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Fixed-Field Alternating-Gradient Particle Accelerators*

Fixed-Field Alternating-Gradient Particle Accelerators 71

FFAG

K. R. Symon,t D. W. Kerst,§ L. W. Jones,§ L. J. Lastert)|| axp K. M. TERWILLIGER§

Midwestern Universilies és.rmck Association
- (Received June 6, 1956

MURA

It is possible, by using alternating-gradient focusing, to design circular accelerators with magnetic guide
fields which dre constant in time, and which can accommodate stable orbits at all energies from injection to
output energy. Such accelerators are in some respects simpler to construct and operate, and moreover, they
show promise of greater output currents than conventional synchrotrons and synchrocyclotrons. Two im-
portant types of magnetic field patterns are described, the radial-sector and spiral-sector patterns, the
former being easier to understand and simpler to construct, the latter resulting in a much smaller accelerator
for a given energy. A theory of orbits in fixed-field alternating-gradient accelerators has been worked out in
linear approximation, which yields approximate general relationships between machine parameters, as well
as more accurate formulas which can be used for design purposes. There are promising applications of these
principles to the design of fixed-field synchrotrons, betatrons, and high-energy cyclotrons.

INTRODUCTION

ALTERNATI'NG—-GRADIENT (AG) focusing!
' provides a high degree of stability for both radial
and vertical modes of betatron oscillations in circular
particle accelerators. This stability makes possible the
construction of many kinds of circular accelerators with
magnetic guide fields which are constant in time, called
fixed-field alternating-gradient (hereafter FFAG) ac-
celerators. These machines contain stable equilibrium
orbits for all particles from the injection energy to the
output energy. These orbits may all be in an annular
ring, as in a synchrotron or betatron; the magnetic
field must then change rapidly with radius to provide
orbits for the different energy particles. If the guide
field gradient is made independent of azimuth, one of
the modes of betatron oscillation is clearly unstable.
Application of alternating-gradient focusing, however,
can keep both modes of betatron oscillation stable even
with the rapid radial change of magnetic field. Circular
particle accelerators can be classified into four groups
according to the type of guide field they use: fixed-field
constant-gradient (conventional cyclotrons, synchro-
cyclotrons, and microtrons), pulsed-field constant-
gradient (weak-focusing synchrotrons and betatrons),
pulsed-field alternating-gradient (AG synchrotrons),
and fixed-field alternating-gradient (FFAG synchro-
trons, betatrons, and cyclotrons).

Two types of FFAG design appear the most practical.
The radial-sector type? achieves AG focusing by having
the fields in the successive focusing and defocusing
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magnets vary in the same way with radius but with
alternating signs (or in certain cases alternating magni-
tudes). Since the orbit in the reverse field magnet bends
away from the center, the machine is considerably
larger than a conventional AG machine! of the same
energy having an equal-peak magnetic field. This
serious disadvantage is largely overcome in the spiral-
sector type® in which the magnetic field consists of a
radially increasing azimuthally independent field on
which is superimposed a radially increasing azimuthally
periodic field. The ridges (maxima) and troughs
(minima) of the periodic field spiral outward at a small
angle to the orbit. The radial separation between ridges
is small compared to the radial aperture. The particle,
crossing the field ridges at a small angle, experiences
alternating-gradient focusing. Since the fields need not
be reversed anywhere, the circumference of this machine
can be comparable to that of an equivalent conventional
AG machine.

FFAG synchrotrons have a number of important
advantages over conventional synchrotrons. A major
one is beam intensity. Since the magnetic field is time-
independent in an FFAG synchrotron, the beam pulse
rate is determined only by the repetition rate of the
radio-frequency modulation cycle. In a conventional
synchrotron, the beam pulse rate is limited by the time
to complete the pulsed magnetic field cycle. It is
reasonable to assume that frequency-modulation repe-
tition rates can be made considerably higher than field
recycling rates. Another reason for high beam intensity
is the large injection aperture possible in the FFAG
designs (larger for the radial sector than for the spiral
sector). Other advantages of the FFAG synchrotron
are engineering and maintenance simplifications. The
direct-current magnet power supply is simpler and
cheaper to construct and to maintain than a pulsed
supply. The magnets do not have to be laminated, there
are no eddy current problems, and remanent field and
saturation difficulties are less serious than in pulsed-field

! Suggested by D. W. Kerst [Kerst, Terwilliger, Jones, and
Symon, Phys, Rev. 98, 1153(A) (1955)].
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90 Alternate Gradient Focusing

injection) is given as follows (see Fig. 22):

1 Ad
D=—oos"‘[—- —1].
2r bo
In order to miss an injector structure, a certain mini-
mum rate of acceleration (rate of rise of flux) at in-
jection is required; this will reduce the duty factor in
practice.

