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110 times larger than the earth 

1 M 



Size of a Neutron Star 
1.4 M  
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RNS=12 km 
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RNS=9 km 

1.33 times smaller radius 

~ 2.4 times larger density 
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Introduction 
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Langanke and Martinez-Pinedo 

Stellar Evolution of a Massive Star 



Langanke and Martinez-Pinedo 
Y. Suwa et al., ApJ764, 99 (2013). 

Core-Collapse Supernova and Formation of a Neutron Star 

A star collapses due to gravitational force 
forming a neutron star if the mass of the star 

exceeds the Chandrasekhar limit of ~ 1.44M⊙. 

One of modern 2D simulations, successful 
of making supernova explosion  



Fundamental Questions: 
 
How large and how stiff is a 
neutron star? 

What is the internal structure of a 
neutron star? 

How much fraction of protons 
and electrons exist? 

Meson condensation? Hyperons? 
deconfined quark matter?  in the 
core. 

Neutron Star 
the densest material in the universe 

http://www.astro.umd.edu/~miller/nstar.html 

In order to answer to these 
questions, we need know  the 
equation of state of the dense 
nuclear  matter, especially for 
neutron rich matter. 



A.W. Steiner 

Lattimer et al., Phys. Rep. 442, 109(2007) 

Neutron Star Mass-Radius Relation and Nuclear Equation of State 

EOS (T<<TF) 



Tolman-Oppenheimer-Volkoff (TOV) equation 

The TOV equation constrains the structure of a spherically symmetric body in 

static gravitational equilibrium in general relativity. 

 

It predicts an upper bound to the mass of stars composed of neutron-degenerate 

matter (i.e. neutron stars) 

 

The mass is considered to be around 1.5-3.0 solar mass. 

 



1. “normal” dense matter 

neutrons, and a fraction of protons and electrons 

2. “hybrid” dense matter, softning at high-densities, 

    additional hadronic or pure-quark component in “inner core” 

    (e.g. hyperons) 

 

Families of Nuclear EOS 

1 2 

3. strange quark matter 

    pressure vanishes at non-zero density → solid surface 

   increasing mass with increasing radius 
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Observation of a Two Solar-Mass Neutron Star 
Excluded Present EOS Models with Strangeness 

P.B. Demorest et al., Nature 467, 1081(2010) 

Blue: nucleons 
Pink: nucleons and exotic matter 
Green: strange quark matter 

Observation of Shapiro-delay of  pulsar signals 
of a neutron star - white dwarf binary. 

inclination:  
89.17±0.02˚ 
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Another Observation of a Two Solar-Mass Neutron Star 

J. Antoniadis et al., Science 340, 448 (2013) 
J0348+0432 

Not Referenced 

1skm4351 WDK

1skm000016.0008235.30 PSRK

13.070.11//  PSRWDWDPSR KKMM

K904710120 syststateffT 

  sysstatg 060.0032.0035.6]scm[log 2
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Dwarf 

Balmar 
lines 
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The primary motivation is to measure the NS radius from 

observation data, and to extract constraints on the dense 

equation of state (dEOS). 

G13 assumes that the NS radius is constant, as a quasi-

constant mass is predicted within a large range of NS 

masses in “normal” EOSs.  

A radius is obtained to give the smallest chi-square for 

reproducing the spectra of five qLMXBs. 

Excluding data with unqualified errors for extracting a 

reliable systematic uncertainty of the NS radius. 

The Work of G13 



Methods to Measure MNS and RNS 

• quasi-periodic oscillations in active X-ray binaries 

• Keplerian parameters in NS binaries 

• thermonuclear X-ray bursts 

• pulse timing analysis of milisecond pulsars 

• thermal spectral of quiescent low-mass X-ray binaries 

2 



Quiescent Low-Mass X-Ray Binary  

(qLMXB)  

Low Mass X-Ray Binary (LMXB)  低質量X線連星 

is a binary star where one of the components is either a black hole or a neutron 

star.  

 

The word Quiescent means inactive or more-specifically low-luminocity phase. 

X-Ray emission from a qLMXB star is 4-5 orders of magnitude fainter than 

during outburst. 

Material of the companion star fills 

the Roche lobe. 
Cen X-4 and Aql X-1:  van Paradijs et al . (1987) 

2 3 



Globular Clusters 球状星団 

3 Globular clusters are spherical collection of stars, which are 

tightly bound by the gravitational force, that orbits a galactic 

core.  105-106 stars 

All the stars in a globular cluster are at nearly the same 

distance from the earth.  

