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1. The question: Delta or Y-
string confinement?
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Strings as the source of confinement?

S-matrix “dual resonance models” (Veneziano, 1969) led to
first notions of “hadronic strings”

Advent of QCD (1973) led some (Mandelstam,’tHooft) to talk
about possible mechanisms for string formation in QCD.



QCD flux-tubes in baryons |

Figure 2. ‘The flux-tube profile in the spatially-fixed 3Q) system, in the MA projected
QCD.® The distance between the junction and each quark is about 0.5 fm.

* Color flux-tube profiles in lattice QCD, Takahashi, Ichie and

Suganuma, (“Wako 2003°, p. 470-474), see also Bornyakov et al.
PRD70,054506 (2004)

* Looks like Y-string — can we check this quantitatively?
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The Y-string

 Defined as the shortest sum X,
of string lengths; this means L
that the strings pointing to Y
the three quarks form 120
degree angles at the juncture
(Fermat-Torricelli-Steiner
point)

* Support claimed from lattice
QCD Takahashi,Matsufuru,
Nemoto and Suganuma,
PRL86,18('01); PRDG5,
11409 ('02).

All these fit analyses support the ¥ Ansatz

* also Sakumichi and
Suganuma PRD92, 094513
(2015)
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The A-string

* Sum of two-body potentials X,

* Also support claimed by
Lattice QCD:

(Alexandrou, deForcrand
Tsapalis, PRD65, 054503
(‘02) also claim Delta.
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The Y-string potential
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* The minimal Y-string |~

length (potential) TN )

contains two square-

roots: complicated! L.o=a+b+c—max(a,b,c).

* How to discriminate PTYSICAL REVIEW D 65 19509
between A and Y on
the lattice?

FIG. 1. The flux-tube configuration of the 3Q system with the
minimal value of the total flux-tube length. There appears a physical
junction linking the three flux tubes at the Fermat point P.
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Distinction between Y- and A-strings

How can one distinguish between the Y and Delta string
potentials?

Answer, in principle, based on symmetry, offered by V.D.,
T. Sato and M. Suvakov, PRD 80,054501(2009)

In spring of 2017, Yoshiaki and Miho Koma, PRD95,
094513 reported a new calculation that is neither pure
Delta nor pure Y string!
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2. Brief review of lattice
QCD static 3-quark
potentials
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Three Lattice QCD calculations

1) Takahashi,Matsufuru, Nemoto
and Suganuma, PRL86, 18 ('01);
PRD65, 11409 (2002) used smaller
lattices: 1273x24, at 3 =5.7 and
1673x32, at =5.8, 6.0

2) Sakumichi & Suganuma PRD92,
094513 (2015), used a larger
lattice: 1673x32 at = 5.8, and
20"3x32 at 3 =6.0

3) Koma & Koma PRD95, 094513
(2017), used the largest lattice:
24" at 3 = 5.85, 6.0, 6.3

2018

R
5

o
N

58
SEESs

&
o

r=sT=t
T

11



1. Takahashi et al. (2002)

* Takahashi et al.’s results:
with and with/o Coulomb

* L_min = length of Y string
 All quark configurations

(geometries) included
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2. Sakumichi & Suganuma
(2015)

Naoyuki Sakumichi, Hideo Suganuma
Phys. Rev. D 92, 034511 (2015)

did calculation with

3 =5.8 on 167"3x32;
3 =6.0 on 20"3x32
with 1000-2000 gauge configurations




Sakumichi & Suganuma results

B = 5.8 on 16A3x32;

2000 gauge
configurations

B =6.0 on 20"3x32

1000 gauge
configurations

total length of the flux tube L, [fm]



Koma & Koma (2017)
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Komas use a “multilevel
algorithm” - all results from
one gauge configuration!

