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The nucleon-nucleon (NN) potential is studied by lattice QCD simulations in the quenched approxi-
mation, using the plaquette gauge action and the Wilson quark action on a 32* [~(4.4 fm)?*] lattice. A NN
potential Vyy(r) is defined from the equal-time Bethe-Salpeter amplitude with a local interpolating
operator for the nucleon. By studying the NN interaction in the 'S, and S, channels, we show that the
central part of Vy,(r) has a strong repulsive core of a few hundred MeV at short distances (r =< 0.5 fm)
surrounded by an attractive well at medium and long distances. These features are consistent with the
known phenomenological features of the nuclear force.
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Motivation

What binds protons and neutrons inside a nuclei 7

gravity: too weak

Coulomb: repulsive between pp
no force between nn, np

New force (nuclear force) ?

1935 H. Yukawa
Introduced virtual particles (mesons) to explain the nuclear force

(:A ,‘ pvp
B4 E 3 L Yukawa potential
‘ T
V(r) =
_///\ (7) 47 r
n n

—MyT

g° e

1949 Nobel prize

S. Aoki, Lecture Note



Motivation
Modern nucleon-nucleon potential

Phenomenological NN Potential 25+l
I 1 ! l/ + - LJ G r @
: annel 1 1 Longrange part
200 - | one pion exchange potential
- 111 -l 1 1 (OPEP)
r repulsive | 21 | -
= 100 core | pwo . |
= | | 1 II  Medium range part
’ i -
> | | 1 0, p, w exchange
0 T R 27 exchange
: Bonn
L Reid93 1 TII  Short range part
-100 AV18 ¢ -
l r{fm] - repulsive core (RC)
(WS T N NN NN TN TN TN SN NN NN SN SN NN SN S NN S S N S N
0 0.5 1 1.5 2 2.5 R. Jastrow(1951)
™I lﬁrl/ ’)
It haS been d fundamental queStIOIl Whether the N N Although the origin of the repulsive core must
. . be closely related to the quark-gluon structure of
pOtentlal can be dGSCI‘lbed by QCD. the nucleon, it has been a long-standing open

question in QCD [6].

S. Aoki, Lecture Note



QCD: Quantum Chromodynamics m@m

Confinement ( potential linearly Quarks
dependent on r

Py d
N @ Proton
ooooooooo C
QW ........ . (L
........ &
mescn (haedror) st.ring l\{;w N”ur(m
b @AY

Asymptotic freedom (

VIR conf inement
VIRI=O(R  Eereetese e eeatemepe—g | = © o o o o

; y . 92
// >R . i

;" esymptotic freedom

d 06
/N N e o
) VIR =

Renormalization ( S @ o The bare particle mass and
Iso in OED o charge are not observed.
EE & Instead a particle with
ultraviolet divergence D \ gq(e'e”) clouds is observed.
ROLF

strong nonlinear system R wan



Why is a QCD calc. at low energy so difficult?
non-perturbative QCD

locally gauge invariant, non-abelian, strong-coupling field theory

Strong coupling field theory < .
perturbation cannot be applied P 1 s
RETHRNDOFMeEAAREANSE
= i;gggi = TERTERVEFERDS S RKT
by Lattice QCD [PDG’12] ERRBRINBVHS WhISEMLESD

OMEBZ> LTV A—ABEADSHH

20y T LTREELEVWS ES5BHDT HLS
; i = -1
Z@Z o7 CNIFEERETH S, (EE—
"4 —2, (1981)
(2)

Non-abelian gauge
non-commutative

A gluon carries the color charge
can produce other gluons




QCD on Lattice

Lattice Gauge Theory (LGT)
K.G. Wilson, Phys. Rew.

+ holds local gauge invariance

+ ultraviolet divergence is natural solved (ultraviolet cutoff)

+ limit is taken to the infinite volume (thermodynamical limit)
+ limit is taken to continuum (a

+ path integral method is used to calculate amplitudes

—>

+ a Euclidean space-time is used with imaginary time
_}

* parameters:
» strong coupling constant

only

e quark mass of each flavor | *
in the work by N. Ishii et al.

