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Introduction :
Physics of light unstable nuclei
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Neutron halo & skin structures
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Stable Skin Halo
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* Large matter radius deviated from empirical rule of r,A'/>
* Small momentum distribution of halo/skin part (T. Kobayashi, NPA538(1992)343c)
* Small neutron(s) separation energy = (core + valence neutrons) picture



Borromean property of halo nuclei
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* Binding mechanism is essential to understand the
structures of halo nuclei.

* Theoretically, resonance description is inevitable for
subsystem and the excitation of halo nuclei. Borromean rings (Wiki)



Coulomb breakup reactions & soft dipole resonance

valence neutrons (weakly binding)
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Complex Scaling Method (CSM)
to describe unbound states



Textbook for complex scaling

e Quantum theory of resonances: calculating energies, widths and
cross-sections by complex scaling

— Prof. Nimrod Moiseyev (Israel)

. Non-Hermitian
— Physics Reports 302 (1998) 211-293

Quantum

— Application to atomic, molecular physics | Mechanics

NIMROD MOISEYEV

e Non-Hermitian Quantum Mechanics
— Prof. Nimrod Moiseyev

— Cambridge University
Press (2011)

— 410 page




INVITED PAPERS

Progress of Theoretical Physics, Vol. 116, No. 1, July 2006

The Complex Scaling Method for Many-Body Resonances
and Its Applications to Three-Body Resonances

Shigeyoshi Aoyama, Takayuki Myo, Kiyoshi Kato
and Kiyomi Ikeda

 Summary of recent studies of CSM to treat many-body resonances

* Applications to three-body resonant states in two-neutron halo
nuclei and three-cluster systems.
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Progress in Particle and Nuclear Physics 79 (2014) 1-56

Contents lists available at ScienceDirect

Progress in Particle and Nuclear Physics

journal homepage: www.elsevier.com/locate/ppnp

Review

Recent development of complex scaling method for
many-body resonances and continua in light nuclei

Takayuki Myo, Yuma Kikuchi, Hiroshi Masui, Kiyoshi Kato

* |nvestigate many-body resonant states in weakly bound nuclei very far from the
stability lines.

e Using these complex eigenvalues and eigenstates in CSM, we construct the
Green’s functions to calculate strength functions and breakup cross sections.



PTEP Progress of Theoretical and Experimental
Physics, Special Sections

Complex scaling : physics of unbound light nuclei and perspective

Takayuki Myo and Kiyoshi Kato

e Trends in non-Hermitian Quantum I\/Iechanics
e Editor : Prof. Naomichi Hatano JJHEFEE

PTEP 2020 (2020) 12A101

* Basic application of CS to the unbound phenomena of light nuclei
* Resonant and non-resonant continuum states observed in unstable nuclei
* Continuum level density in the scattering problem using the Green's function

13



Textbook for scattering problem

e Scattering Theory of Waves and Particles,
Roger G. Newton

o KEHE =FYNEE,
P - RE B Scattering

e Quantum Mechanics of Theory of Waves

Molecular Rate Processes, [RiSREelII&ER
Raphael D. Levine (1968)

QUANTUM
MECHANICS OF
MOLECULAR
RATE
PROCESSES




Boundary condition for resonances

e o decay : G. Gamow, Z. Phys. 51 (1928) 204.
e Decaying state : Gamow state

* Complexenergy Ep = E,—— (kpr =k —1iy)

lERt lEr I

cYrt)=WE)-e h =W(r)-e nl.e 2t

 [W(r, 0 = [P()|?- e F/h Decay rate [1/s]
* Boundary condition of out-going waves
* A.J.F. Siegert, Phys. Rev. 56 (1939) 750.

elKRT B pl(k—1y)r plKT

cY(r) - e’ > o (r > o) Divergent

r - r r
e—ier e—i(rc—iy)r e—ircr B .
— e Y -5 (0 Damping
r r r

* Incoming wave :



Discrete states in complex k & E planes
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Boundary condition for resonances

e Resonance as Decaying state

iT .
- ER=E -5 (kp=k—1y)
IERt LEyt I't

- WY(r,t)=¥(@)-e h =¥(r)-e r -e zn Decrease (decaying)
IkRT i(k—iy)r IKT
_ LIJ(T) N e e e