Koma & Koma 3-source
(quark) configurations
include:

Isosceles triangles
Right-angled triangles

Many collinear and close to
collinear geometries



Komas’ results

* Komas’ final results:
* L_stris the length of the Y string

* Different quark configurations
separated — still little to
discriminate between Delta and
Y-string

2.5 T T T T
201 & -
— L
s 15F i
o &
= gl ?
g 10 g% .
- .Y
3 &
‘:;: 05+ e e
Beanl-- w0 o f=585 i
= 2 o B=6.00
05+ 8 & =630 .
Sl e R fit (f = 6.00)
1| L | I I
0.0 0.5 1.0 1.5 20 2.5
Y [fm]

’
al iq

aVs,

20
I I I I I P
am
wid
1.5 o .@M ‘ il
Pre et
oe®s " O acute
1.0 PR S O right |
o 0? y £ obtuse-narrow
o v obtuse-wide
< line
0 quark-diquark
0.5 | | | n T
0 10 15 20 25 30 35
Ala
20 I
o0
®°°
o
P
f 12 ""M i
o O acute
10 Al O right |
o' 00 ’ ~  obtuse-narrow
o v obtuse-wide
< line
: 0 quark-diquark
05" | | T
0 5 10 15 20
L.‘v“ J{a




2018

3. Quick introduction to 3-
body hyper-spherical
coordinates and dynamical
O(2) symmetry of Y-string
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Required Properties
of 3-body potentials:

* Invariances/symmetries:

* Translations: must be independent of CM
variable; can depend only on two relative
vectors!

* Rotations: must be only a function of 3
scalar products of two relative vectors!

* Permutation symmetry of 3 particles
(non-trivial implications)

* Smoothness requirement: the gradient of
the potential (force) must be continuous

everywhere, except, perhaps, at 3
isolated singular points
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Jacobi and hyper-spherical variables

* Jacobi relative .
coordinate vectors
p,A)
* They form the basis
of two-dimensional

representation of

permutation group
S 3

2018
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Hyper-spherical variables

* The hyper-radius R

) _ =2, 7
sets the overall scale R =p°+A .
(“size”) of the o 12pA
triangle. 2x=tan (..2 "2)
p—A
* Two hyper-angles Lo
determine the shape _ oy pA
. f=cos (|
of the triangle, or a D

point on the shape
sphere.

2018
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The shape-space sphere

...}\»
X= -»f "2
p-+A

No

* Define a unit sphere with (X,Y,Z) coordinates

* What we showed before was a projection form infinity above the North Pole.
* Red points correspond to equi-distant collinear configurations (“Euler” points)

* The solid black line is the boundary between integrations regions (plus its
“reflection” for triangles of opposite orientation).
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Permutation-symmetric hyper-angles

* Define the new (permutation-
symmetric) hyper-angles by view from
“infinity above the North Pole”.

* The discrete symmetry group
consisting of three reflections (about
the vertical and two slanted (magenta
dashes) axes) and two rotations
through 27/

correspond to 5 elements of the
permutation group S_3 of three
quarks.
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The Y-string in terms of new hyper-angles

1.0

* The contour plot of the
Y-string potential
consists of concentric
circles (solid black)

* The Y-string potential is
axially symmetric under
rotations: not a function
of the (new) hyperangle
0

3

V,(Rap|=oR E(1+|cos il
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The Delta-string potential & hyper-angles

* This O(2) is not a symmetry
of sums of two-body 1.0,

potentials, like the A-string.

* The A-string potential has 0.5
only three (discrete) reflection
symmetries . ool

* Other sums of two-body '
potentials - e.g. Coulomb - ;
have the same symmetry as -0.5;
Delta and similar contours ;

* This difference between the 10!

Z1.0

A and Y-strings must be
detectable on the lattice!
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Dynamical O(2) symmetry of the Y-string

* Consequently there is a new
constant of motion G that is
associated with ° hyp_er-
rotations” in the PA plane

* This G is the “hyper-angular
momentum” conjugate to the
new hyper-angle @.

* Permutation group S3 is a
discrete subgroup of this
O(2) -> G must be a good
quantum number of h.s.
harmonics

* How and where does this
O(2) symmetry fit in?