 CP violation phase



QCD on Lattice

A Euclidean space-time of finite size is

divided into a lattice of size “a”.

cell
/\ A®o¢
> X
= [ ] 1]
‘ Jo TV
&) b)
plaqliette __site
? ¢ / - —9
o e e
l A
—t | 47

contribution of action from a
plaquette: plaquette action

L1E]

counter clockwise loop clockwise loop



Path Integral ( N. Wiener

1933 P.A.M. Dirac
1948 R.

In analytical mechanics g,t,)
Lagrangian: L(q,q)=T -V

Action: S(f.i)= [ L(q.¢)dr
Principle of least action (variational principle)

5J (¢,4)dt=0 (1)

d dL(q.q) 9L(g.9)
dt dq dg

|ql'ti>

=1 (2) Euler-Lagrange equation

In the path integral formulation, the
finding a particle at position

l .
ql'ti> = JD(Q)eXP {%S(f,l)} (3) c.f. Fermat’s principle for
the path of the light ray

<qftf

The integration should be taken for

Taking the classical limit #—0

JD(q) : volume element



Pass Integral and Partition Function
Defining the imaginary time
T=it, dt=idt

S(f.0)=iS(f.i)=-|

T

T

"L(g.q)dt

the pass integral is expressed as

(a/t/1q8)=2= fﬁ(q)exp{—%g(f ,i)}

This is the quantum mechanical representation of the
partition function(

;“\/
7= J'B(q)exp {_13*( /7 139())} micro-canonical ensamble in
L statistical mechanics
— (| 1 (dg : A
5(1p.0)=['| 3 52| +v(q) |ar = S exp(-E,) =T expl )]
In the quantum field theory, Lagrangian Z =N _ 1
density k,T

S(1.0)= " dtfdxs = [d*xs

e



Pass Integral and Partition Function

With a periodic boundary condition in the imaginary time, the
expectation value of an operator O

P = } = statistical operator

expectation value
— 1 T —
JD(Q)GXP{—hS(hﬁ,O)} of the operétor

-

=

in statistical mechanics

-BA -BH ..
[3 — ¢ _ statistical operator
th

Tr(ée‘ﬁﬁ ) - Z (density matrix)

e

Tr(Oe " .. thermal
(6)="07) (55, e




QCD on Lattice

A Euclidean space-time of finite size is

{1 __7J

divided into a lattice of size “a”. A lattice action is not uniquely determined.

cell « Convergence to the continuum limit.

/\ ACbOL 1}1}%1 Slat. = Scont.
> X « Holding the same symmetry as
0L #?L o
(] ‘ : .
Boson fields are assigned to each link
/JL—_ v QED U(1) gauge

[@] [b] Uﬁ(Au)Eexp{ieo(xj—xi)uAﬂ(%(xj+xi))}
plaquette — Site Yang Mills SU(2) gauge

- >
/ U (Au) = eXp{igO (xj =0 )u %T' Ay (%(x.i = xi))}
. . S —‘—‘/ hnk QCD SU(3) color gauge
ek LT st el
| | a Quark fields are assigned to each site
e _ — SF=%%[z?nnm,uwnm—t?nmUi,ﬂ%PM INZZ



A Euclidean space-time of finite size is

QCD on Lattice

{1 __7J

divided into a lattice of size “a
cell b
/\ A TOL
> X
O #;EOL
=7
[ v/
Jt
([a) (b)
plaquette site
. o~
, T ":7‘ ’T{i";/w—/‘
- a
S S * —o

Integration of action in ALL the field
dimensions.

~ 3 Ry
4 /] :/ k_{ 52
N
® : :
J
Take the sum of the integration for all
the plaquettes and sites.

o
\V4




Monte-Carlo Simulations

Monte-Carlo integration J/d AL
1 /
relative uncertaint ~— /
= N ‘
Integration by mesh (d-dim.) S/
1 7
relative uncertainty  ~ T one-dimerisional integral

Monte-Carlo integration is faster for d>3.

Markov-Chains Monte-Carlo
integration

Chain of positions are created
with an appropriate weight
distribution for effective
integration.

(b)



QCD on Lattice

Willson fermions

additional term

. , ' 4 . .7.12,/ r T | T | T
SVV - —(LI“/ d”x ‘.@"D h — —5 E : [Il.'*"nUn,#wn-{*ﬁ + 'Q-"n-f-ﬂU'r‘:,uw:t - 2",»‘)1:,"%’7&]

n,
" EZ A Ee
A A E2C =S +2 g 5 El=|<
/ N ABE A
[1] 2‘9 X X 2 \ E ';—4 /
\\ ,’ m2+[_|.81m <= ) \\ /
c N\ /
ez L/\m 3=, T
1 1
=T =T/ /2 1 ke e Ve T/5 1 —> ko

fermion doubling



Confinement: linear dependence of potential on R

S.W. Otto and J.D. Stack PRL

X

2.0 } :
} { VIRR)

1.0 - .’.