Distance of globular clusters are relatively accurately measured 

by observing standard candles, e.g. RR-Lyrae or Chepheids, 

or by parallax measurement. 



How RNS is Measured: the Essence 

2

2
4~

D

R
TF 

F: flux of radiation, more-simply brightness 
R: (radiation) radius † 
D: distance 
T: temperature 
: Stefan-Boltzmann coefficient (5.67×10−8 W m-2 K-4) 

for the case of black-body radiation 

In a realistic calculation one needs: 
• radiation spectral model (difference from black-body) 
• radiation attenuation (Galactic absorption) 
• radiation radius to radius conversion (general relativity) 
• red-shift correction 
• mass-radius relation (EOS) 

†The entire surface of a NS is assumed as the emission area. 
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Deep Crustal Heating (DCH) 

Hansen and Zdunik A&A227,431(1999) 

E.F. Brown et al., ApJ 504, L95(1998) 

Radiation energy during the quiescent time: 

  from energy deposit of accreting mass  

  during outburst.   1.47 MeV/nucleon 

Pressure dependent reactions in deep crust 

  electron captures 

  neutron emission 

  pycnonuclear fusion 

Heat conduction from the core: 

  of the order of 104 year 

The time-averaged quiescent 

luminosity is proportional to the 

time-averaged mass fraction rate. 

The entire surface of a NS is 

considered to be the radiation 

emission area. 
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Data Reduction 
 

Pages 3-12 



X-Ray Exposure (Observation) Data 



http://chandra.harvard.edu/ 

CHANDRA X-Ray Observatory 

Launched 1999 (NASA) 

http://chandra.harvard.edu/resources/illustrations/craftIllustrations.html#craft3
http://chandra.harvard.edu/


http://acis.mit.edu/acis/syseng/pict_gallery/pictures.html 

Advanced CCD Imaging Spectrometer 

Developed at MIT and   Pennsylvania State Univ. 

http://acis.mit.edu/acis/syseng/pict_gallery/pictures.html


http://acis.mit.edu/acis/eb-paper/overview.html 

Advanced CCD Imaging Spectrometer 

3.24 sec/frame 

http://acis.mit.edu/acis/eb-paper/overview.html
http://acis.mit.edu/acis/eb-paper/overview.html
http://acis.mit.edu/acis/eb-paper/overview.html


http://xmm.esac.esa.int/ 

XMM/Newton 

Launched 1999 (European Space Agency) 

http://xmm.esac.esa.int/


http://xmm.esac.esa.int/ 

XMM/Newton Mirror 

Wolter I grazing-incidence mirror 

grazing angle: 30' 

focal length: 7.5 m 

diameter: 70 cm  

central photon energy: 7 keV 

http://xmm.esac.esa.int/


http://xmm.esac.esa.int/ 

XMM/Newton X-Ray Detector 

The European Photon Imaging Camera (EPIC) 

MOS Camera 

Energy range from 0.15 to 15 keV 
E/Delta E ~ 20-50 
Angular resolution (PSF, 6 arcsec FWHM). 

pn Camera 

MOS CCD: 
2.5 x 2.5 cm2 

600 x 600, 40 mm-square pixels 

6 x 6 cm2 

150 x 150 mm2 

pn CCD 

73.4 msec/frame 

http://xmm.esac.esa.int/


Target qLMXB in Globular Clusters 

 distance (kpc)  method 

 

• NGC6626(M28) 5.5±0.3   HB 

• NGC6397  2.02±0.18  dynamical 

• NGC6205(M13) 6.5±0.6  dynamical 

• NGC5139(w Cen) 4.8±0.3  dynamical 

• NGC6304  6.22±0.26 HB 

discussed in Sec. 3.7 

Dynamical distance measurement (parallax) data are used whenever 

possible for having well-understood uncertainty. 

HB (Horizontal Branch) is using the calibrated frequency-magnitude 

relation of RR Lyrae variables to estimate the distance. 

M28(NGC6626) M13(NGC6205) 
w Cen(NGC5139) 

NGC6397 
NGC6304 

X7 in 47Tuc is excluded due 

to large pile-up. 