Quadrant-4in E & k

—=———=—"¢€e" >0 (r— o) Outgoing (k>0)
e —IKRT e—i(K—iy)r e KT

— Incoming wave : = =
r r r

.e_yr - ()

e Anti-Resonance as Capturing state Quadrant-1in E

~ Exgp =E, _|_%F (kar = —K — iy) Quadrant-3in k

_iEaRt _iEyt Tt
- Yr,t)=¥Y@r)e » =WY(r)-e n -e 2n

elKART el(—Kk—iy)r e KT
- W(r) -
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Schematic potential case
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A. Csoto, B. Gyarmati, A. T. Kruppa, K. F. Pal, N. Moiseyev, Phys. Rev. A41 (1990) 3469



Complex Scaling Hy®g = Eody
UB): r->rexp(if), k- kexp(—if), Hy =U@O)HU1(0), 0 R

_ Textbook by R.G. Newton
Completeness relation J. Math. Phys. 1 (1960)319

1 =Yg losXPsl + J, dk|oi){Pk]

Extended completeness relation

1 =2 lesX@sl + 2r |@r)Pr| + fcg dkg|Pre Pk,

Siegert state Bi-orthogonal states XX E3Z %
y Er =E.—il/2 T. Berggren, NPA109(1968)265.

T. Myo, K. Kato, PTP98 (1997) 1275
B.G. Giraud, K. Kato, A. Ohnishi, J. Phys. A 37 (2004)11575 19

Resonance
(outgoing wave) Co

J.Aguilar and J.M.Combes, Commun. Math. Phys.,22(1971)269.
E.Balslev and J.M.Combes, Commun. Math. Phys.,22(1971)280.



Schrddinger Eqg. & wave func. with complex scaling

UB)HUY(0) =Hy = Ty +Vp To = e 20T,  Vy = V(re') Keep
3 ; . analyticity
HO = E® - HoDg = Eg Py Dg(r) = ez d(reld)
dr - d(re'?)
* Asymptotic condition (r — ) in complex scaling — eSi.Gdr
 Outgoing wave for decaying state : ®g Jacobian
[ iERt iE,t I't
kR=K—l')/=KRe_i9R, Or > 0 ER=ET—iE, b(t)=e h =e h -e 2k
decay

Or(r) ~ exp(ikrr) = exp(iKre Rr)
Ug®r(r)~ exp(iKre 9% - re'?) = exp(iKzre'(?~»)

= exp(iKgr cos(0 — 0R)) - exp(—Kgr sin(8 — 6R)) damping with 6 > 6p



Wave function with and w/o CSM
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Resonance poles with schematic potential
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Gaussian Potential : V(r) = e=ar’

Vo(r) = UgV(r)Ugt = V(re'?)

= exp(—ar?e??)

= exp(—ar? cos 20 — iar? sin 20)
Impose damping condition

cos20>0-0<20<m/2
Upper limit of 6

V(r) = Yo —— : Wood-Saxon pot.
1+exp(7)
i0_
- Z - R = i(2n + 1) : divergence
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Scattering problem in CSM
e Wave function: ®,(r) = R, (r)/r - Yp,,(#*) (single channel)

h? d? | A2 £(6+1) ,
(_Zﬁ ton et V(r)) Ry(r) = ER,(r) :radial part

21,2 _
° R{(T')r_)—)ooug_) (k'l") — Sf(k)ug-l_) (kr); E = hzﬁ , Sf(k) — eZl5g(k)

. ug,i) (kr) = p(—n,(kr) +ij,(kr)) :incoming/outgoing waves.

e |InCSM, r — ret?

. _hz 1 d? h% 2(£+1)
21 e210 dr2 21 r2e2i0

+ V(rew)) Rf (r) = Eng (r)

. R‘z,(r) — u{(,_) (kr) — S {39 (kg)uff) (kr) kr :invariant
e Ey= ialiy kg = ke, S8 (kg) = e2i8¢ (ko)

2u



Phase shift & Levinson Theorem

E, (1st resonance)

5(E=O)=T[_ffg | | I I _ -
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Energy |Ey| [MeV]
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e §(E=o)—6(E=0)=Ngm, Ng:#ofbound states M. Rittby, N. Elander and E. Branda,

. Phys. Rev. A24, 1636 (1981).
* InCSM, 6(|Eg| = ) —8(|Eg| =0) =(Ng+ Ng) -7 24



Linear basis expansion with complex scaling

CD(T) = gzl Cn ¢n,£(r)r qbn,f(r) — Nf(bn) r{)e_(r/bn)zyf(f') Gaussian

Ho®(r) = Eg®p(r), @) = INoy CF () b1, by, -+, by [fm]

@mlHH'qb") N fgg;ﬁ”(r)H(rew)qbn(T) ar geometric progression
= [ m(re P )H@)Pn(re™) d(re™) ) bn = boy™ ™
= (pm_o|H|Pn—0) = Hon = Him &5 (1) = ¢, (1)
radial only
(Po|Hg|Po)