Since the particle equilibrium orbit is not circular
and since its radius changes with acceleration, the
relationship between A¢ and the momentum increase
differs from that for conventional betatrons.

The voltage gain per revolution is, in Gaussian units,

V= (1/c)(d¢/d1), (14.2)
where ¢ is the flux in the betatron core. The rate of
increase in energy is therefore

dE (w d¢

dt \2wc/dt’
where w/2r is the frequency of revolution [Eq. (10.3)].
We have, therefore,

(14.1)

(14.3)

B = )as,

(14.4)
@ 2xc

and the required accelerating flux change is determined
by , :

2rcR

br—h1= (pa—10), (14.5)

1 P2
= Rdp.
pr—P1Vm

If k is constant, we have, by Eq. (5.14),

k+1\1- (po/ po) 401040
R'R'(Hzl 1— (pe/92)

k41
*(m R., if p1<Kpa

With FFAG guide fields in the 20- to 300-Mev
energy range, the duty factor could be increased by
more than a factor of 104 over that in existing betatrons
and synchrotrons. The beam current increase would
probably be less because of space-charge effects at
injection.

In pulsed-field betatrons, large amounts of energy are
stored in the pulsed-guide field magnet gap, and
equipment capable of handling the large circulating
currents and voltages must be used. In FFAG betatrons,
only the accelerating core is pulsed, and it would be a
. closed iron circuit which would require much less

(14.6)

(14.7)

energy storage, and therefore a much smaller condenser
bank and less ac power equipment. .

Either the radial-sector or the spiral-sector type of
FFAG magnet could be used for electron betatron
acceleration up to a few hundred Mev, and the design
would be subject to the same considerations as dis-
cussed above for synchrotrons. Since the core flux
change for a given particle momentum increase is
proportional to the particle period of revolution, the
smaller circumference of the spiral sector type is
doubly important for betatrons. In focusing magnets
designed for the betatron energy range, an N of 10 to
30 appears more suitable than the higher N values
suggested for multi-Bev synchrotrons.

The output beam of electrons from an FFAG beta-
tron would be nearly monoenergetic and spread over a
long time corresponding to the duty factor. Present
betatrons and synchrotrons achieve a lengthened output
beam pulse at the expense of energy homogeneity,
since the electrons are in a sinusoidally varying field at
essentially constant radius. This and the prospect of
beam currents approaching time-average values of
milliamperes makes this an attractive accelerator for
electrons from a few Mev to several hundred Mev.

15. FFAG Cyclotrons

To make semirelativistic particles revolve in a
cyclotron at constant frequency and-in orbits that are
approximately circles, it is necessary to have the
average magnetic field increase with radius. In order to
avoid the resultant axial defocusing, alternating-
gradient focusing may be employed. There are a number
of possible magnetic field configurations for such a
fixed-field alternating-gradient cyclotron. The first such
cyclotron was proposed by Thomas.* The Thomas
cyclotron is essentially a radial-sector FFAG machine
having three or more sectors with a roughly sinusoidal
field flutter. Thomas showed that such a machine has
stable orbits for energies up to a limit depending upon
the number of sectors. A considerable amount of
experimental and theoretical work on the Thomas
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Cylindrical coordinate:(r,0, z)
Equations of motion in a median plane :z=0,z=0
1

)

3 mo'yi‘+m0‘)h‘-moyr92 =qréBz(r)

2. qV 4
m.c“y=-—6cos
oY 7 ()

where V=0, t+9¢, ;hﬁ'

q>0,B,(r)<0 sothat 0>0
Equations of motion of a reference particle
.y i i
NANCA
¢ ¢

myY, i, +mgy, ., -myy, 1, 60,> =qr,0,B,.(1,)

A

m,cy, = ‘;I;" én cosg,







Equation of longitudinal motion( phase oscillation)

without synchro - betatron coupling

Definition of deviation
¢—9,=-h(6-0,)+(0,—w,, )+,
¢, =—h(6 _9.")"‘504 — Wy p +¢(f
X=ER T-Tn |