2018
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4. Lattice QCD 3-body
potentials in terms of hyper-
spherical variables
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Koma vs. Takahashi
geometries

Koma & Koma

Takahashi et al.
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Takahashi data - Hyper-radius as a function of

hyper-angles:

X<Y Plane view of three quark positions modeled
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Sakumichi & Suganuma data
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Koma data - Hyper-radius as a function of
hyper-angles:

Right-angled
triangle line
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Hyper-spherical Coordinates

Table of Koma & Koma & Koma data - Potential V as

Koma data: a function of hyper-angles:
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Analysis of lattice QCD data: the basic
Ansatz

The QCD 3-static-quarks potential is expected to contain a Coulomb term, a
confining term — both with unknown coupling constants - and an unknown additive
constant C, [see H. J. Rothe, “Lattice Gauge Theories: An Introduction”, (3rd edition,
2005), or C. Gattringer, and C. B. Lang, “Quantum Chromodynamics on the Lattice -
An Introductory Presentation” (2010)]

Each term’s degree of homogeneity is known (-1,0,+1), so one can factor out each
hyper-radial (R) dependence.

This means that there are 2 (possibly 3, only 1 of which — the Coulomb -- is
known) shape-dependent functions A,B,C with 3 corresponding unknown
multiplicative constants.

If one has sufficiently many data points at one and the same triangle shape, but
different sizes (R’s), one can determine the multiplicative constants A,B,C.

There are only two such configurations in both data sets: 1) equilateral, 2) right-
angled isosceles.



Analysis of lattice QCD data: the basic
Ansatz

Lattice data potential

QCD Coulomb interaction - QCD
coupling constant alpha_C unknown
Confining potential - string tension
sigma and shape dependence
unknown

Additive constant C unknown

Aim: to remove QCD Coulomb interaction and the hyper-
radial dependence of confining potential - thus isolate
the hyper-angular dependence of confining potential

We have multiple data points with different R at these two configurations:
1) equilateral,

2) right-angled isosceles.



Fitting Komas' data at two points on
the shape sphere

Hyper-radius vs. Potential V at (x,y) = (0.0, 0.0)
Koma data, beta = 6.0

4.0
15
35| Fitted Values: 1
: A =-0.373544178997
0.0763774737042
10 30l C =1.0876415217 1
05 25 1
>
3
220t
> 00} 2
&
154+
-05
10r Analytical A = 3.0
Ratio K = -8.0311785558
o 05} Error in (x,y) values = 0.001 4
-15 0.0 L L L L L
15 BT 00 05 10 15 0 2 4 6 8 10 12
l Hyper-radius
Hyper-radius vs. Potential V at (x,y) = (0.5, 0.0)
Koma data, beta = 6.0
15 4.0
35} Fitted Values: 1
1.0 : A =-0.39939054484
0.0733972538771
30k C =1.09368640449 ]
05
251 Bl
> 0.0 z
=
2201
2
-05 &
15+
-1.0
10+ .
Analytical A = 3.20283614603
Ratio K = -8.01930888802
= 10 ~05 0.0 05 10 15 05} Error in (x.y) values = 0.001 1
x
0.0
0 2 4 6 8 10 12

Hyper-radius



Analysis of lattice data

There are only two such configurations in both data sets: 1) equilateral, 2) right-
angled isosceles.

The potential _—A
takes the form: V= TER+C

Do a least-square fit for constants A, B, C at each
point.

(x,5) Atitted Bitted Ctitted K oK

(0, 0) -0.37354418 | 0.0763775 |1.0876415 [-8.0311786 |-0.07%

(0, -0.5) [-0.3993905 |0.07339725 |1.0936864 |-8.019309 |+0.07%

The percentage difference in K is much larger for the Takahashi data sets: for § = 5.8

and 3 = 6.0 data sets they are 22.5 % and 18.1 %, respectively.




Hyper-angular analysis of lattice data

Having done a least-square fit for constants A, B, C, at two

different geometries, define K, the ratio of fitted (Coulomb)

A and theoretical A - so as to remove the Coulomb potential
from the lattice total.

I{ - 4‘4 analytical i

Afaﬁtfed g
Ag (e, 9) 1 ( SN TR )
R K ala, 9, R)  bla, ¢, R) ela, ¢, R)

If K is constant, then one may

define the hyper-angular part
of the confining potential:

Which is independent of
hyper-radius.