Globular Cluster Relevant Parameters 
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Dynamical 
Measurement 

(Parallax) 

Horizontal branch (RR-Lyrae) 
using calibrated frequency-luminosity relation 

Originating from helium gas 
ionization, expansion and 
heat deposit oscillation 



Counted regions and excluded regions 

Count contamination 

from nearby sources 

(table-2) do not affect 

the result. 

6 5 



Spectral Analysis 

7 6 

photon-e scattering and 
photon absorption 

spectral model: 
  nsatmos 

When accretion stops, the He and heavier elements gravitationally sink on a timescale of ~10s 
leaving the photosphere to be pure hydrogen (Alcock & Illarionov 1980 Bildsten et al., 1992) 

nsagrav is used to see 
model dependence 



Free Parameters to Fit 

RNS: NS Radius, common for all the five qLMXBs 

Teff NS effective temperature ×5 

MNS: NS mass ×5 

a: pile-up parameter for M28 

: prior source distance (Gaussian shape) ×5 

NH: galactic absorption normalization ×5 

: power law (PL)  index for hard spectral component ×5 

 

7 8 



Galactic Absorption Parameter NH 

Galactic Survey: 
  National Radio Astronomy Observatory (NRAO)  

https://science.nrao.edu/ 

Dickey and Lockmann Ann. Rev. Astron. Astrophys.28, 215(1990) 

NHI: Neutral Hydrogen Atom Column Density 

NH2: Hydrogen Molecule Column Density 

NHI data are not used in the analysis of G13, 

but NH are fitted as free parameters. 

https://science.nrao.edu/
http://www.annualreviews.org/doi/abs/10.1146/annurev.aa.28.090190.001243
http://www.annualreviews.org/doi/abs/10.1146/annurev.aa.28.090190.001243
http://www.annualreviews.org/doi/abs/10.1146/annurev.aa.28.090190.001243
http://www.annualreviews.org/doi/abs/10.1146/annurev.aa.28.090190.001243


Statistical Method 

8 

Markov Chain Monte-Carlo Analysis 

(using Stretch-Move algorithm): 

A kind of Monte-Carlo analysis for making Bayesian reasoning. 

Markov Chain: a chain of steps where the next step is determined 

only by the information in the previous step. 

Several simultaneous chains with the weight function determined 

by the likelihood function in the previous chains and random 

numbers.  

Advantage: complete understanding of the posterior probability 

density functions (uncertainties) of each parameters. 
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Simulation Conditions (Runs) 

Step by step simulations 

with relaxing fixed 

parameters. 
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Results 
 

Pages 13-21 



Results 

14 



Results 

24 



21 

Results 

Run 7 

Page 21 

Fig. 15 
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Discussion 
 

Pages 21-27 



Neutron Star Radius 

27 



Possible Biases 

27 

1. None-zero power-law component for NGC6397 

(all other PL values are zero). 

2. Effect of individual targets on the simultaneous fit 

3. Composition of the NS atmosphere 

4. Causality limit 

5. Effect of assumptions 

1. distances (fixed or Gaussian prior) 

2. galactic absorption (NH) 

This may affect the result. Only 

for X5 in 47Tuc and w Cen, 

composition of the companion 

star is identified and that is 

hydrogen. 

26 25 24 

Strongly skewed RNS is obtained 

when HI survey values are assumed. 

This is not important 

for finding the most 

probable RNS radius. 



Summary 

28 

The RNS measurement presented here is only compatible with 

“normal matter” dEOS consistent with RNS~10 km e.g. WFF1. 

Given the results presented in this work, the theory of dense 

nuclear matter need to be revisited. 

27 
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LS13 



J.M. Lattimer and A.W. Steiner, arXiv:1305.3242 [astro-ph.HE] 
submitted 

not yet published LS13 

Strong objection to G13! 



LS13: Objections 

1. The mass in the G13 result is range from 0.86 - 2.4 M⊙, 
violating the causality limit and the existence of 2 M⊙ NSs. 

2. G13 takes NH’s as free parameters to fit the spectra instead 
of using the independent NI-survey data. 

3. G13 assumes hydrogen atmosphere. 



With these assumptions, the 90% confidence radius range is 
11.4 to 12.8 km for 1.4 M⊙ 

10.9 to 12.7 km for 1.2-2.0 M⊙ 

 
This result is in much greater agreement with predictions of the equation 
of state from both nuclear experiments and theoretical neutron matter 
studies than the smaller radii deduced by G13. 