0.0 ¢

1.0k o

-2.0 F

Lattice of size 16

Scaling with 3
20 = ,B = ﬁz, N=3
g

A =4MeV ik ~+o =~ 400 MeV

conf imement

VIR) = O R

(R,

;" esymptotic freedom

/IO = - s
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Figure 2:
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Hadron Mass Spectrum

A.S. Kronfeld, Ann. Rev. Nucl. Part. Sci. 62, 265 (2012

H H‘ Hs Hs Bc Bc
| | | | | ! | | [ | [ | | | | IS
b o :
¥ o —:
o N
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] E
o— T . die 3
o S O %!‘ .
. E
- Lol ol -
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FH —— .
s =
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n p K g M € ©®© ¢ N A X E A ¥y = Q

Hadron spectrum from lattice QCD. Comprehensive results for
mesons and baryons are from MILC (27,28), PACS-CS (29), BMW (30), and
QCDSF (31). Results for i and 7/ are from RBC & UKQCD (32), Hadron Spec-
trum (33) (also the only w mass), and UKQCD (34). Results for heavy-light
hadrons from Fermilab-MILC (35), HPQCD (36), and Mohler & Woloshyn (37).

Excellent agreement among the predictions
and with the experimental data.




Quark Masses

A.S. Kronfeld, Ann. Rev. Nucl. Part. Sci. 62, 265 (2012

Tablc 2 Quark masscs from latticc quantum chromodynamics converted to the MS schemce and run to the scale indicatcd?

Flavor (scalc)

Reference 28

Reference 53

Rcfcrence 54

Reference 5§ Reterence 56

my (2 GeV) 1.9 £ 0.2 201 £ 0.14 2.24 £+ 0.35 2.15 = 0.11 —_
g (2 GeV) 4.6 = 0.3 4.79 £+ 0.16 4.65 + 0.35 4.79 = 0.14 -
75 (2 GeV) 88 £+ 35 24 15 97.7 £ 6.2 955 =19 —
7, (3 GeV) —_ —_ —_ — 986 + 10
s (10 GeV) — — —_ — 3,617 + 25




Nambu-Bethe-Salpeter Equation

Schrédinger Equations with a Non-local Potential U(

Lo (r)+ [@ru(r.r)e(F) = Eo(F)

24

c.f. Schrédinger Equations with a local Potential U(

\

<\ ;ﬂ v +u(7) o(r) = Eo(7)

For central potential U(r)=V

(1)



Nambu-Bethe-Salpeter Equation

[’ I
} = K

4]

: e == ‘ == \
[(P.p) = [ gt K(Pp. k) S(k— HT(P ) S(k+§)

(Nambu-) Bethe-Salpeter equation is used to analyze and calculate properties of
bound states of two constituents 1n relativistic quantum field theory.

[t contains an infinite series of interactions in the shape of ladder diagram in
Feynman diagrams. (ctf Lipman-Schwinger equation).

@, (r,1)=(0|N(x,2)N(y,t)|2N.E)  N(r.t)~q(r.)
of the equal-time NBS equation ~ two nucleon amplitude (below m

Extract the “Potential” from the simulated “Amplitude”.



Nucleon-Nucleon (NN) Interaction

Expansion

V=V, (r)+ V. (I’)Tl ‘6, + V. (I’)‘I,'1 T, +V_ (7‘)?1 ‘G, T,"T, Central Terms
+V, < (F)L S+, (F)L ‘ST, T, Spin—Orbit Terms

+ Vg (’” )912 + Vo (’” )S1271 T, Tensor Terms

S12 = 3 (61 'rrxzﬁz 'l‘)

- 0,0, Tensor Interaction



Lattice QCD Parameters *

 quenched approximation

* plaquette gauge action, gauge coupling 3
» Wilson quark action
e
 hopping parameter k=0.1665
Mr

—

» global heat bath algorithm
* Dirichlet (periodic) boundary condition

» wall source is placed at
Blue Gene/L @ KEK




Lattice QCD Result

suppression enhancement

1.2

—
o

NN wave function ¢(r)

.r [fm]

FIG. 2 (color online). The lattice QCD result of the radial
dependence of the NN wave function at 1 —t, = 6 in the 'S
and °S, channels. Inset shows the two-dimensional view in the

x — y plane.




V(1) [MeV]

FIG. 3 (color online).

600
500 }
400
300
200
100

Lattice QCD Result
repulsive core

} [fm]

The lattice QCD result of the central
(effective central) part of the NN potential V(r) [VE(r)] in the
'S, (S,) channel for m,/m, = 0.595. The inset shows its

enlargement. The solid lines correspond to the one-pion ex-

change potential (OPEP) given in Eq. (9).

n exchange

tail




One Pion Exchange Potential (OPEP)

Schrodinger Equations with a Non-local Potential U(

Velr) = )

8oy (71" T)(0) - G2) [ my \2e "
4ar 3 2my r

with



Lattice QCD Result

V(1) [MeV]

Vo(r) [MeV]

2 3 4 5 6 7 8
t-tg [lattice unit]

FIG. 4 (color online). t — t, dependence of V,(r) in the 'S,
channel for several different values of the distance r.