V'=o(V+5-C)=B

R



1. Results: Takahashi (beta=5.8)

Vstar Isosceles Triangle, HR > 8.0, T = 0.62

Vstar Isosceles Triangle, HR > 9.0, T = 0.127
0.19 Blue: Delta string, Green: Y string, Takahashi, beta = 5.8

021 Blue: Delta string, Green: Y string, Takahashi, beta = 5.8
0.20f °
0.18+ °
L]
0.19} bl :
0.17
018l °
> >
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£ 016 = 017
@ o
2
2 &
0.16 |
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0.13 . . L 0.13 . L L L
210 -0.5 0.0 0.5 1.0 -0.5 0.0 0.5 10
y y

|All these fit analyses support the ¥ Ansatz

No sign of agreement with Y-, or Delta string!
(wide scatter of data in the isosceles configuration)

The percentage difference in K is much larger for the Takahashi data sets: for § = 5.8

and 3 = 6.0 data sets they are 22.5 % and 18.1 %, respectively.




Results: Takahashi (beta = 6.0)

Vstar Isosceles Triangle, HR > 8.0, T = 0.279

. h . Vstar | les Tri le, HR > 9.0, T = 0.056
Blue: Delta string, Green: Y string, Takahashi, beta = 6.0 Slor sosceles nangie =

0.085 Blue: Delta string, Green: Y string, Takahashi, beta = 6.0

0.090
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0.065 -
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0.060 - ‘ ‘ y
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The only example of agreement with the Y -string
prediction - insufficient for such a strong claim!

|A11 these fit analyses support the ¥ Ansaiz




2. Results:Komas V* along

cannot answer here whether or not both functional| forms h = h I = ht d I =
can change continuously depending on the movement of I g I g e I n e

quarks, which should be clarified in future study.
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Results: Komas V* along
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5. Error analysis — zeroth
attempt
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Error analysis of lattice QCD data

Like any experiment, the lattice QCD calculations suffer from two kinds of
uncertainties - errors, for short -

1) statistical;
2) systematic

The statistical ones can be estimated by repeating the simulation N times, whereas
the systematic ones must be guessed at (or estimated by changing the set-up of the
simulation). Systematic errors can be due to:

1) finite lattice size effects;
2) rotational symmetry breaking;
3) translational symmetry breaking;

4) assumed 3-body Ansatz.



Estimate of error bars

Koma & Koma estimated statistical error in
equilateral geometry as <0.8%

20 ,
4 1 conf Lt 0.05
o 9 conf ave. ==
------ fit (ave.) e i
g 3 0041 .
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o s = 003} =
-~ i & ‘.:"’:‘J-
T S E o00mE -
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: | ! | &y 0
0 5 10 15 20 5 ° F B
, 0.00 - : :
Y/a 0 5 10 5 20
FIG. 6. The three-quark potentials of the equilateral triangle Y/ia
geometries at f = 6.00 obtained from one gauge configuration 1G Tt lati e I PR
and from the average of 9 gauge configurations as a function of Y. i ,aw’{ T e e SN SCCUDIN N [ PR Pt Fig. 6,
The dotted line represents the fit curve to the averaged potential. (qu = V3,)/ qu




Estimate of systematic error bars

Koma & Koma noticed significant variation of
Coulomb coupling “constant” up to 26%

figure). We find that A3’ is significantly smaller than
Agg/2 = 0.170 about 26%, namely,

This variation is on a lattice at a single value of beta!
How can this be? Is our Coulomb+constant+
confinement Ansatz valid?



Just for illustration purposes: assign
ad hoc uniform error bars

Assign equal error bars to
all the points based on

the spread of 8 values in
the equilateral
configuration (y=0)

The distinction between Y
and Delta string

becomes blurred
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6. Possible interpretation
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* The A\ and Y-strings have
very different topologies -
why are their potentials
SO close?

* (Many) people have

suggested a A-Y hybrid

configuration to allow for
a smooth transition from
one to another.

* But, it is forbidden! And
when allowed, it is
equivalent to the Y-string.