LS13: Claims 

1. The equation of state of neutron star crusts is well-understood. 
2. The high-density equation of state is consistent with causality and 

the existence of neutron stars at least as massive as 2 M⊙. 
3. The Galactic absorption is determined either from the fits in G13 or 

from independent HI surveys  
4. These objects are well-described by either hydrogen or helium 

atmospheres.  

Our most-favored method assumes 



LS13: Assumptions 

1. Adapted a scale on the NH dependence to the G13 results in order to 
apply the NI-survey result (“alternative”) 

2. Adapted an approximated analytical dependence on the atmosphere 
to the G13 results in order to discuss the atmosphere dependence. 
(H or H+He) 

3. Adapted a dependence on gravity and red-shift  to the G13 results. 

4. Assumed three kinds of parameterized EOS: 

• “baseline”: normal matter 

• “exotic”: strong phase transition at high density  (e.g. quark-
hadron phase transition)  

 



LS13: Results 

Likelihood Function 
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Objections to LS13 
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Discussions ... continued in Kyoto 



• Steiner, Lattimer, and collaborators had been extracting constraints on 
the  NS mass using photospheric radius expansions and qLMXBs. 

 RNS=10.4-12.9 km for 1.4M⊙  Steiner et al., ApJ765,L5(2013) 

 RNS=11-12 km for 1.4M⊙ Steiner et al., ApJ722, 33(2010) 

• It is true that in LS13 they have adapted analytical scaling 
approximation for converting the G13 results to incorporate HI galactic 
absorption data, helium atmosphere, EOS models, etc., and claimed 
that the results are consistent with their previous results.  

• It is one of possible interpretations of data, seeking consistency among 
various works, and in that view, the G13 work is not to be blamed. 

• The constraints by LS13 is compatible with recent experimental and 
theoretical studies in nuclear physics, that, however, could not be 
treated to be supportive to LS13, nor to G13. 

• The right answer should be obtained from various systematic works  
and by making more precise/newer measurements. 

Personal Conclusion 
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Appendix 



Slide by Hideyuki Suzuki 



P.B. Demorest et al., Nature 467, 1081(2010) J. Antoniadis et al., Science 340, 448 (2013) 

J0348+0432 J1614-2230 

Neutron Star Parameters 





Nuclear Equation of State (EOS) 
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http://www.universetoday.com/3997
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Horizontal Branch 



Wolter telescope 
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The joint density function (同時密度関数) x and m can be written as 

 

  

The equation can be modified as 

 

 

 

 

This equation means that the posterior probability (事後確率)  f (m|x) is 

calculated as a product of the prior probability (事前確率)  f (m) and the 

conditional probability density function  f (x|m) . 

The denominator is required for the normalization. 

Bayes’ Principle 
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You need the prior probability distribution to calculate 

the posterior probability distribution. 
from a lecture note by AT 
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Estimation of the true value 
--- test of the H5N1 type Influenza --- 

Answer ?: 

Even when the result is positive, you have a chance that you don’t have the H5N1 influenza. 

 If you have the H5N1 influenza, the probability of having the positive result is 100%. 

 If you don’t have the H5N1 influenza, the probability of having the positive result is 0.2%. 

Then by taking the average, the probability of you to have the H5N1 influenza would be 

99.8%. 
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Question: 

In a near future, the world is coming close to the influenza pandemic.  

You got a heavy sick and went to a hospital. There, you got a test of the H5N1 type 

influenza, then the result was, unfortunately, positive.  

You are informed of the sensitivity of the test as 

    If you have the H5N1 influenza   …100.0% positive, 0.0% negative 

    If you don’t have the H5N1 influenza  ...   99.8% negative, 0.2% positive 

How large the probability that you have the H5N1 influenza? 
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Assumption of a prior probability 

→ The prior probability distribution before the test (experiment) affects the 

posterior probability distribution after the test (experiment). 

You cannot determine the posterior probability distribution unless you 

assume the prior probability distribution! 
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But if you see the answer carefully, you would find that, in the discussion of 

the previous slide, you made an implicit assumption that the (prior) 

probability (before the test) of having the H5N1 influenza and the probability 

of not having it is 50:50. 

Thus, for example, if it is known, by a national research, that the ratio of the 

population who have the H5N1 influenza is one out of 100,000 people (10-5）, 

the probability of you to have the H5N1 influenza is only 0.5% ! 

 

Your expectation before an experiment (or prior knowledge)  

DO affect the final result! 
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