Norm N, = ($m|¢n), Energy Eg = Applicable to Many-body system

(Po| @)
Bi-variational principle 6Eg = 0 (stationary condition with respect to 6)

Generalized eigenvalue problem Zﬁ(Hﬁw — EgNm’n) cl =0
25



Cauchy—Riemann equations in CSM

o [ = E(b’ 9) — E(beie) — ER(beie) + iEI(beie)

. j, O0ErR _ O 0E; _  BEp (aER __0E; O8E; _  9Eg
ob 00’ b 99’ \ox o9y’ ox
JE OER . 0E] 0E] ., OER . (aER . 0E]
o — — —— —_— =) — o —_— i
90 ae+lae b6b+lb6b ib 6b+l6b

e Search for stationary point for both variables

0F _
00

OE

0@5—0

e “O-trajectory” L “b-trajectory” (Orthogonality)
0E __ 0E __ Erp Ejpg Erp b-Egrp
- —=FE, —=FE,, — X=X — =
ob Y 0 ErRp Ere Erp (—DPErp)

POMEE oA 53

I
|_ —

/

X

X = bcosf
y =bsinf

E(b,0 + AB)

o
A

E(b,0) ' AE;

o---»
AER



b- and U-trajectory in CSM

e Solutions depends on the basis parameter and 6 OF
because of the approximation of the wave functions.

a0
e Search for the stationary point for complex energy E (b, 9). Oopt
(a) 6-trajectory (b) b-trajectory
-0.478 . . . -0.478 . T T
6=16°

-0.48 . -0.48 |- i
. 8=27°
% -0.482 - %‘\ -0.482 + _
= 0484 1 0=0-27 . = 0484 -
W 46 | 0,=0.29 - W .0.486 | -
) ] A p=27° )
© -0.488 [ - © .0.488 | -
£ - E

049 | A 0=16° - -0.49 - -

0492 | 0=27° - -0.492 | <+ b,=0.3 il

2.01 2.015 2.02 2.025 2.01 2.015 2.02 2.025
Real(E) (MeV) 2 Real(E) (MeV)

‘
CS-Review : PTP116 (2006) 1 #(r)=>C,-r'e



°He : a+n system using discretized states

() eweeoeo—eo—» e *

=

— ) n

> ol 3/2 |

o 30 basis energy eigenvalues

|

W 5 | |

=4 3 6= 0° . . .

— 30 Gaussian basis functions
-4

0O 05 1 15 2 25 3
Re(Energy) [MeV]
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°He : a+n system with discretized continuum states

m(Energy) [MeV]

No resonance

£ =1 P-wave

Re(Energy) [MeV]

E 1
—p 4+
Energy eigenvalues @TQ 1 £t
ONT T % D
A0 e 320 1 1/27 | |e 1/27 .
2.0} =33°{ |
o 0=33 i o
-3.0 f - 29
40 ° i °
_5.0 ] 1 1 1 ] 1 1 1 1
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Matrix elements of resonances

Convergence factor method To avoid the singularity of ®y atr = oo

(0) = (Bg|0|®R) —hmjdrCDROCIDR Caca

a—0
Ya.B. Zel’'dovich, Sov. Phys. JETP 12 (1961) 542.

_ . N. Hokkyo, Prog. Theor. Phys. 33(1965)1116.
r — re'? Integration along re®

/ damping condition atr —

2,210

— |i 0\ A * ] : .
0)= lim | d(rei®) Bi(re)0(re?)og(rei®) - e~

L . . . N |
= [, d(re®) O (re®)0(ret? )dg(ret? Im(r) 2 POl
C R y

= (UgDr|UgOU, " |UgDR)

= (D20, |02 ‘
( Rl 9| R> B. Gyarmati and T. Vertse, > — Re(r)
0-independent Nucl. Phys. A160, 523 (1971). r




Matrix elements of resonances

Squared radius with schematic potential

— — —h

O N B OO OO N M

| | | | |
Real —

Imaginary ——

mean square radius [fm2]

|
0 2

Convergence factor method 3

(0) = lim

a—0

To avoid the singularity of @ atr = o

4 6 8 10 12 14

df') EIV)}EOCI)R ¢ e_“r

2

mean square radius [fm2]

agree

E(0%) = 1.63 — i0.13 (MeV)

—h
N

—_ -k
(\}
1

o N b~ OO O O

| | | | | |
Real =—

Imaginary ——

0

5 10 15 20 25 30 35 40 45

0 [deg.]

Complex scaling method

Ya.B. Zel’dovich, Sov. Phys. JETP 12 (1961) 542.
N. Hokkyo, Prog. Theor. Phys. 33(1965)1116.