= Y—Yr:
)

n

Definition of deviation
Bz(r)szn(r"{l_nr—r" ]+b ‘h=— 4 de”(r)|

A B (r.) dr b
V=V,+v = ) -
U -
Reference particle condition fratd indax
4B (r,)="bdls _Tbdla _ iy g
rﬂaﬂ rﬂeﬂ

- First-step approximation :7, = 0,7, =0

|
so that r, =

Further approximation :y, =0

Definition of transition-y : 7,2 =1l-n




Equations of lon ' otion ( phase oscillation)
without synchro- petatron/” coupling

linear theoory
0—9,=PL*-0I - R+ " ¢=-R =o0
I" = S(cosg — cosg, )+ S-I;— cosQ,

n

XKrlx=ml+nl*+p Ix=ml +p
where
3 1T 2(3 1 hc'
P==s——-—3| 72 4 4
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(1 1A
.1
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Hamiltonian formalism of longitudinal motion
because of constant parameters
Necessary condition : ¢, =0

synchronous(isochronous)

¢=-PI'*-Qr -R
I' = S(cosp —cosg,)
Hamiltonian’
=t .
H=[¢dl-[I" d¢
H= —%PF3 —%QI'? — RI" - S(sing — ¢ cosg,)
Definition of g(I")

gUUE%Pr3+%Qr2+Rr

’ dg 2 :
N=—2=PIr*+QI' +R=—¢
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Small amplitude approximation

& =-Pn*-(2PI,+0hn
1 = S(cos ¢, cos @ —sin ¢, sin® — cos ¢, )

M <<1, cos® =1, sin®=a®

B e

(& ~-(2PI,+ 0
7 = —@S sin ¢,

(@ - (2P, +Q)Ssing, =0
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METHODS OF RADIO FREQUENCY ACCELERATION IN FIXED FIELD
ACCELERATORS WITH APPLICATIONS

TO HIGH CURRENT AND INTERSECTING BEAM ACCELERATORS

" K. R. SYMON AND A. M. SESSLER
RS O Ve e

Midwestern Universities Research Association (U.S.A.) *

(presented by K. R. Symon)

I. A Survey of ideas for radio frequency acceleration

A fixed field accelerator can accommodate at one time
particles circulating at all energies between the injector
and output energies. There thus becomes available a
whole new class of accelerating mechanisms which appear
to promise high intensity beams. Such high intensity,
besides being of interest in a single accelerator, is of course
essential for the operation of a double accelerator with
interacting beams. These accelerating mechanisms are
now being studied by analytic means as well as by the
digital computer. In general, one is concerned with the
energy gain of particles whose frequencies are a function
of energy, as these particles are subject to various radio
frequency accelerating gaps, whose voltages and fre-
quencies may be secularly changed. Of the many possible
arrangements, not all of which have been studied, the

following seems to have particular promise. More calcula-
tions will have to be done before one can choose which

of the following mechanisms or what combination of them
is most efficient.

(a) Conventional synchrotron acceleration at high repetition
rate

The most straightforward accelerating system is one
which uses one or several synchronized accelerating gaps
supplying a radio frequency voltage whose frequency is
modulated as in conventional synchrotrons so as to accel-
erate a pulse of particles from the injection to the output
energy. The only advantage of an FFAG magnet in this
case is that the pulse repetition rate is now limited only

100 Y
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We introduce the dimensionless variables : and the parameters
4m\ % /hBn\ % o W* = (2 ntk)'® hE .V)’f’ 1 - v/hay), (58
y=(¥) (_;t) ,*?_ (56) 7= @n* k) (hE/V)*® (1 -v/hoy) )
: C=hH*/V. (59)
¢=ho* (57 we may then write the Hamiltonian (29) in the form
~1/6y*+ 1y + cosg = C, (60)
Y where we have again omitted terms macpendenl of 9, ¥
| Graphs of eq. (60) for several values of C and n are
shown in fig. 5, 6, 7, 8 and 9. We are particularly inter-
%
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Fig. 9. Phase plane with frequency above the transition
Fig. 7. Phase plane near transition n = 25 frequency Yvs® 75 =-1




Hamiltpnian  formalism
#

& =-Pn’-(2PT, + Q)
1 = S(cos ¢, cos® —sin @, sin @ — cos ¢, )

