0.16
Cz 0.84 0.28 0.62 0.85
Ox −0.92 −0.64 −0.74 0.02
Oz −0.33 −0.31 −0.37 −0.19

BT

E 0.03 0.02 0.44 0.22
F −0.09 0.56 −0.27 0.83
G −0.30 −0.55 −0.37 0.08
H 0.29 0.41 0.58 −0.17

T
R

Tx −0.24 −0.59 −0.39 −0.30
Tz −0.24 −0.16 −0.49 0.93
Lx 0.33 0.43 0.52 −0.40
Lz 0.02 −0.09 −0.21 −0.34
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102 CHAPTER 6. OVERCOMPLETE SETS
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Figure 6.24: Shannon entropy H in function of the number of asymmetries in a set. The Nobservables is
shown on a log–scale with base 2. The results are for W = 2.5 GeV and integrated over
cos θc.m..

6.5 Entropy resulting from complete sets

For most regions in kinematical space, the complete set {Σ, T, P,Cx,Ox, E, F} does not suffice
for excluding all discrete ambiguities for σexp = 0.1. Following this discussion, it is useful
to investigate whether or not there is an optimum basic complete set for gathering as much
information as possible.
We run simulations similar to the ones in Sect. 6.4.3, now with the 36 complete sets from
Chapter 3. The cumulative entropy for all moduli is presented in Fig. 6.25 and in Fig. 6.26
for the phases. The entropy range of the moduli is small compared to the mean value. The
difference between the entropy extrema never exceeds 0.6 bits. One can conclude that the
‘feedback’ mechanism from Sect. 6.3 does not have much effect for complete sets. Hence, the
2–step extraction of the direct scheme is justified for complete sets.

Consider Fig. 6.26. For W < 2.1 GeV, ΔH ≈ 2 bits (which is significant), and increases
towards higher energy. For W > 2.1 GeV, ΔH ≈ 3.5 bits. Contrary to the conclusions from
Chapter 3, the results shows that the choice of complete sets has a significant effect on the
efficiency of the phase extraction. Hence, one can gain a significant increase in precision by
choosing appropriate double asymmetries based on the moduli, following from {Σ, T, P}.

The observables from the BR subset have been measured and published (see Appendix
A). The simulationswith the RPR-2011model show that additionalmeasurements of {F, H}
for energies above 1.7 GeV and {E,G} below, may provide the highest information gain per
additionally measured observable.
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