M. Homma, T. Myo, K. Kato, Prog. Theor. Phys. 97 (1997) 561



C-product for notation

° (CDAR‘G‘q)R) = (CBR‘6‘¢R> = (CI)R‘O\‘CDR) = {radial} X {angular}
e {radial} = fooo dr(M)O()Ppr(r) 7%dr : No-complex conjugate
e {angular} = [ pr(F)OP)Ppr(P) d7 . Ordinary definition

+ (Par[0°|@R) = (PR|0%|DR) = (@g|0°|PR)

Nimrod Moiseyev, Physics Reports 302 (1998) 211-293
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1. Resonance spectroscopy with CSM

2. Scattering states with CSM

e Complex-scaled Green’s function

33
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Neutron-rich He isotopes, Experiments TUNL Nuclear Data

Evaluation
4-body
(MeV) R T 3-body resonance """ _ 14
resonance mmma 5-body
u i resonance -
R 12 e\ S2quBY mmm= _
3 2 ['=5.57 \ r=e? / 2
R 2 F5g P F A28 o
0 O+4 5 3/ mmm- ['=0.7 0
€3 _ “He ~He . r-016 == | Resonance
2 BHe 7He T T 17 {/2
- oo b
- [ halo | 0 "He  10hg -
—4 __________'___;/_/_// _@_\_\_\\\ ____________________________ 8_ _I___I_e_;_’_______;_\_ ____________ 2\_ —4
F=8MeV/A —= j —) A _O
@,\ [ skin ]( ‘; Magic number 8
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Nuclear Model

e Stable core nucleus + valence nucleons
— 8He = a+n+n+n+n (5-body problem)
— core nucleus is changeable such as 10

e Method

— Particle coordinates : core nucleus is a center

e Single-particle picture with configuration mixing (s-wave, p-wave, ....)

— Relative motion : few-body approach with Gaussian basis expansion

e Unified description of strong/weak bindings of valence particles

— Complex Scaling for resonances (Siegert condition) in many-body systems

or; > 1€, k; — k;e ' with common scaling angle 8

36



Hamiltonian & Wave function for N-rich systems

Hy = Heore + Hyal + Heore—val. Dy = A{ Weore z Cn%Wyaln }
valence neutron number: Ny =1, 2, - n : configuration
.72 .
vaal,n — Uq{¢n1(r1)¢n2 (r2)¢n3 (TB) } (pnfj (1‘) — Tfe Ant [Yg(r),)(f/z]j
single nucleon state, sy /2, P1/2,D3/2, " Range parameter a;,ap, -+, dy
H®s=E®P, H.orePeore = EcorePeore 0F = 0 : Solve eigenvalue problem
N
N N N
2< val "’l 2 vreore ti —Tg + Z VVcore N+ 2 Y VNN — (E — Ecore)|qjval,n> Cp, =0
n 37
Orthogona“ty Condition Model Y. Suzuki, K. Ikeda, PRC38(1988)410

H. Masui, K. Kato, K. Ikeda, PRC73(2006)034318



Complex Scaling for 3-body case

Imag. (E)
A

® two-body resonances

X three-body resonances

—e

T

bound
states

Ea Eb Ec Eabc
@

;

¢ Y

two-body continua

Real (E
, X xbea()
a *
® \Eb
& \)

E
~
quasi two-body continua

three-body continuum

2-body resonance (E,-il/2)

Excitation energy

2-body
bound state

3-body bound state
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Complex Scaling for 3-body Borromean case
U@ : ro>r-exp(id), k—-ok-exp(-18), 6€R

Im(E) (2-body + 3-body) Completeness relation

Scattering states Re(E) 1= Z| ¢B> <¢B | + J‘C dE | o > <¢E |
Bound \ 3-body threshold 5

T. Berggren, NPA109(°68)265.
Im(E)

[ core+n

continuum BO rpén.n:]éj@n”ﬁﬁéngg > <§0E49

continuum

Halo nuclei : “core+n+n” with Borromean condition
®He=*He+n+n, 11Li=°Li+n+n, 1*Be=12Be+n+n, ... 39



Treatments of unbound states in CSM

Im(E) Im(E)
—0 o ~-Re(E) —o—15 o ~-Re(E)
[ “~Resonhance ® . ®
Bound o ® ©
(]
::> o e ©
Y @
) @)
Continuum o ~ @)

e Each relative motion is solved PP

with Gaussian expansion . N
Lo ey )
$,(r)=>C,-r'e Y (F) S

——

e Exact asymptotic condition for resonances (2-body & 3-body).
e 2- & 3-body continuum states are discretized.
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Energy spectrum of ®°He with a+n+n model
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| . \\ . _ 5He+n _ ,