There is a “magical” numerical identity between the
Delta and a linear combo of two types of Y-strings: the
Fermat-Torricelli-Steiner (Y) and the barycenter (CM)
junction ones.

1 1
W == Vouu + —=V, + (0.1
Y 2(Lhi+ﬂ&>+ (0.1%)

a | 1 i
Vy = 2 (iél |x; — Xem| + 73 E |%; — le) + 0(0.1%)

i<j




This tells us that the values of “Delta string” potential
can be reproduced with Y-string topology: Just shift the
junction away from the Fermat-Torricelli point!

This can lead to different junctions (T- and L-) strings!
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* Color flux-tube profiles in lattice QCD, Bissey et al. PRD76,

114512 (2007).

* Thisis an L- or T-string, not a Y-string - what kind of potential

does this correspond to?




2018

/. Recommendations for
future work: How to test the
O(2) dynamical symmetry!
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Dynamical O(2) symmetry of Y-string potential

Koma & Koma

Y potential on Equipotential i
plane: circles potential on plane:
10 : —
%R .
1.80
05| xf-. Y < | [Hies
’!c’g( i O
. X 150
: >
N > 0.0 ¢ x XK K N 13535
' £ 1.20
% oy
ol X . % xx X
"; % My ) 1.05
. “ 0.90
-1.0 ! §ﬁ‘xx L ¥ .
! -1.0 -0.5 0.0 0.5 1.0
X?
Symmetry slightly broken No present data
(“warping” of circles) near points on circles!

collision points



Calculate 3-quark potential at multiple values of size, and
different orientations, but identical shapes of triangles, so
as to check:

Coulomb,
finite-size,

rotation and
translation effects.

Calculate potential in selected geometries with identical
values of the Y-string — test the O(2) dynamical symmetry!



* Generate all possible 3-quark configurations on a lattice of
a given size, with hyper-radii larger than some given value

* Select only those configurations that lie on circles in the X-
Y plane, that have identical values of Y-string

* Calculate potential in these selected geometries — test the
O(2) dynamical symmetry!
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8. Summary and Outlook
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Summary

* We analyzed lattice QCD results of Takahashi et
al. (2002) and of Koma & Koma (2017) in terms of
hyper-spherical coordinates.

* Neither choice of shapes and sizes of triangles
allows a systematic test of the O(2) dynamical
symmetry of the Y-string.

* Neither the Y-string, nor the Delta-string can
describe all of the presently extant lattice data.

* We suggest new configurations for lattice QCD
calculations.
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Outlook

* We suggest new triangle configurations for lattice
QCD calculations:

1) to test the size of systematic errors;
2) to test the dynamical O(2) symmetry.

* Must properly estimate the statistical and
systematic errors!
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Auxilliary Slides

62



The Y vs. A-string?

* Bonn group (Metsch, Petry et
al.) EJPA 10 ('01) claim
equivalence of A and Y-
strings 1?!

* Can one distinguish these
two string potentials using
(only) the baryon spectra?

* We shall show that, yes,
there are clear differences,
but only at K=3, 5.

* These differences are related
to the dynamical O(2)
symmetry of the Y-string.

2018

We would like to note at this stage that we have
tested the various radial dependencies (3), (4) and (6) in
our Salpeter model. Our investigations, however, clearly
structure of resulting spe
y slightly on the various radial dependencies chosen. It
turned out that the slope parameter b can always be ap-
propriately rescaled (as, e.g., in eq. (5) with the factor f)
to obtain almost the same spectrum for all three choices.
herefore prefer for our model the A-shape string
tential T i ith 7 a(x. X0 %o\ - =]
which, on the one hand, is favored by the most recent lat-
tice studies anyway and, on the other hand, is also much
easier to handle numerically. We found, however, that the
structure of the resulting spectra depends much more on
the Thrac structure chosen, which we shall consider next.

L e i
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Euler line exists for
any triangle that is
not equilateral. It
passes through all
intrinsic points of the
triangle, including the
orthocenter, the
circumcenter, the
centroid, the Exeter
point and the center
of the nine-point
circle of the triangle.




Koma data - Hyper-radius as a function of

hyper-angles:

X-Y Plane view of three quark positions modeled
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