Saturation of potential in time coordinate



Discussions el =

» Fig. 2: The wave function is suppressed at short =1

distance, which suggests that the NN system has a

repulsion (attraction) at short (medium) distance. e A
» Fig. 3: system energy (in the finite box)

E(

E(3

slight attraction in the Mixing with the

interaction is effectively incorporated in the
central channel.

* The central potentials have

+ repulsive core at r<0.5 fm: a few hundred MeV
+ attraction at 0.5<r<1.0 fm: -(20-30) MeV

 quenched artifact from the flavor-singlet hairpin diagram
(the ghost exchange)



———— p— v - - —

1. scattering length, {f &

* o’ B
small positive value = =

2. Itis dangerous to compare
masses with Current values:
- : NN a (fm) ro (fm)
3. If the attraction is large enough, 0 0

the system may have a bound state. np | —23.740 & 0.020 +0.05
pp 173404  2.85+0.04

—>

The
4. Preliminary result with lighter quark mass at k=0.1657
M
* 40% higher repulsive core
 same potential minimum at r~0.8 fm with the same depth



Summary

1. The central (effective central) potential in the
channel at low energy have a repulsive core surrounded by
attractive well at medium and long distances.

2. These properties are known to be the important features of
the phenomenological

3. The long range tail of
with the one-pion exchange.

4. It would be quite interesting to derive
e the tensor and spin-orbit forces
e hyperon-nucleon and hyperon-hyperon potentials
» physics origin of the repulsive core
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Binding energy of H-dibaryon
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Three Nucleon Force
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Work in Progress

Calculation at the real pion mass with the K super-computer is in progress.

* Baryon-Baryon interaction

* Precise determination of quark bare masses
* three nucleon force

* quark gluon plasma

—elcS



Seminar by Prof. N. Ishii

LS force and anti-symmetric LS force from lattice QCD

Noriyoshi Ishii (RCNP,Osaka Universitv)

Thursday 29 May 2014,14:00  Please Join it!
Lecture Room 1, RCNP 6F Osaka University

Abstract:s

We will present our recent results on LS force (NN) and anti-symmetric LS force (hyperon
interaction) from lattice QCD. We begin with a brief review of our strategy of determining inter-
baryon potentials. The potentials are obtained from Nambu-Bethe-Salpeter (NBS) wave functions
[HAL QCD method], which has been applied to many systems, such as NN, YN, YY, NNN, etc.
These studies are restricted to local potentials (potentials which do not involve any derivatives) in
the parity-even sector. The restriction is due to source functions which these calculations employ,
i.e., these calculations employ source functions with Al representation of the cubic group which
roughly corresponds to s-wave. By using a momentum wall source with T1 representation of the
cubic group which roughly corresponds to p-wave, we study NN potentials in the parity-odd sector
as well as the LS potentials. A strong attractive LS force with a weak repulsive central force in spin
triplet P-wave channels lead to an attraction in the 3P2 channel, which is related to the P-wave
neutron pairing in neutron stars. We extend this method to the hyperon sector, and consider a
phenomenologically expected cancellation between the symmetric and the anti-symmetric LS

potentials in the flavor SU(3) symmetric limit.
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Gell-Mann matrices SU(3)

like Pauli matrices in the isospin space
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EM U(1) gauge

covariant derivative
D" = 9" —ie A"
field tensor
2 =g' A" —g“A*
gauge transtformation

1
A AY =AY+ —g"A
€

Y — y'=exp(—iA)y



Yang-Mills SU(2) gauge

covariant derivative

D . a Aa
D—XHEB“—ZgT Ay (x)

field tensor
F,=0"A,—-0"A,+gA XA,
infinitesimal local gauge transformation 8 — 0

| 1
A, A=A, =010 x4,
0



QCD SU(3) gauge

covariant derivative

D [
e
Dx, 2g “(x)

field tensor
F., =0"A; —0" A+ gf A A;
infinitesimal local gauge transformation 6* — 0

a T e ) 1 a abcnb Ac
Ao AL = A= 0"+ 04,
a a  __ Ta abc nNbyx;c
E.—=>F =E.+7 6F,

QCD Lagrangian

= i a a 1 a a
Zocp = —w{yu [aﬂ_ 5g/l A, (x)} + M}w — ZFquuv