: ® 2, : ‘He+n+n 6H e

= ‘\\\ % _ . . .

i R | Continuum states are discretized
. - B S using Gaussian basis functions

O 05 1 15 2 25 3 35 4 , —(r/bn)z A

Re(E) [MeV] 9, (r)= ch re Y, (r)
n

A. Csoto, PRC49 (‘94) 3035,
S. Aoyama et al. PTP94(’'95)343, T. Myo et al. PRC63('01)054313



Hamiltonian for He isotopes

e V_,: microscopic KKNN potential
— s,p,d,f-waves of a-n scattering phase shifts

e V . :Minnesota central potential
+ Coulomb for p-rich nuclei

[ Fit energy of the ground state of ®He ]

A. Csoto, PRC48(1993)165.

K. Arai, Y. Suzuki and R.G. Lovas, PRC59(1999)1432.
TM, S. Aoyama, K. Kato, K. Ikeda, PRC63(2001)054313.
TM et al. PTP113(2005)763.



He isotopes : Experiment & Theory

E — E(*He) [MeV]

o -1 6
[=63430- T=439,+ o+n+n+n+n
| Experiment F=8.L6 0t m— 4 4
L Meory 388+ 2293 Eg* O O
T~ - n—— + I =
- 1/2 3.782 1.80°5/2 —_—1T 2 Q @
059, 0132+ 3.57 n W,
=32 =5 =12 w2t ‘
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TM. M. Odsuren, K. Kato, PRC104 (2021)



Proton-rich : a+p+p+p+p

All resonances 9-body
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* Coulombic 5-body problem

* |sospin symmetry breaking
between n-rich & p-rich

R. J. Charity et al., PRC84 (2011)

o+p o+p+p+p+p  TM. M. Odsuren, K. Kato, PRC104 (2021)



Energy of SHe with 5-body complex scaling

T T [4He+4n] !
@ iieeoaes A R T _
0 N X W /[GHe(QI’)+2n]
> -1} O 9 A - >-body
0 R resonance
S oL [GHe(omznf; i
% 3 r ["’He(3/2;)+nr{0‘~@;\ -
8 E o
= | He : e n
4 )
0=26 deg. ERE
| | ~ O o

-4 -2 0 2 4 6

Re(E) [MeV]
Eigenvalue problem with 32,000 dim.

Full diagonalization of complex matrix @ SX8R of NEC (Osaka Univ.) ®



rajun

N No0as gL | 9Be photodisintegration

11.283 (z)
71 ;. 3 4
Li+°He-p )
01 = S
TUNL Nuclear Data evaluation
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* Property of 1/2* S-state - resonance ? / virtual state ?
* Photodisintegration with a+a+n 3-body approach



"Be property of 1/2* state

a+a+n threshold energy

0, .
8 o+0O+N
s Be(0)+n —==--
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H(°Be) =Tp + T + Vo + Vi + Vo + Vo + Vs

a+a+n 3-body model (OCM+CSM)

No 3-body resonance

3-body potential
(1 range Gaussian with hyper-radius)

e

Odsuren, Kikuchi, Myo, Aikawa, Kato, Physical Review C (2015) 014322
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Backup



Matrix Elements

+ Radial component : ¢pap(r) = () = i (1), PAF () = {pd (M}
e Angular component : @ r(#) = Pr(#)
o (@pr|0|PR) = [ PAr(MO()PR(r) dr
— rOoo Par(MO()Pr(r) r2dr x [ par(F)0(F) Pr(F) dF
= [, prMO @ r(r) r2dr x [ pr(POF) pr(F) dF
radial angular

o (Ppr|0|PR) = [ [PAr()]°0° () DR(r) dr

= [ [®:8()] 0° (" DE(r) dr = (@,8|0%|®8) 6 >0

e

(S
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Normalization of resonance w.f.

Bi-orthogonal states by T. Berggren, NPA109(1968)265.
Pole: k = —k*, P*(r) = WY(r) from S-matrix property
ket-state : W =YN_. C,¢,,, n:channel(q,...,N)

bra-state : P, = YN_. C,p,, (bi-orthogonal state)

Norm : (@R‘LPR> = Y 2n CnCy ($m|¢n)

— Zg Cﬁ = Omn Cv;;l = Cpy,
=C{+Csi+ -+ Cé complex
=1

Hermite case

N 2\ N 2\
Re(Zn Cn) — 1; Im(Zn Cn) = 0. 1 = Z%’lCnlz
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