EHE#H
P<0 DOE=E

2PI, +0
=-P|n+—2—=
S R )

_(epPry+0)
4P .
& = /= PS(cos ¢, cos® —sin @), sin @ — cos ¢, )

b =¢2

Hamiltonian
H=[®dé-[EdD

= %53 + (2PI:;’; oy & —/— PS(cos ¢, sin® +sin ¢, cos® — P cos ¢, )

EY 4 3(2})2(}:' Q)2 &= 3{\/_ PS(cos¢, sin® + sin ¢, cos®@ — P cos @, )+ H}

see Symon and Sessler
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Potential formalism of nonlinear oscillation

5[52 - 3(2”;‘}: Q)2 )= 3{\/— PS(cos@, sin® +sin g, cos® —P cos ¢, )+ H}

.

2
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Specification of cyclotrons

Injector | Ring cyclotron
No. of sector magnets 3 ' 6
Injection radius(cm) _ 200
Extraction radius(cm) 100 400
Magnet gap(cm) 20.7(min) 6.0
Max. field(kG) 19.5 17.5
No. of trim coils 16 36
No. of acceleration cavity 1 3
Frequency(MHz) 5.5-19 30 - 52
Max. voltage(kV) 70 550
No. of flat-topping cavity 1
- FT frequency(MHz) 90 - 156
FT Max. voltage(kV) 170
Ion sources(external) HIPIS
ECR

s‘w‘ @mm oscillation by Flak-Topping

Flat—topping of Ring Cyclotron
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Lists of Cyclotrons

MRES HRFFDZF k fi AE/E
Cl1 Louvain-Ia-Neuve(BELGIUM) 85MeV, p,,,h.I. [K=110 0.003
C4 Winnipeg(U.of Man)(CANADA) 50MeV, p,.... 0.012
C5 Vancouver(TRIUMF)(CANADA) 520MeV, H- 0.002
C6 Santiago(U.de Chile)(CHILE) 10MeV, p,... 0.01
C10 Shanghai(INR)(CHINA) 30MeV, p,... 0.01
C23 Berlin(HMI)(GERMANY) 72MeV, p,.,h.1. [k=130 0.001
C25 Julich(KFK)(GERMANY) 45MeV, H-,.., k=180 0.003
C27 Karlsruhe(KFK)(GERMANY) 42MeV, H- 0.01
C28 Munich(Tech. U.)(GERMANY) 22MeV, p,... 0.001
C34 Osaka(RCNP) 80MeV, p,.. k=140 0.0009|
C35 Osaka(RCNP) 400MeV, p,.. k=400 0.0002
C39 Tokyo(INS) 45MeV, p,...h.I. |k=68 0.03
C40 Alma Ata(INP)(KAZAKHSTAN) 30MeV, p,...
C41 Amsterdam(Vrije U )YINETHERLANDS) 28MeV, p,... 0.003
C43 Eindhoven(U. of Tech)(NETHERLANDS) 29.5MeV, p,...
C54 Faure(NAC)(SOUTH AFRICA) 8MeV, p,.. 0.0085
C55 Faure(NAC)(SOUTH AFRICA) 8MeV, p,...h.I. _|k=11 0.0085
C56 Faure(NAC)(SOUTH AFRICA) 220MeV, p,..h.L k=220 0.004
C58 Villige_n(PSI)(SMTZERLAND) 72MeV, p,... 0.005
C59 Vill_igm(PSl)(SWITZERLAND) 72MeV, p 0.001
C60 Vill_iggn(PS[)(SWlTZERLAND) 590MeV, p 0.001
C61 Kiev(INR-UAS)(UKRAINE) 78MeV, p,.. 0.003
C66 Bloomington(IUCF)(UNITED STATES) 205MeV, p,.. 0.001
C66 _ |Bloomington(IUCF)(UNITED STATES) 205MeV, p,.. 0.001
C69 Davis(U. of Cal.)(UNITED STATES) 68MeV, p,.. 0.004
C74 _ |Princeton(U.)(UNITED STATES) 50MeV, p..... 0.0005
C77 __ |Tashkent(NP)(UZBEKISTAN) 22MeV, p,... 0.001
Lo » |_. ae/e | Lists Of Cyclotrons
®c39 i
1072 rerC27 .
Q . CSSs ]
® Cs58 -
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